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FOREWORD 

The aim of this guide is to help you prepare for the Mathematics 
HL Core final examination. 

The material covered within this guide is designed to 
complement your textbook and course information booklet. 

The Guide covers all six Topics in the Mathematics HL Core 
syllabus. Each topic begins with a concise summary 
highlighting important facts and concepts. Following each 
summary is a set of Skill Builder Questions; these are designed 
to remind students of the fundamental skills required for the 
topic. 

There are twelve Exam Sets comprising 25 questions each. Each 
set is labelled as Calculator or No Calculator questions. These 
sets can be used as a warm-up; encouraging students to draw on 
knowledge learnt in class, while helping to identify areas that 
may need additional practice. 

This Guide also offers three Trial Examinations divided into No 
Calculator and Calculator questions. Detailed marks schemes 
are provided as a guide for students. This format is consistent 
with the Mathematics HL Core final examination. 

Fully worked solutions are provided for every question in this 
Guide. It is recommended that you work through a full set of 
questions or trial exam before checking the solutions. 

Try to complete the Trial Examinations under examination 
conditions. Getting into good habits will reduce pressure during 
the examination. 

• It is important that you persevere with a question, but 
sometimes it is a good strategy to move on to other 
questions and return later to ones you have found 
challenging. Time management is very important during 
the examination, and too much time spent on a difficult 
question may mean that you do not leave yourself 
sufficient time to complete other questions. 

• Use a pen rather than a pencil, except for graphs and 
diagrams. 

• If you make a mistake draw a single line through the work 
you want to replace. Do not cross out work until you have 
replaced it with something you consider better. 

• Set out your work clearly with full explanations. Do not 
take shortcuts. 

• Diagrams and graphs should be sufficiently large, well 
labelled and clearly drawn. 

• Remember to leave answers correct to three significant 
figures unless an exact answer is more appropriate or a 
different level of accuracy is requested in the question. 

Get used to reading the questions carefully. 

• Check for key words. Tf the word "hence" appears, then 
you must use the result you have just obtained. "Hence, or 
otherwise" means that you can use any method you like, 
although it is likely that the best method uses the previous 
result. 

• Rushing into a question may mean that you miss subtle 
points. Underlining key words may help. 

• Often questions in the examination are set so that, even if 
you cannot get through one part, the question can still be 
picked up in a later part. 

After completing a practice set, identify areas of weakness. 

• Return to your notes or textbook and review the Topic. 

• Ask your teacher or a friend for help if further explanation 
is needed. 

• Summarise each Topic. Summaries that you make 
yourself are the most valuable. 

• Test yourself, or work with someone else to help improve 
your knowledge of a Topic. 

• If you have had difficulty with a question, try it again later. 
Do not just assume that you know how to do it once you 
have read the solution. It is important that you work on 
areas of weakness, but do not neglect the other areas. 

In addition to the information booklet, your graphics display 
calculator is an essential aid. 

• Make sure you are familiar with the model you will be 
usmg. 

• In trigonometry questions, remember to check whether the 
graphics calculator should be in degrees or radians. 

• Become familiar with common error messages and how to 
respond to them. 

• Important features of graphs may be revealed by zooming 
in or out. 

• Asymptotic behaviour is not always clear on a graphics 
calculator screen; don't just rely on appearances. As with 
all aspects of the graphics calculator, reflect on the 
reasonableness of the results. 

• Are your batteries fresh? 

We hope this guide will help you structure your rev1s10n 
program effectively. Remember that good examination 
techniques will come from good examination preparation. 

We welcome your feedback: 

web: http://haesemathematics.com.au 

email: info@haesemathematics.com.au .. Mathematics HL - Exam Preparation & Practice Guide (3rd edition) 
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TOPIC 1: ALGEBRA 

..... .. .. .. . ...... . . 

.. Exponent Laws Logarithm Laws 

ax X aY = ax+y loga xy = loga x + loga y 

.. ax x-y 
loga ( ;- ) = loga x - loga y -=a 

•. aY 
·. 

(ax)Y = axy loga xY = y loga X . 
·. 

a0 = 1 (a# 0) loga 1 = 0 

a 1 =a loga a= 1 
. 
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SKILL BUILDER QUESTIONS 

Find the sum of the first 30 terms of: 

a 18 + 16 + 14 + 12 + ... . 
b 48 + 21 + 12 + 6 + .. .. 

2 Write 
Xa~ . 
--

2
- as a smgle power of x . 

x - a 

3 Find: 

4 Expand and simplify: (2 - ai) 3 

5 Consider the binomial expansion of ( 2x - : 2 ) 

12

. Find: 

a the coefficient of .x3 b the constant term. 

6 Find the sum of the infinite geometric series with first term 27 
and fourth term 8. 

7 Write in simplest fonn: ( 
3;~1 

) -

2 

x ( 2~:~3 )-

1 

8 Solveforx: log5 (2x-1) = -1 

9 Write 3 - 3iV3 in the form r(cosB + isinB). 

10 Illustrate { z I f&(z) :::;; 1 no :::;; Jm (z):::;; 3} . 

11 Prove that ( ~ ) + ( ,,: 1 ) ( n;:1
) for positive integers n 

and r, r:::;; n . 

2n+ 1 
1 2 A sequence is defined by Un = --- for n E z+. 

3 
a Prove that the sequence is arithmetic. 

b Find the 50th term and the sum of the first 50 terms. 

c Is 117 a term of the sequence? 

d Find: 
40 60 

j I:: U n II I:; n n 
n = l n=30 

13 Find X if 82x - 3 = 162-x. 

14 Write -
1 

8 
in the form a log3 b where a, b E Z . 

og5 9 

1 5 Simplify (cos ( 23" ) - i sin ( 2;)) 
10

, giving your answer in 

the form x + iy where x, y E JR. 

16 In a party game, each person has a card with the 12 numbers 
from 1 to 12 printed on it. Each person is asked to put a cross 
through 3 of the numbers, for example 2, 7, and 10. A prize 
is won if the three numbers crossed are the same as the three 
numbers chosen by the host. 

How many different possible combinations of three numbers are 
there? 

17 Prove that ta ( ~ ) = 2n for n E z+. 

- Mathematics HL - Exam Preparation & Practice Guide (3cd edition) 



18 The sum of an infinite geometric series is 1.5, and its first term 
is 1. Find: 

a the common ratio 

b the sum of its first 7 terms, in rational form. 

. . 3x+l _ 3x 
19 Simplify: 2(3x) - 3x-l 

20 Write 2 ln x + ln( x - 1) - ln( x - 2) as a single logarithm. 

21 Write in the form a + bi where a, b E Q>: 

3 +4i a --
1- 3i 

b ~(_!_-~)2 
i V5 V5 

22 The coefficient of x 3 in the expansion of (3x + 2r is 21 
times the coefficient of x . Find n. 

23 Find the value(s) of a for which the system of equations 

{ 

3x - ay + 2z = 4 

x + 2y- 3z = 1 

-x - y + z = 12 has a unique solution. 

24 Suppose 

a, b E IB.. 

z +2 
z -2 

i . Find z in the f01m a + bi where 

25 Consider all 4-digit integers where all the digits are different 
and the first digit is non-zero. 

a How many of these numbers are there? 

b How many of these numbers have a 7 as one of the four 
digits? 

26 Prove that l x2 +2x5+3 x8+ .... +n(3n -1) =n2 (n+ l ) 

for n E z + . 

27 The 7th and 15th terms of an arithmetic sequence are 1 and 
- 23 respectively. Find: 

a the 27th term 

b the sum of the first 27 terms of the sequence. 

28 Solveforx: 4x+4=17(2x-l) 

29 Write as a logarithmic equation in base b: 

a M = ab3 b D = ~ b2 

30 z is a complex number and z* is its complex conjugate. Show 

that if z2 = (z*) 2 then z is either real or purely imaginary. 

31 At a reunion between 6 men and 5 women, each person shakes 
hands once with every other person. Find: 

a the total number of handshakes 

b the number of handshakes between a man and a woman. 

32 Write 1 - i in polar form, and hence find (1 - i) 11 in 
Cartesian form. 

33 A sequence is defined by un = 12 (~r-1 . 

a Prove that the sequence is geometric. 

b Find the 5th term in rational form. 

c Find, correct to 4 decimal places where appropriate: 
20 

ii LUn 
n = l 

3- a 
34 Find a and b given that 2a8b = ~ and 

3
b+l = 9. 

35 a Find the roots of z5 = 1 and display them on a fully 
labelled Argand diagram. 

b If the roots found in a are 1, w, w 2
, w 3 and w 4 where 

w is the root with smallest positive argument, show that 

1 + w + w2 + w3 + w 4 = 0. 

36 Use complex number methods to write sin3B in the form 

asinB + bsin3 e. 

37 Solve for x : log3 x + log3 (x - 2) = 1 

38 By considering (1 + x) 2n = (1 + xr (1 + x)n show that for 

nE z +, 

39 Solve for z : z 2 
- z + 1 + i = 0 

40 Prove that 5n3 
- 3n2 

- 2n is divisible by 6 for n E z+. 

41 A sequence has consecutive terms k + 1, 3k, and k2 + 5, 

where 0 < k < 5. 
Find k if the sequence is: 

a arithmetic b geomehic. 

42 Prove that (z + w) * = z• + w*. 

43 
1 + i../3 . 

a Write z = l + i mtheforrn rcisB, r>O. 

b Hence, find the smallest positive value of n such that 

ii zn is purely imaginary. 

44 Find k given that the constant term of 

45 

(kx+ Jx.r is -10 ~. 
a Perform row reduction on 

the system of equations 
{ 

x + 3y + kz = 2 
kx - 2y+ 3z = k 

4x - 3y + lOz = 5. 

b Show that for one value of k, the system of equations has 
infinitely many solutions. 

c Find the value(s) of k for which the system has no 
solutions. 

d Find the value(s) of k for which the system has a unique 
solution. 

46 If loga 5 = x, find in te1ms of x: 

b loga ( ~:). 
47 Un is a geometJic sequence in which u 3 = 20 and u5 = 160. 

Find: 

a u1 and the common ratio 
12 

b u10 and L Un. 

n=l 

48 48 people are about to get on a double-decker bus which seats 
24 people on each level. However, 8 people refuse to travel 
upstairs, and 6 refuse to travel downstairs. How many ways are 
there of choosing which passengers travel upstairs and which 
passengers travel downstairs? 

49 a Find the integer b such that 0 < b ~ 9, and 9n + b is 

divisible by 8 for n E z+. 

b Prove your answer in a using the principle of mathematical 
induction. 

50 Prove that arg ( ;~) = arg z1 - arg z2. 
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51 Three numbers are consecutive terms of an arithmetic sequence. 
Their sum is 18, and the sum of their squares is 396. Find the 
numbers. 

52 Write without logarithms: 

a log10 M = 2x - 1 

b loga N = 2 loga d - loga c 

z2 + 3 53 For what values of k does - 2-- = k have imaginary roots? 
z - 1 

54 Find the coefficient of x 5 in the expansion of (x+2) (1-x)10
. 

-1 +Si 
55 Write z = in polar form, and hence show that 

2 + 3i 
z12 = -64. 

56 The solution of 2"'-1 = 32
- x is x = loga b where a, b E z+. 

Find a and b. 

57 The first term of a finite arithmetic series is 18, the sum of the 
series is - 210, and the common difference is -3. Find the 
number of terms in the series. 

58 Suppose z = x + iy where x, y E R. If [z - 3[ = [z - l[, 
deduce that x = 2. 

59 Of 11 given points, 4 lie on a straight line and no other three 
points are collinear. How many different straight lines can be 
drawn through pairs of given points? 

60 Prove that 1+2 x21+3x22+ .... + nx2n-l = (n-1)2n+l 

for n E z+. 

{ 

x - 2y + 3z = 4 

61 Consider the system of equations 2x - 3y + 2z = 1 

3x - 4y + kz = -2 

where k is a constant. 

a Show that there is a unique solution provided that k does 
not take one specific value k1. Find k1. 

b Find the unique solution. 

c Discuss the case k = k1. 

62 Suppose z1 = 3 + 4i and z2 = 8 - Si. 

a Find [z1J, arg z1, Jz2 J, and argz2. 

b Show the points P(z1), Q(zz ), and R(z1 + z2) on 
the complex plane, and explain how point R is located 
geometrically from P and Q. 

63 Deduce that n ( ;:::: ~) = r (;) for n, r E z+, n ? r. 

64 Siippose z and w are complex numbers where m =P 0. Use 

polar coordinates to show that I~ I = i~1 1 . 

65 a Show that 4x 2 ? (x + 1)2 for x? 1. 

b Use the principle of mathematical induction to prove that 

4n? 3n2 for nEZ+. 

66 Suppose z = r cis () where r > 0 and z 2 = z*. 

a Deduce that r 2 = r and cis 3() = 1. 

b Hence show that z2 = z* has three non-zero solutions, 
and write them in the form a + bi where a, b E R. 

67 Stan invests £3500 for 33 months at an interest rate of 83 p.a. 
compounded quarterly. What will be its maturing value? 

68 A club has 12 members. How many different committees 
consisting of at least two members can be formed? 

69 Suppose z = iz* where z = x + iy and x, y E JR. Deduce 
that x = y. 

70 Deduce that n 3 + 2n is divisible by 3 for n E z+. 

71 Find the sum of all integers between 100 and 200 (inclusive) 
which are not divisible by 4. 

72 Given that cis 6l = eie, deduce that: 

a cis B cis ¢> = cis ( B + ¢>) 

73 Find b given that the coefficient of x- 3 in 

( vfx + ~f is -4032. 

74 Find: 
n 

a n if 2:= (3k - 11) = 5536 
k=l 

b y if I: (!L)k-l = 5. 
k = l 5 

75 A teacher needs to decide the order in which to schedule 
8 examinations, two of which are Mathematics A and 
Mathematics B. In how many ways can this be done given 
that the two Mathematics subjects must not be consecutive? 

76 Suppose w= ei(
2
t). 

a Deduce that w 3 = 1 and 1 + w + w 2 = 0. 

b Write in terms of w, in simplest form: 

w 7 II w- 1 iii (1 -w) 2 

1 
iv 

(1 + w) 2 

1 +w2 

v ---
l+ w 

77 Use the principle of mathematical induction to prove that 

3n > n 2 + n for n E z+. 

78 a Find the cube roots of -27i and display them on an 
Argand diagram, labelling them z1, z2, and z 3 . 

b Show that Z2Z3 = zr, where z1 is any of the cube roots 
found in a. 

c What is the value of z1z2 z3? 

79 5 distinct points lie on a circle and 11 distinct points lie within 
it. No three points are collinear. How many different triangles 
can be drawn with vertices selected from the 16 points if: 

80 

a there are no other restrictions 

b exactly one of the vertices lies on the circle 

c at least one of the vertices lies within the circle. 

1 a If z = cis (), prove that Zn+ - = 2 cos nB for n E z+ 
zn 

b By considering ( z + ~) 
4

, write cos4 B in the form 

acos4B + bcos2B + c where a, b, c E IQ. 

81 The points (2, 4), (2, -6), and (-1, 3) lie on a circle with 

equation x 2 + y2 +ax+ by+ c = 0. 

a Write three equations in the unknowns a, b, and c. 

b Find the values of a, b, and c, and hence find the 
coordinates of the circle's centre. 
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82 Emma sets up a fund for her granddaughter, Amy. On the first 
day of each month, Emma deposits $60 in an account. The 
account pays compound interest of 53 per annum, calculated 
monthly. The interest is added to the account on the last day of 
each month. 

a Find the value of the fund after 3 months. 

b Write an expression for the value of the fund after k years. 

c Hence find the value of the fund after 20 years. 

83 In a geometric sequence, the first term is u1 and the nth term 
is Un. 

a Find an expression for the sum of the reciprocals of the 
first n terms. 

b Hence find ~ + i + -f2 + .... + 30
1
72 

TOPIC 2: FUNCTIONS AND EQUATIONS 

Mathematics HL - Exam Preparation & Practice Guide (3'd edition) m 
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SKILL BUILDER QUESTIONS 

Define the term/unction and state a test for determining whether 
the graph of a relation is a function. 

2 State the domain and range of: 

a g : x >--+ 4 - ln(x - 2) b f( x ) = -
1

- -vx+T 
x - 1 

3 Functions f and g are defined by 
f : x >--+ 3x + 1 and g : x >--+ 4 - x. 

Find: a f(g( x )) b (g o f)(-4) c rl (~) 
2 

4 Find the equation of the resulting image when y = - 1s: 
x 

a reflected in the y-axis 

b translated by ( -; 1 
) 

c stretched horizontally with scale factor 3. 

5 Graph y = -1 + 2-x and include on your graph any axes 
intercepts and asymptotes. 

6 Consider the function f : x >--+ 2x2 + 4x - 20. 

a State the equation of the axis of symmetry. 

b State the coordinates of the turning point. 

c Write the function in the form: 
i y = a(x - h) 2 + k ii y = a(x - p)(x - q). 

7 a Graph f : x >--+ ex- 1 . 

b State the domain and range of f. 

8 a Graph f : x >--+ ln(x - 2). 

b State the domain and range off, and the equation of the 
asymptote. 

9 y 
y= f( x ) 

1 

x 
-------<>-1 

The function y = f ( x ) is illustrated. On the same set of axes, 
sketch graphs of: 

a y = f (x ) 

d y = f( x - 2) 

1 
b Y = f (x ) 

e y=2f(x ) 

c y = f(- x ) 

y = - f( x ) 

10 Find f- 1 (x ) where f(x) = x2 + 2x and x E ]- oo, -1]. 

Find any inva1iant points. 

1 1 Solve for x using algebraic methods: 

1 2 4 
b x? -

x 
c -- > -

x +2 x 

12 3x2 + x - 1 = 0 has roots p and q. Find p2 + q2. 

13 Consider f( x ) = 2"' - 1
. 

a Graph y = f( x) and its inverse function on the same set 
of axes. 

b Find r 1(x) . 

14 If f(x)= x 2 + 2 and h(x)= 3 -2x, find (hof)( x ). 

15 Find the remainder when 2x5 
- x 3 + 4x - 1 is divided by 

x + 1. 

16 The line with equation y = kx - 2 is a tangent to the quadratic 

y = 3x2 + x + 1. Find k. 

17 a Sketch the graph of y = Ix - 21 + lxl
b Hence, solve for x : 

i Ix - 21 + lxl = 2 II Ix - 21 + lxl ? 3 

1 8 Find the inverse function of f : x >--+ e2"'+1 and hence find 

r 1 (7). 

1 9 a Sketch the graph of f ( x) = x2 
- 2x, x E JR, showing 

clearly the x-intercepts and vertex. 

b Hence sketch the graphs of: 

i y = f(lxl) ii y = lf(x)I 

20 Find d if x + 2 is a factor of 2x 3 + 4x2 + dx - 6. 

21 Find all quadratic equations with roots: 

a 0 and~ 

c - 2 ± v'2 
b ~and -i 
d -1 ± iv'3 

22 When P(x) = 2xn - lOx - 5 is divided by x + 2 the 
remainder is 47. Find n. 

23 Write 9x 4 + 4 as a product of quadratic factors. 

24 If g(x) = log2 (2x - 1), find g- 1 (x) and hence evaluate 
g-1(-6). 

25 Find m given that m x 2 + (m - 2)x + m = 0 has a repeated 
root. 

26 a Determine whether the following functions are odd, even, 
or neither: 

1 
y=x-

x 
ii y = cos2x 
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b Can an even function have an inverse? Explain your 44 Given that the graph of f(x) = mx2 + (m - l)x + 2 does 
answer. 

II What domain restriction could be placed on 

y = x4 + x 2 so that the new function obtained has 
an inverse? 

27 -2 is a solution of x 2 +bx+ (b - 2) = 0. Find band the 
other solution. 

. 2x3 
- llx2 + 21x - 8 

H Wnte (x _ 
2

)2 in the form 

c d 
ax+ b + x - 2 + (x - 2)2. 

29 Sketch the function f (x) = 3(x -1) 2 (x + 2)(x -4), showing 
clearly the axes intercepts. 

30 
2x+ 1 

a Sketch the graph of f : x >---> --, clearly showing 
x -2 

any axes intercepts and asymptotes. 

1 
b Hence, sketch the graph of y = f ( x) 

axes. 
on the same set of 

c State the position of any invariant points. 

31 Find aER given that l +i is a zero of x3 +ax2 -4ax+6. 

32 Find the quotient and remainder when x 4 + 3x2 + x is divided 
by: 

a x+ 2 b (x - 1)2
. 

33 On the same axes, sketch the graphs of y = ex-2 and 
y=2-ex for XE [-1,5] . 

Hence find, correct to 3 decimal places, any points of 
intersection of the graphs. 

34 y = 3x2 + 2x is stretched vertically by a factor of 2 and then 

translated by ( ! 1 ). Find the equation of the resulting image. 

35 x 2 +mx +1 = 0 has roots a and/]. Find m if a/]=;.+~ -

36 Find the values of d such that y = dx + 2 meets 

y = x2 + 3x + 3 in two distinct points. 

37 x - 1 and x + 3 are factors of P(x) = 2x3 + ax2 +bx - 3. 

Find a and band the three zeros of P(x). 

38 Sketch the graph of: 

a y = 13 - x i b Y = 13 - x i - lx l 

39 a+2i isarootof z2 + bz +(a+6) =0. Find aandbgiven 
that a, b ER. 

40 State the asymptotes of the graph with equation: 

a y = 4 - ln (x - 2) b y = 
3 

+ x 
2x -1 

C y = 2ex-4 

41 Factorise x3 + bx 2 +ax+ ab into linear factors . 

42 A quartic polynomial P(x) has a graph which cuts the y-axis 
at 56, cuts the x-axis at -1, touches the x-axis at 2 and passes 
through the point (1, 20). 

Find P(x) in expanded form. 

43 Functions f and g are given by f : x >---> ex+i and 
g:x>-->lnx-1. 

a Find (f o g)(x) and (g o f)(x). 

b Graph y = f(x) and y = g(x) on the same set of axes. 

c State the relationship between f and g. 

not cut the x-axis, find the possible values of m. 

45 When the polynomial P(x) is divided by (x - l)(x - 2), 
the remainder is 2x + 3. 
What is the remainder when P(x) is divided by x - I? 

x 
46 Solve for x: Ix - ll ~ 2· 

47 Find m given that x3 + mx + m leaves a remainder of m 
when divided by x - m. 

48 (x - 1)2 is a factor of P(x) = x 4 + ax3 + 2x2 +bx - 3. 

a Find a and b. 

49 

b Sketch the graph of y = P(x) . 

y 

x 

The function y = f( x) is illustrated. 

a State the domain and range of y = f( x). 

b On the same set of axes, sketch graphs of: 

i y = - 2f(x) II y = lf(x)I 

c Suppose g(x) = f(lxl). 

Is g(x) odd or even? 

ii Does g(x) have an inverse? 

50 x = 2 is a zero of x 3 
- x 2 + (m + l)x + (2 - m 2

). 

Find m and hence show that no other real zeros exist. 

51 Suppose P(x)=2xm+3xn+P where m,n EZ+ , pEZ. 

P(x) leaves a remainder of 6 when divided by x - 1, and a 
remainder of 77 when divided by x - 2. Find m, n, and p. 

52 Consider P(z) = 6z4 + 7z3 + 8z2 + 7z + k. Given that i is 
a zero of P(z), find k and the remaining zeros of P(z) . 

1 1 
53 If a > b > 0, prove that ~ < b. 

54 Given the function f : x >---> ffe, find an expression for g(x) 
in terms of x in each of the following cases. 

a (f o g)(x) = 2x - I b (go f) (x)=2x-1 

55 The population P of a species after n months follows the rule 

P = 1000 + aekn. 
Given that initially the population was 2000 and after I year 
the population was 4000, find how long it will take for the 
population to reach 10 000. 

56 x = a is a solution of 3x3 
- llx2 + 8x = 12a. 

a Show that there are 3 possible values for a. 

b For each value of a found in a, solve the original equation. 

57 3 - 2i is a zero of P(x) =2x3 +mx2 -(m+l)x+(3 - 4m), 

m ER. Find m and the other two zeros of P(x) . 

58 z =a is a zero of P(z ) = a 2 z 3 + z2 
- a4 z - 2. Find a and 

the other zeros of P(z). 
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59 Given the functions f : x f-> 2x - 1 and g: x f-> 2x
3

, find ·• OTHERTRlGOHOMlTJti(:fUNCTIQJlS·····•••••···•··.··· 
the function (f o g )-1

. 

60 One zero of x4 + 2x3 + 8x2 + 6x + 15 has forrn bi 
b =I 0, b E R. Find b and all zeros of the polynomial. 

TOPIC 3: CIRCULAR FUNCTIONS AND 
TRIGONOMETRY 
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SKILL BUILDER QUESTIONS 

1 Convert: 

a 2; radians to degrees b 140° to radians. 

2 Find the exact value of: 

a sin (5;) b cos (3;) 
3 A sector of a circle of radius 10 cm has a perimeter of 40 cm. 

Find the area of the sector. 

4 What consecutive transformations map the graph of y = sin x 
onto: 

a y = 2 sin ( ~) b y = sin ( x + ~) - 4? 

5 Find the amplitude, p1incipal axis, and period of the following 
functions: 

a f(x) = sin4x b J(x) = -2sin (~) -1. 

6 Sketch the graph of y = csc(x) for x E [O, 37r]. 

7 Simplify sin( 3;'-¢)tan(¢+7r). 

8 If cos(2x) = ~, find the exact value of sin x. 

9 Solve sin2x = sinx for x E [- 7r, 7r], giving exact answers. 

10 A sector of a circle has an arc length of 6 cm and an area of 

20 cm2
. Find the angle of the sector. 

1 1 Find the period of: 

a y = - sin(3x) b y = 2 sin ( ~) + 1 

c y = sin2 x + 5. 

12 Sketch the graph of y = arccos x, clearly showing the axes 
intercepts and endpoints. 

13 s· l'fy 1 sin2() 
Imp I - 1 + COS() 

14 If tan() = 2, find the exact values of tan 2() and tan 3(). 

15 Show that csc(2x) - cot(2x) = tan x and hence find the 

exact value of tan ( ~; ) . 

16 If cos 2a = sin2 a, find the exact value of cot a. 

1 7 A chord of a circle has length 6 cm. If the radius of the circle is 
5 cm, find the area of the minor segment cut off by the chord. 

18 y 
3 

2 

1 

-1 

('Ir, 1) 

x 

e:. -1) 

For the illustrated sine function, find the coordinates of the 
points P and Q. 

19 Find the period of: 

a y=cos(~) b y = tan(5x) 

c y = sin3x + sinx. 

20 Find the largest angle of the triangle with sides 11 cm, 9 cm, 
and 7 cm. 

21 Find the equations of the vertical asymptotes on [-27r, 27r] 
for: 

a f(x) = csc(x) b f : x ,_, sec(2x) 

c g : x ,_, cot ( ~) . 

22 Find the exact value of cos 79° cos 71 ° - sin 79° sin 71 °. 

23 Given that tan 2A = sin A where sin A # 0, find cos A 
in simplest radical form. 

24 Suppose sinx - 2cosx = Asin(x +a) where A> 0 and 
0 < a < 27r. Find A and a. 

25 2sin2 x -cosx = 1 for x E [O, 27r]. Find the exact value(s) 
of x. 

26 Find x if arcsin(2x - 3) = -:;f . 
27 In triangle ABC, AB = 15 cm, AC = 12 cm and angle ABC 

measures 30°. Find the size of the angle ACB. 

2 8 On the same set of axes, sketch the graphs of f ( x) = sin x 
and g(x)= -1+2f(2x +~) for -7r~X~7r. 

29 Find the exact value of arcsin( -~) +arctan(l)+arccos(- ~ ). 

30 () is obtuse and sin() = % . Find the exact value of sin 2(). 

31 Solve for x: sin x + cosx = 1 where 0 C x C 'Ir. 

w 
5cm 

8cm 

a Find cos(). 

() 

b Find the area of the triangle. 

33 Find the exact period of g(x) = tan 2x +tan 3x. 

34 Solve the equation cot() + tan()= 2 for () E ] -~, ~ [. 

35 If W E [7r, 3
;' ] and tan(W) = 2, find the exact value of 

tan 0. 

36 In triangle PQR, PR = 12 cm, RQ = 11 cm, and 

RPQ = 60°. Find the length of [PQ], giving your 
answer in radical form. 

37 Show that 

cos()# 0. 

1 
() () = -(sec() +tan 0) provided 

tan - sec 

38 Solve for x where x E [-7r, 37r], giving exact answers : 

a vf:3tan (~) = -1 b vf:3 + 2sin(2x) = 0. 

39 If sin x = 2 sin ( x - {f) , find the exact value of tan x . 

40 In a busy harbour, the time difference between successive high 
tides is about 12.3 hours. The water level varies by 2.4 metres 
between high and low tide. Tomorrow, the first high tide will 

be at 1 am, and the water level will be 4. 7 metres at this time. 

ii Find a sine model for the height of the tide H in terms of 

time t tomorrow. 

b Sketch a graph of the water level in the harbour tomorrow. 
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41 Find: 

a sin ( arccos( - v{)) 

42 Find the exact solutions of sin x + v'3 cos x = 0, x E [O, 21!"]. 

sine+ 2cose 
43 If . e e = 2, find the exact value of tan 2B. 

sm - cos 

44 Without using technology, sketch the graph of 

y=2sin(x-~)+1 for xE[-7r,7r]. 

45 Solve for x: cos2x + v'3sin2x = 1 on the interval [-7r, 7r]. 

TOPIC 4: VECTORS 
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SKILL BUILDER QUESTIONS 

lfl 

Consider the position vector a = ( ~2 ) 
a Write a in terms of the base vectors i, j, and k. 

b Find the magnitude of a. 

c Write down a unit vector in the opposite direction to a. 

2 On grid paper, illustrate how to find the vector 2a - b + 3c 

where a= ( !
3

), b = ( ~5 ), and c = G). 
Check your answer algebraically. 

3 a Draw a clear diagram of a parallelogram ABCD formed 

by two vectors AB = a and AD = b along its sides. 
-----+ ---+ -----+ ---+ 

b Write the vectors BC, CD, AC, and BD in terms of a 
and b. 

c Given that the parallelogram is a rhombus, so lal = lbl, 
--+ --+ 

calculate the product AC • BD in terms of a and b. 
--+ 

d Using your answer to c, explain clearly why AC 1s 
--+ 

perpendicular to BD. 

4 a Given a • b < 0, what conclusion can you draw about 
the angle between a and b? 

b Find a • b for the vectors a = (-;_
2

) and 

b ~ ( ~1) Hffi" find thrngl' :ctweon th'" 

vectors, in degrees correct to one decimal place. 

5 Find the value(s) of k for which 

a parallel to each other 

( ~) and (A) are: 

6 

b perpendicular to each other. 

x-1 3-y 
a Consider the line with equation -

2
- = -

3
- = z. 

Find a vector parallel to the line. 

ii Find a point on the line. 

iii Determine whether the point (7, -3, 2) lies on the 
line, giving reasons. 

b Find an equation of a line perpendicular to the line in a, 

which passes through the point (5, -3, 2). Give your 
answer in parametric form. 

c Determine whether the lines in a and b intersect. If they 
do intersect, find the point of intersection. If they do not, 
state the relationship between the lines. 

d Find the acute angle between the line in a and the line L 

with equation r = ( ~ 1 ) + A ( ~ 
1 

) , A E R. 

7 Briefly explain how you would show that two lines in 3-D are 
coincident. 

8 Find an equation of the plane passing through the point 

( 3, -1, 2), which is parallel to the vectors ( ~ 
2 

) and 

( ~ 1 ) . Give your answer in parametric and Cartesian form. 
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9 a Find an equation of the plane passing through the points 
A(-1, 2, 1), B(2, 1, 3), and C(4, -3, 5). 

b Find the acute angle between the plane ABC and the line 

with equation r = 2i + j - 3k + ..\(i - j + k), ..\ E R 

10 Consider the plane with equation 3x - 2y + 7 z = 6. Find: 

a a vector normal to the plane b a point on the plane 

c the shortest distance from the plane to the point (2, -1, 1). 

11 Consider two planes with equations 2x + 4y + z = 1 and 
3x + 5y = 1. Find: 

a the acute angle between the two planes 

b any solutions to the system of equations, interpreting your 
answer geometrically 

c all points that lie on the two planes and also on the plane 
with equation 5x + 13y + 7 z = 4. 

12 Find the distance from the point (2, -1, 3) to the line 
x-1 3+y 
-2-=-3-=Z. 

13 Consider the points A(l, -1, 2) and B(5, -1, -1). 

a Find the equation of the line L through A and B. 

b Find the equation of the plane perpendicular to L, and 
which passes through A. 

c Find a point on L which is 20 units from A. 

111 Two ships A and B have paths defined by the equations 

(~~) = (~1) +t (~1) 

and (~;)=G)+t(=~) 
respectively, where distances are in kilometres and t is the time 
in hours. 

a Find the initial position of each ship. 

b Find the speed of each ship. 

c Show that the two ships will pass through the same 
location, but not at the same time. 

15 ABCD is a parallelogram with A(-1, 2, 3), B(O, 2, 4), and 
C(l, 5, -1). 

a Find the coordinates of D. b Find the area of ABCD. 

16 a The position vectors of A and B are a and b respectively. 
--+ ---+ 

If P lies on [AB] such that AP = tAB, show that the 
position vector of P is given by p = (1 - t)a + tb. 

b For A(2, -1, 4) and B(-3, 1, -1), find Pon [AB] 
--+ --+ 

such that AP: PB= 2: 5. 

1 7 Suppose a and b are non-zero vectors such that 
la - bl = la+ bl. Deduce that a and b are perpendicular. 

18 Suppose A is (-1, 2, 1) and Bis (0, 1, 3). 

a Find the equation of the line (AB) in the form 
r = a + ..\b, ,\ E JR. 

b Find the angle between (AB) and the line L defined by 

(~) ( ~1) +µ(]1} 

19 Let a= ( ~} b = ( ]l} and c = ( ~l} 
If b is perpendicular to c - 2a, find the value of k. 
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20 Find the coordinates of the point where the line 

'~ m +A ( ~l) m- ili< p!M< 

21 Planes P1 and P2 have equations r • (2i + j + k) = 2 and 
r • (i - k) = 5 respectively. 

a Find, to the nearest degree, the size of the acute angle 
between P1 and P2. 

b Find, in the form r = a + tb, the equation of the line in 
which Pi and P2 intersect. 

22 Find the coordinates of the point P where the line 
r = i + j + ..\(i + 2j - k) meets the plane 3x + 2y - z = 1. 

23 Suppose a= (;} b = ( ~l} and c = ( !l} 
Find (b x c) • 2a. 

24 Consider the lines: 
£1: x = 4 + t, y = 3 + 2t, z = -1 - 2t 
L2: x = -1+3s, y = 1 - 2s, z = 2 + s. 

a Classify the pair of lines as parallel, intersecting, 
coincident, or skew. 

b Find the acute angle between the lines. 

25 Given two vectors x and y, with lxl = 2, find the value of 
Ix + 2yj in the following cases: 

a y = -2x 

b x and y are perpendicular and IYI = 3lxl. 

26 The line r = ( ~ 1 ) + t ( ~ ) is reflected in the plane 

p = ( ~1) +..\ ( ~1) +µ ( ~1 )· 
Calculate the angle between the line and its reflection. Give 
your answer in radians. 

27 Given A(3, -1, 5), B(2, 0, -3), and C(l, 3, -3), find 

cos BAC and hence BAC. 

28 Find the acute angle between two diagonals of the cuboid 
(rectangular prism) formed by the vectors 2i, 3j, and 5k. 

TOPIC 5: STATISTICS AND PROBABILITY 
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SKILL BUILDER QUESTIONS 

1 a In a horse race with 10 horses in the field, why is the 

probability of a given horse winning not equal to fa? 

b Hence, explain when the rule P(A) = n ((A)) does not 
·1 l n U necessan y app y. 

2 A bucket contains 7 red, 3 blue, 2 black, and 1 yellow ball of 
the same size. A random selection of 5 balls is taken from the 
bucket, without replacement. 

a Find the probability that the random selection from the 
bucket will contain 2 red, 1 blue, and 2 black balls. 

b Find the probability that the random selection will contain 
at least 1 red ball. 

3 The data set 8, 5, 5, 6, 10, 7, x, 7, 8 has mean 7. 

a Find the value of x. 

b Find the median of the data set. 

c State the mode of the data set. 

d Comment on the distribution of the data. 

4 f (x) is the probability density function of a continuous random 
variable X. 

a What two properties must f(x) have? 

b How is P(x1 :( X :( x2) found? 



5 a Tickets in a raftle are numbered 1 to 100. A ticket is 
drawn at random. Suppose A is the event that a ticket 
with number less than 45 is drawn, and B is the event 
that a ticket with number between 40 and 55 is drawn. 

Are A and B mutually exclusive events? Explain 
your answer. 

ii Find P(A U B). 

b Suppose P(A) and P(B) are both non-zero. Explain why 
events A and B cannot be both independent and mutually 
exclusive at the same time. 

6 A random sample of 
chicks were weighed one 
day after hatching. The 
results are given in the 
table alongside. 

a How many chicks 
were weighed? 

b Construct a frequency 
histogram to display 
the data. 

32 ~ w < 36 

36 ~ w < 40 

40 ~ w<44 

44 ~ w < 48 

48 ~ w < 52 

52 ~ w < 56 

c Use mid-interval values to estimate: 

i the mean of the data 
ii the standard deviation of the data. 

3 

5 

14 

19 

8 

1 

7 A continuous random variable X has a probability density 

function defined by f ( x) = ' { 
a(x2 + 2) for 0 ~ x ~ 2 

0, elsewhere. 

a Find the constant a. 

b Determine: 
i P(0.5 ~ X ~ 1.4) 

c Find the: 
i median ii mean 

ii P(X? 1). 

iii variance of X. 

8 It is said that events A and B are independent if 
P(A I B) = P(A). 
Use this result and the rule for conditional probability to show 
that this implies P(A n B) = P(A) P(B). 

9 A random variable X has the following distribution table: 

-2 0 
1 1 
3 6 

3 

k 

5 
1 

12 

a Is the random variable discrete or continuous? 

b Find k. 

c Find E(X), Var(X), and the standard deviation of X. 

d Find the median and modal values of X. 

10 Events A and B are independent. 
Given that P(A u B) = 0.63 and P(B) = 0.36, find P(A) . 

11 383 of the students in a Year 12 IB Mathematics class 
are female. Of the female students in this class, 133 are 
left-handed, whereas 243 of the male students are left-handed. 

a Find the probability that a randomly chosen student from 
this class is left-handed. 

b Find the probability that a randomly chosen student is 
female, given that the student is left-handed. 

12 In a sample of data, we know that L; f = 30, x = 80.9 and 
the standard deviation of this sample is 296. 

Find L; f x and L; f x 2 for this sample of data, giving your 
answers to the nearest integer. 

13 How many different arrangements of the letters of the word 
DIPLOMA are possible if: 

a there are no restrictions 

b the arrangements begin and end with a vowel 

c the vowels appear together? 

14 A random variable X has a probability density function given 

( ) { 
sin(0.5x), for 0 ~ x ~a 

by f x = 0, elsewhere. 

a Is the random variable discrete or continuous? 

b Find the exact value of a. 

c Find E(X), Var(X) , and the standard deviation of X . 

d Find the median and modal values of X. 

15 Two unbiased dice are rolled and the difference between the 
scores is noted. Using a table of outcomes, find the probability 
that the difference between the scores is 3. 

16 Given that P(A) = 0.46, P(B) = ~ and P(A U B)' = -{2, 
find P(A n B). 

17 A typist makes on average 1 error per page. Suppose X is 
the number of errors made by the typist in typing a 12 page 
document. 

a Is X a binomial or Poisson random variable? 

b Find the mean and standard deviation of X. 

c Find P(X = 10) . 

d Find the probability the typist makes at least 10 errors in 
this document. 

18 The random variable X is distributed normally with mean 37 
and variance 9. 

a Is the random variable discrete or continuous? 

b Why is it almost impossible to have a measured score 
of 27? 

c How many standard deviations away from the mean is the 
score 33? 

d Explain why P(X ? 39) is smaller than 0.5 . 

e Find P(X ? 39). 

Find P(31 ~ X ~ 39). 

g Find P(IX - 371 ~ 2). 

h Find k such that P(X ? k) = 0.56. 

19 A multiple choice test consists of 30 questions with 5 answers 
to choose from. For each question, only one answer is correct. 
Let Y be the number of correct answers chosen if each answer 
is randomly guessed. 

a Is Y a binomial or a Poisson random variable? 

b Find the mean and standard deviation of Y. 

c Find P(Y = 20) . 

d Find the probability of getting a score of at least the mean 
plus twice the standard deviation of Y. 

20 Vehicle licence plates are composed of three letters from a 
26-letter alphabet, followed by a three-digit number whose first 
digit cannot be zero. 

a How many different licence plates are possible? 

b Find the probability of a randomly chosen number plate 
beginning with the letters AB and ending with the digit 0. 
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21 In the town of Expiet, 713 of the population are right-handed, 
443 are either right-handed or have blonde hair but not both, 
and 213 do not have blonde hair. 
A member of this population is selected at random. Find the 
likelihood that the person: 

a is right-handed but not blonde 

b is both right-handed and has blonde hair 

c is right-handed or has blonde hair. 

H Given X '"'"N(13, 0"
2

) and P(X ~ 15) = 0.613, find O". 

23 A Poisson variable X has standard deviation 3.1. 

a Find the mean of X. 

b What is the probability distribution function of X? 

c Find: 
i P(X = 8) ii P(X? 11) iii P(X ? 13 I x ? 9) 

24 Suppose X is normally distributed with P(X ~ 24) = 0.035 

and P(X ? 33) = 0.262. 
Find the mean and standard deviation of X, correct to 
3 significant figures. 

25 A committee of 6 is chosen at random from 9 men and 8 women. 
Find the probability that the committee contains: 

a three men and three women 

b at least two members of each sex 

c an even number of women. 

!!6 3% of a catch of prawns are damaged. If a random sample of 
200 prawns is taken, estimate the mean and standard deviation 

of the number of damaged prawns in the sample. 

27 A random variable X is Poisson with mean m, and satisfies 
P(X = 1) + P(X = 2) = P(X = 3). Find: 

a m b P(X = 4) c P(X ? 2) 

TOPIC 6: CALCULUS 
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c 

xn 

cu(x) 

u(x) + v(x) 

u(x)v(x) 

u(x) 
v(x) 

ef(x) 

lnf(x) 

sinx 
cosx 
tanx 

arcsinx 

arcco:;x 

arctanx 

0 
nxn-1 

cu'(x) 

u'(x) +v'(x) addition rule 

u'(x)v(x) + u(x)v'(x) product rule 

u'(x)v(x) - u(x)v'(x) quotient rule 
[v(x )]2 

ef(x) J' (x) exponentials 

J'(x) logarithms 
f(x) 

cosx 
-sinx 
sec2 x 

1 x E ]-1, l[ 
~, 

-1 
x E ]-1, 1[ inverse circular 

vi - x2' functions 

- -,- - -



u = f( x) 

u = ln x 

x = asinB 

x2 +a2 or Jx2 +a2 x = atane 
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SKILL BUILDER QUESTIONS 

Consider the function f(x) = :'... 
x 

a State the domain of f(x). 

b Find: 
lim f(x) 

X---1-Q-
ii lim f(x) 

x---+O+ 

c Is f ( x) continuous? Explain your answer. 

2 a Find, from first principles, the derivative of y = 3 - 2x2. 

b Hence find the equation of the normal to y = 3 - 2x2 at 
the point where x = 1. 

3 Find J'(x) if: 

a f(x) = v3x2 + 5x - 2 

C J (x) = 3x2-x-2 

b f(x) = x2e2x-3 

d f(x) = (sinx)ecosx 

4 Find: 

a J ~ dx b J cos(3x - 2) dx J 2x2 -x - 3 
c 

2 
dx 

x 

5 Find 
dy 

for: 
dx 

y = ln(2x2 + 8) b 
x+2 a 

Y = x2 + 3 

c y = arcsin(2x) d y = exlnx 

6 Find the exact value of {
5 

---:f-- dx. 
}3 x -8 

7 Find the equation of the tangent to f ( x) = x -
4 

at the point 
x+2 

where x = 3. 

8 

a Find the coordinates of the points where 
y = x(x + 4)(x - 4) and y = 9x meet. 

b Write down an integral expression for: 

i area A ii area B iii area A + area B 

9 Find J sin2 3x dx. 

d2y 
10 Find dx2 for: 

3 
a Y = x2 b y = x2 sin(3x) 
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11 Find the exact value of k, if lk ~ dx = 1, k > 0. 
o x2 +4 

12 Use integration by parts to find J x lnx dx. 

1 3 Find the equation of the normal to y = x2 - 2x - 4 at the 
point where x = -1. 

14 Find the values of x for which f(x) = _x_ is: 
x 2 - 2 

a undefined b increasing c concave down. 

15 Find the total distance travelled by a particle in the first 
5 seconds of motion if the particle is moving in a straight line 

and its velocity is given by v = t 3 
- 3t2e0

·
05

t. 

16 Find the exact coordinates and nature of the stationary points of: 

x-3 
a y = xe-x b y = x2 - 5 

17 Find J tan2 2x dx. 

18 Find where the tangent to y = x 3 + 2x + 1 at the point where 
x = -1 meets the curve again. 

19 a Find, from first principles, the derivative of 

20 

y = ax2 + bx + c where a, b, and c are constants. 

b Hence find the x-coordinate of the vertex of the general 

quadratic function y = ax2 + bx + c. 

y 

x 

Rectangle ABCD is inscribed under one arch of y = cos x. 
Find the coordinates of C such that ABCD has maximum area. 

21 Find the exact area of the region enclosed by the graph of 

y = 8x - x2 and the x-axis. 

22 A particle moves in a straight line with displacement function 

s(t) = 12t - 3t3 + 1 cm, where t;? 0 is in seconds. 

a Find the velocity and acceleration functions for the 
particle's movement. 

b When is the particle's: 

i speed decreasing ii velocity decreasing? 

23 Use integration by parts to find J arctanxdx. 

24 Find the intervals where the function f ( x) = x 3 
- 3x2 

- 9x + 5 
is: 

a increasing b concave up. 

25 Find the volume of the solid formed when the region enclosed 

by the graph of y = x2 - 2x and the x-axis is rotated about 
the x-axis. Give your answer as an exact value. 

26 Find the exact value of 1
4 

1 
---dx 

0 vx + 4 . 

27 Find dy if 
dx · 

a x2 
- xy2 + y = 21 

28 Integrate with respect to x: 

b eY sin2x = 1 

c (x2 + 1)3 



y 

7r x 

The shaded region has area 0.42 units2
. Find k. 

30 The kinetic energy of a moving object is given by K = ~mv2 

where m is its mass in kg and v is its velocity in km s-1
. 

When a rocket is fired, the three quantities K, m, and v vary. 

Suppose a rocket's kinetic energy is increasing at a constant rate 

of 50 000 units s-1, while its mass is decreasing at 10 kg s-1 

as it bums fuel. 
At what rate is its velocity changing when the rocket has mass 

4000 kg and velocity 8 kms- 1? 

31 Find the exact value of the area of the region enclosed by the 

graphs of y = x2 
- 3x and the line y = x. 

32 Find 13 

Ix - ll dx. 

33 Two roadrunners start at an intersection of two roads, facing 45° 

apart. One runs at 28 kmh- 1 and the other at 32 kmh- 1
. Find 

the rate at which the distance between the runners is changing 
after 15 minutes. 

34 a Show that J secx dx = ln I secx +tan xi+ c. 

b Find J sec3 x dx. 

35 An open cylindrical bin is to be 
made from PVC plastic and is 
to have a capacity of 500 litres. 
Find the dimensions of the bin 
which minimise the amount of 
PVC plastic used. 

36 Find f xv3x - 4 dx. 

open 

37 W
. x+2 A B 

a nte ( )( ) in the form -- + --. 
x-1 x+3 x-1 x+3 

b H fi d J x+2 d 
ence m (x _ l)(x + 3) x. 

38 Find the volume of the solid formed when the region enclosed 
by the graph of y = ln x, the x-axis, the y-axis, and the line 
y = ln 3 is rotated about the y-axis. Give your answer as an 
exact value. 

39 Use the substitution x = 2 sin B to find J
v'3 1 
~dx. 

40 Find J x tan2 x dx. 

41 Find the value of a such that l
a 

42 a Find j sinx d 
(l+cosx) 2 x. 

1 V'± - x-

x2 
~l dx=2, a>O. 
x + 

b Hence find the exact value of the area enclosed by the 

sinx h . 1C d 
curve y = ( 1 + cos x) 2 , t e x-axis, x = 3 , an 

x == 2;. 

43 F d J sin3 x d 
m cos2 x x. 

44 Find the coordinates of the point of inflection on the graph of 
lnx 

y=~· 

1 
45 a Differentiate xx with respect to x. 

b Hence find the coordinates of the stationary point of the 
1 

function f : x >-+ x;;. 

46 Find J x 2 sinx dx. 

47 Find j l-
2

x dx -l<x<l. v'1=X2 , 
48 Find the exact values of the x-coordinates of the stationary 

points of the function f : x >-+ 2xex - 6ex - 3x2 + 12x + 5. 

49 Use integration by parts to find J arccos x dx. 

50 Find the exact value of 1~ sinx dx. 
0 1 + cosx 

51 A sloping wall makes an angle of 120° with the horizontal 
ground. A 13 metre ladder leans up against the wall. The 
bottom of the ladder slips, and moves at a constant speed of 
2 metres per second away from the base of the wall. Find the 
speed at which the top of the ladder moves down the wall when 
the foot of the ladder is 7 metres from the base of the wall. 

52 F. d J arctanx d 
m 1 + x2 x. 

53 Use the substitution x = 2 sin B to find J v 4 - x2 dx. 

Exam Set 1 NO CALCULATORS 

3 

a Find L (2r + 2r). 
r=l 

n 

b Find an expression for L (2r + 2r). 
r=l 

2 If loga 2 = b and loga 3 = c, express loga V72 in terms 
of band c. 

3 Find the exact value of if;; (cos2x + tan2 x) dx. 

6 

4 a On the graph below, sketch the reflection of 

y = f(x) = -x2 + 3 in the line y = x. 

y 
3 /,/y=x 

.. ···· 
" 

x 

b Briefly explain why the reflection you have drawn is not 
the inverse function of y = f ( x). 

c Find the equation of the inverse of x >-+ -x2 + 3, x ,,;; 0 
and illustrate both the function and its inverse. 

5 Factorise f (x) = 2x3 - x 2 
- 8x - 5 into real factors, and 

hence determine the values of x for which f(x) > 0. 

6 The radius of a circle is 4 cm. Find the exact value of the area 
of the minor segment of the circle cut off by a chord of length 

4v'3 cm. 
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7 In triangle PQR, sinPRQ - 3 v'3 - 14, QP = 3 cm, and 

PR = 7 cm. Find the possible values of PQR, giving your 

answer in degrees. 

8 Find the exact value of sin() if 3 cos 2() + 2 = 7 sin B. 

9 Find the exact value of cos ( arcsin i + arccos ~). 

10 Consider the points X(3µ, 2, 1) and Y(µ, 1 - 3µ, 2µ - 1), 
where µ is a constant. 

---+ 
If 0 is the origin, find all values of µ for which OX is 

---+ 
perpendicular to OY. 

11 Find J ~ dx. 
vx+2 

12 If the polynomial xn+ax2 - 6 leaves a remainder of -3 when 
divided by (x - 1), and a remainder of -15 when divided by 

(x + 3), find the values of a and n. 

13 Consider the function f : x 1-t a + _b_. 
x + c 

The graph of f has asymptotes x = - 2 and y = 3, and 
passes through (2, 4) . 

a Find the values of a, b, and c. 

b State the domain and range off. 

c Find 1-1 and state the domain and range of f- 1
. 

14 Find kif lk 3v10 - x dx = 38. 

15 Each of two circles with the same radius passes through the 
centre of the other. Find the area common to both circles if the 
radii are 6 cm, giving your answer as an exact value. 

16 The graph of x >--+ kx2 
- 3x + ( k + 2) cuts the x-axis in two 

distinct points. Find the set of possible real values of k. 

17 1 - 2i is a zero of the polynomial 2z3 
- 9z2 + 20z - 25. 

Find the other two zeros. 

18 Find all values of k for which this 
system of equations has a solution 
other than the origin 
(x, y, z) = (0, 0, 0). 

{ 

2x - 2y + kz = 0 

x + 4z = 0 

kx + y + z = 0 

19 a Provethat sin(A+B)+sin(A - B)=2sinAcosB. 

b Hence, or otherwise, find the exact value of the period of 

the function f ( x) = sin 5x cos 2x. 

c Find J sin 5x cos 2x dx . 

d Hence find the exact value of J
0
'f sin 5x cos 2x dx. 

20 [AB] is a diameter of a circle of radius 5 cm, and Pis a point on 
the circle. P moves at a constant rate in a clockwise direction 
on the circle, and completes one rotation every lOn seconds. 
Find the rate of change in the area of triangle ABP when 

PAB = i and Pis moving towards B. 

21 Use the substitution x = sin u to find the exact value of 
1 12 yI-;2 dx. 

22 ABCD is a rectangle such that A and B are points on the graph 

of y = .JT=X2, and C and D lie on the x-axis. Let C have 
coordinates (a , 0). 

a Write an expression for the area of ABCD. 

b Find the exact value of a when the area is a maximum. 

c Find the maximum area of the rectangle. 
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23 Two dice are rolled. The score is the smaller of the two numbers 
that appear. If the same number appears on both dice, then the 
score is that number. What is the probability that the score is 4? 

24 In the triangle shown, 
find a in terms of b. 

25 Prove that for all n E z+, n > 1, 

( 't n 1'!f n - 2 1 
} 

0 

tan x dx + 
0 

tan x dx = n _ 
1 

. 

b 

Exam Set 2 CALCULATORS 

A geometric series with common ratio r has second term 6 and 

a sum of 49. It is known that ~ < r < 1. Find: 

a r b Un , the nth tetm of the series. 

2 Eight different books are to be placed in a row on a bookshelf. 
Three of the books are mathematics books. How many 
arrangements are possible if: 

a there are no restrictions 

b the mathematics books are always placed together 

c there has to be a mathematics book at each end of the 
shelf? 

3 A sector cuts off an angle of 53° at the centre of a circle of 
radius 7 cm. Find: 

a the perimeter b the area of the sector. 

4 Find the constant term in the expansion of ( 2x2 + ~) 
9

. 

5 Find the points of intersection of the graphs of x 2 y = 4 + x 
and y =ex - 3x + 1, where -5 :::;; x:::;; 5. 

6 For what values of x in the interval [O, 2n] is 

arccos(sin 3x + cos 2x) defined? 

7 A receptionist walks to work every day. 

If it is not raining, the probability that he is late is -!J. 
If it is raining, the probability that he is late is i. 
The probability that it rains on a particular day is i. 
On one particular day the receptionist is late. Find the 
probability that it was raining on that day. 

8 X is a binomial random variable for which the number of trials 
is 7, and the probability of success of each trial is p. Find the 
possible values of p if P(X = 4) = 0.25. 

9 Find a unit vector parallel to >.i + j - >.k and perpendicular 
to 3i - 4j + k. 

10 In a school, ~ of the students travel to school by bicycle. 

Seven students are chosen at random. 
Find the probability that exactly 4 of them travel to school by 
bicycle. 

11 A box contains 1000 fish with 3. 73 not suitable for sale. If 20 
fish are chosen at random from the box, find the probability that: 

a all of them are suitable for sale 

b exactly one of them is not suitable for sale. 



12 The coefficient of x 4 in the expansion of (ax+ 3)5 is equal 

to the coefficient of x 5 in the expansion of (ax+ 3) 7 . Find a. 

13 Consider the functions f(x) = -
1
-, x oJ -5 and 

g(x)=3x. x+ 5 

a Calculate (g o f) ( 4) as a rational number. 

c Find the domain of g- 1
. 

14 The graph of the function f : x f--+ ax3 + bx2 + ex + d has a 

maximum turning point at (0, 1) and a minimum turning point 

at (-2, -2). Find a, b, c, and d. 

1 5 A police radar gun measuring the speeds of cars on the road is 
known to produce errors at random that are distributed normally 
with mean 0 and standard deviation (]". 
We say the error E is distributed normally as 

E ~ N(O, (]"2
). 

The police will not fine a driver without being 99% confident 

that a car is travelling at greater than 60 kn1 h-1 in a 60 kn1 h - l 

zone. 
Suppose they are 99% sure that a car is travelling at greater than 

60 knlh- 1 when they record a speed of more than 65 knlh- 1 

on the radar gun. 

a Explain why the distribution of readings for a car travelling 

at 60 kn1 h- 1 is given by the random variable X = 60+ E. 

b Find the standard deviation (]" of the distribution of errors 
given by the radar gun. 

1 6 If a + b + c = 0, show that a x b = b x c. 

17 Find the exact value ofp if p > 0 and lP (x 3 +x) dx = lf. 

1 8 Let f and g be two functions such that 
g(x) = 3x - 2 and (f o g)(x) = x + 2. Find f(9x - 8). 

19 The diameters of discs produced by a machine are normally 
distributed with mean 73 mm and standard deviation 1.1 mm. 
Find the probability of the machine producing a disc with a 
diameter larger than 75 mm. 

20 Independent events A and B are such that P(A) = 0.35 and 

P(A U B) = 0. 75. Find P(B). 

21 A couple is told that the probability that they will have blonde 

haired children is ~. The couple would like to have 5 children. 

a What is the expected number of blonde children? 

b Find the probability that 3 of the 5 children will have 
blonde hair. 

c Find the probability that more than 3 of the 5 children will 

have blonde hair. 

22 a Find the exact value of the area enclosed by the curve 

y = ~, the y-axis, the x-axis, and the line x = 1. 

b The region in a is rotated about the x-axis. Find the 
volume of the solid generated. 

23 When a biased die is rolled, the numbers from 1 to 6 appear 
according to the following probability distribution. 

1 2 3 4 5 6 
2 1 3 1 1 
77I4I47Y 

a Find the value of y. 

b Find the exact values of E(X) and Var(X). 

c Write a brief interpretation of the values found in part b. 

24 a Prove that cos(A+B)-cos(A-B) = -2sinAsinB. 

b Prove by mathematical induction that, for all n E z+, 
• 2 

sinx + sin3x + sin5x + .... + sin(2n - l)x = sr~ nx 
smx 

25 a Given the points A(3, 0, 2), B(l, 0, 3), and 

C(2, -3, 5), Wow tlmt AB x AC~ 0} 
b Students are using equations of planes to model two 

hillsides that meet along a river. The river is modelled 
by the line where the two planes meet. 

2x-y+4z=14 

• B(l,0,3) ~ / 
C(2, -3, 5) / / 

A(3,0, 2) 

One of the hillsides contains the points with coordinates 
A(3, 0, 2), B(l, 0, 3), and C(2, -3, 5). 

The other hillside has an equation 2x - y + 4z = 14. 

Show that A and B are two points on the river. 

ii Show that an equation for the river is 

r = ( 
3 ~ 2,\ ) for A E JR. 
2+>. 

iii Show that B is the closest point on the river to C. 

iv Find the shortest distance from the river to C. 

Exam Set 3 NO CALCULATORS 

Let f(x) = x 2 + 4x for -oo < x ~ -2 and 

g(x) = v3 - 2x. 

Find: a r 1 (x) b (gof)(-3). 

2 In triangle ABC, ABC= W, ACB = (), AB= 3 cm, and 
AC = 5 cm. Find the exact value of the area of the triangle. 

3 The probability that a salesperson leaves her mobile phone 

in a shop is ~. After visiting two shops in succession, the 

salesperson discovers her mobile phone is missing. What is the 
probability that she left the mobile phone in the first shop? 

4 Find the exact value of cot A if cot 2A = ~ and A is obtuse. 

5 a For what real values of m will the line y = mx + 16 be 

a tangent to the parabola y = x 2 + 25? 

b Given f(x) = x 2 + x(2- k) + k2
, find the possible real 

values of k for which f(x) > 0 for all real values of x. 

6 Solve log3 (4x2 
- 5x - 6) = 1+2log3 x. 

7 Find the exact value of 1! ~ dx. 
o 1 - x2 

8 The velocity of a particle, in metres per second at time 

t seconds, is given by v = t 3 
- 3t2 + 2t. Calculate the distance 

travelled by the particle in the first 3 seconds of motion. 

9 Find the exact values of() if () E [O, 27r] and 

cos () + sin () = V2. 
10 Find the exact value of the x-coordinate of the stationary point 

of the function f : x f--+ ex In x, x > 0. 
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1 1 An infinite geometric series with common ratio r, 0 < r < 1 
is such that the sum of the first 3 terms is half the sum of the 
series. Find the exact value of r. 

12 z = 2 - i is a solution of the equation 

z 3 
- 6z2 + l3z - 10 = 0. Find the other two solutions. 

13 For these functions state the domain and range: 

14 

a x >-+ y'5=X b x >-+ "distance from nearest integer" 

a Find J 1 
+ x

2 
dx. 

4+x 

b Use integration by parts to find J x 2 ln x dx. 

15 a Simplify sin( arcsin a+ arcsin b), giving your answer in 
terms of a and b. 

b Find the exact value 
of a in the diagram: 

2cm 

acm 

3cm 

16 Find the exact value of the x-coordinates of the stationary points 

of the function f : x >-+ log3 ( ~: : ~) . 

17 The equations of two lines are: 

L1: x = 3.A - 4, y = .A + 2, z = 2.A - 1 
y- 5 -z -1 

L2: x = -
2
- = --

2
-. 

a Determine the point of intersection of L1 and the plane 
2x +y- z = 2. 

b Find the point of intersection of L1 and L2. 

c Find an equation for the plane that contains L1 and L2. 

18 The region enclosed by y = arccos x, y = i, y = "if, and the 

y-axis is rotated through 27f about the y-axis. Find the volume 
of the solid generated. 

2 
19 Sketch the graph of f : x >-+ 3 + --

1
, -5 ~ x ~ 5, 

x+ 
x =I - l, showing clearly all asymptotes. 

On the same set of axes, sketch the graphs of If ( x) I and 
1 

f (x)' 

20 cos x + sin x cos x + sin2 x cos x + .... is an infinite series 
defined for 0 < x < ~· 

21 

a Find the sum of the series. 

b Determine the values of x for which the sum of the series 

is v'3. 

a Prove that cos x = sec x + tan x. 
1 - sinx 

. J cosx b Fmd . dx for 0 < x < ~· 
1 - smx 

c Hence prove that J sec x dx = ln( sec x +tan x) + c for 

0 < x < ~· 
d Find the exact value of the area enclosed by the graph 

y = secx, the x-axis, and the lines x =-;[ and x = i· 

22 Find the equation of the tangent to the curve 3x2 
- 2y2 = 10 

at the point where x = 2 and y < 0. 
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23 A random variable X has probability density function f (x) 
where 

f(x) ~ l ~x, O~x<l 

1 l~x<2 3, 

-f2(6-x), 2::; x <a 

0, elsewhere. 

Find: a the value of a b the median value of X. 

24 Find the coordinates of the points where the tangents to the 

curve 6x2 + 4xy + 2y2 = 3 are horizontal. 

25 On the unit circle shown, 

AOP = a and BOP = (3. 

[OA] is produced to meet 
the line through B parallel to 
the y-axis at C. 

[CB] is produced to meet the 
x-axis at D. 

a Write down the lengths 
of [OD] and [BD]. 

b Show that OC = cos (3 . 
COSO'. 

c Show that BC = cos (3 tan a - sin (3. 

y c 

d Use the sine rule in triangle OBC to show that 
sin( a - (3) = sinacos(J- cosasin(J. 

e Hence find the exact value of sin 15°. 

x 
P(l, 0) 

Exam Set 4 CALCULATORS 

Consider the arithmetic series 3 + 8 + 13 + ..... 

a Find an expression for Sn, the sum of the first n terms of 
the series. 

b Find the smallest value of n for which the sum of the series 
is greater than 1000. 

2 When (1 + axr, n E :z+ is written in expanded form as far 

as the third term, the result is 1 + 35x + 525x2
• Find a and n. 

3 In the diagram, [AB] is 
the diameter of the circle, 
AC= 6 cm, and BC= 8 cm. 

Find the area of the minor 
segment cut off by [AC]. 

4 A discrete random variable takes the values X = 0, 2, 7 with 

probabilities ~, ~, and k respectively. 

a Find k. 
b Find the mean, median, and mode of X. 
c Find the variance and standard deviation of X. 

5 a Find the equation of the normal to the graph of y = sin x, 
at the point where x = "if. 

b Find the coordinates of the point where the normal in a 
meets the x-axis. 

6 For what values of a does the function f(x) = ax+ 
2 

have 
x 2 +1 stationary points? 

7 a Find the exact area of the region enclosed by the curve 

y = xe-0 ·1x
2

, the x-axis, and x = 4. 

b Find the volume generated when the region in a is rotated 
through 27f about the x-axis. 



8 A particle starts from 0 with an initial velocity of 5 m s- 1 . 

The acceleration of the particle after t seconds is given by 

a = 3t2 
- 2t + 1. 

Find an expression for the displacement function s(t). 

9 Find the exact value of sin2(arcsin t)· 
-> ~ -> 

10 In the figure below, OB is three times longer than OA. BC 
~ -> -> 

is parallel to OA and twice its length. CD is parallel to BA. 
Angle AOB is 60°. 

Suppose A and B have position vectors a and b respectively, 
-> -> 

relative to 0, and that CD = k(BA). 

a Determine vector expressions for: 

i B1 ii 6D 
~ -> 

b Find k if OD is perpendicular to AB. 

11 If y = ln ( x
2 

- 3) , simplify ::; + ( :~) 
2 

e'"2 
12 Consider the graph of the function f : x e-> ---. 

ex - 1 

a Find the equation of any vertical asymptotes, giving your 
answer in exact form. 

b Find the coordinates of the turning points. 

e'"2 
c Sketch the graph of y = -- for x E [-1, 2]. 

e'" - 1 

13 Given the vectors a = - 2i + pj - k and 
b = i + 3(p + 4)j + (2p - 5)k , find all values of p for which 
a is perpendicular to b. 

14 Find the term independent of x in the expansion of 

(
Sx2 _ _3__) 12 

2 5x 

15 Let X be a continuous random variable with the probability 
density function 

{ 

:'..+c, o,:;;x ,:;; 2 
f( x ) = 8 

0, elsewhere. 

Find: 

a the value of c b the expected value of X 

c the standard deviation of X . 

16 Consider two complex numbers z = 5 - 3i and w = b + 2i, 

b E Q. Find b such that !._ E R 
w 

1 7 The diagram alongside shows 
a major sector of the circle 
with centre 0. The perimeter 
of the sector is 100 cm. Find 
the area of the sector. 

18 Find J sin3 x dx. 

19 In a maths quiz there are 30 multiple choice questions with five 
alternative answers for each question. Only one of the answers 
is correct in each case. 

a Suppose you guess every question and you answer all the 
questions. Find the probability of obtaining: 

exactly 20 correct answers 

ii at least 15 correct answers 
iii no more than 25 correct answers. 

b Now suppose you have studied hard and have an 85% 
chance of answering each question correctly. Find the 
probability of obtaining: 

exactly 20 correct answers 

ii at least 15 correct answers. 

20 A survey of 100 people is conducted to find out how long people 
spend travelling to work. The following results were recorded: 

o ,:;; t < lO 11 

10,:;; t < 20 19 

20 ,:;; t < 30 32 

30,:;; t < 40 22 

40,:;; t < 50 9 

50 ,:;; t < 60 7 

a Draw a frequency histogram to display the data. 

b Find the modal class of the data. 

c Use mid-interval values to estimate the mean and standard 
deviation for the data. 

21 The table below shows the number of items produced by 
machines I and II, and the probability of each machine 
producing a faulty item. 

a If an item is chosen at random from the total number of 
items produced, what is the probability that it is faulty? 

b If an item is selected at random and it is found to be faulty, 
what is the chance that it is produced by machine II? 

22 a A machine produces bags of sugar whose weights are 
distributed normally with mean 120 g and standard 
deviation 1.063 g. If the weight of a bag of sugar is less 
than 118 g, the bag is rejected. 

Find the percentage of bags that are rejected, correct to 
3 decimal places. 

b The settings of the machine are now altered. It is found 
that 6% of the bags are rejected, but the mean has not 
changed. Find the new standard deviation, correct to 
3 decimal places. 

c The settings of the machine are adjusted once more. The 
new value of the standard deviation is maintained. Find 
the value, correct to two decimal places, at which the mean 
must be set, so that only 3% of the bags are rejected. 

d With the new settings from part c, it is found that 70% of 
the bags of sugar have a weight which lies between x g 
and y g, where x and y are symmetric about the mean. 
Find the values of x and y, giving your answers correct to 
two decimal places. 
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U Consider the graph of the function y = f ( x) where 
x -2 

f( x) = x2 + ex - 6 

a Find the axes intercepts. 

b Find an expression for f' (x ). 

c For what values of c does the function have at least one 
stationary point? 

d For c = 0, find the coordinates of the point of inflection 
of the curve, giving your answer to 3 significant figures. 

e For c = -4, find the exact value of 

JI __ x_-_2 __ dx . 
_ 1 x 2 + ex - 6 

24 Let P( u, cos u) be any point on the graph of y = cos x in 
the first quadrant. 

a Find the equation of the tangent to the curve y = cos x 
at P. 

b The tangent at P meets the x-axis at A and the y-axis at 
B. Find the coordinates of A and B. 

c Find an expression for the area of triangle AOB. 

d Find the coordinates of P for which the area of triangle 
AOB is a minimum. 

25 Consider the lines L: ( ~) ( ~3) +A ( J1) 
and M: ( ~ ) ( i 

1 
) + µ ( ~ 1 } where A, µ E R 

a Find the acute angle between the lines L and M. 

b Find a vector n that is perpendicular to both lines. 

c Find an equation of the plane P that contains the line L 
and which is perpendicular to n. 

--+ 
d Show that a vector AB, where A E L and B E M, is of 

the form ( ~
1

--2~ ~ ~). 
-2+A+µ 

--+ 
e Find the values of A and µ such that AB is parallel to n. 

Hence, or otherwise, find the distance between the lines L 
and M. Comment on the nature of these two lines. 

Exam Set 5 NO CALCULATORS 

a Find real numbers a and b such that 
(a + 2i)(b- i) = 17 + 7i. 

b Find p and q where p, q E IR., p > 0, such that 

(p + qi) 2 = -3 + 6iv'6. 

2 Find the exact value of tan x if 2 sin ( x + -Jf) = sin x. 

3 Find the exact value of x if 
7
6
"' - 2(7"' ) = 1. 

4 a Find the x-coordinate of the stationary point of 

y = (x - 3)e2
"'. 

b For what values of x is the graph of the function 

f(x) = x2e"' concave down? 

Mathematics HL - Exam Preparation & Practice Guide (3Ni edition) 

5 Find the largest set of values of x such that the following 
functions take real values. 

a f(x) = v'x2=1 

c F(x) = Ix - 1/ 
x 

b g(x) = ln(l - x2
) 

d G(x) = .j2x - 3 
x+2 

6 Consider the function g : x ,_. 2x2 - 3x +sin x. 
Find simplified expressions for the functions f and h where 
the graphs of f and h are reflections of g in the x and y-axes 
respectively. 

7 If sin A = ~ and cos B = i where A and B are acute, find 

the exact value of sin( A - B) . 

8 In triangle ABC, ABC = 60°, AB = 5 cm, BC = 2 cm, and 

AC = kvS cm. Find the value of k. 

9 Find the equation of the tangent to the curve x 3 y 2 -xy+y = 4 
at the point where x = 1 and y > 0. 

10 Find J x./x - 3 dx, x > 3. 

11 Use integration by parts to find J arcsin x dx. 

12 A particle moving in a straight line has initial displacement 
s = 3 metres. Its velocity in metres per second at time t seconds 
is given by v = 2s. Show that the displacement function 

s = 3e2
t metres satisfies these conditions. 

13 Find the exact value of 1-i ( tanx - 1) tan x- ----
0 tanx + 1 

dx. 

14 Findtheexactvalueof tan x if sinx=cos(x +-J). 

15 The sides [AB], [BC], and [AC] of triangle ABC have lengths 
5 cm, 3 cm, and 7 cm respectively. 

a Find cos ABC. 

b Hence find the area of the triangle. 

16 If sin I' = \::', find the value of cos 27. 

1 7 Calculate the area of the region enclosed by the curve 

x = 8y - 7 - y2 and the line x - 2y + 2 = 0. 

18 The displacement of a particle moving in a straight line is given 

by s = 4e0
·
2

t - e0
·
3

t + 10 m, where tis the time in seconds. 
Find: 

a the initial displacement of the particle 

b the initial velocity of the particle 

c the exact time at which the particle first comes to rest. 

19 a By expanding (cos e + i sin 8) 5 and using De Moivre's 
theorem, find an expression for sin 58 in terms of sine. 

b Hence show that the exact value of sin 36° is 

iv10- 2./5. 

20 In t1iangle ABC, BC = a, AC = b, and AB = c. D is the 
midpoint of (BC], and the length of the median [AD] is m. 

a Show that m 2 = i (2b2 + 2c2 
- a2

). 

b Hence show that the area of an isosceles triangle with equal 

sides x units and base a units is given by iav'4x2 - a2 • 

21 If tan a = Jr; and a lies in the interval J 7r, 
3
2" [ , find the 

exact value of sin 2a. 



22 The region enclosed by the graph of y = 1 +tan x, the x and 
y-axes, and x = 'i is rotated through 27r about the x-axis. 

Find the volume of the solid generated. 

23 Adam, Amy, Ben, and Bianca are asked to sit down in a line. 

a In how many different ways can the seats be chosen? 

b How many different seating arrangements result in each 
person sitting next to someone with the same first letter of 
their name? 

c If the seats are chosen at random, find the probability that 
Adam sits next to Ben. 

24 a Show that the plane r • ( ! ) = 5 contains the line 

L1: r=(-2t+2)i+tj + (3t+l)k, tE IR.. 

b Find k when lho piano '° ( D ~ 3 contain. L,. 

c Without using row operations, find the values of p and q 

for which the following system of equations has an infinite 
number of solutions. Clearly explain your reasoning. 

2x +y + z = 5 
x - y+ z= 3 

-2x+py+2z=q 

25 a Use mathematical induction to prove that 
sin2n() 

cos()+ cos3() + ... . + cos(2n -1)(} = --. -()-
2sm 

for n E ;z;+, sin() # 0. 

b Expand (cos() + i sin ()) 3
. 

c Using De Moivre's theorem, find an expression for cos 3() 
in terms of cos (). 

d Find an expression for sin 4() in terms of sin() and 
cos (). 

e Find the exact value of ["i si~ 6() d(). 
}1[ 2sm() 

6 

Exam Set 6 CALCULATORS 

Find the sum of the first 100 terms of the series 

In v'2 + In 2 + In v'8 + ... . , giving your answer in the form 
nln2 where n E Z. 

2 Find the area enclosed by the curve y = ax2
, a > 0, and the 

line y = x. 

3 Use integration by parts to find J x 2 e"' dx. 

4 Solve for x: ln (x2 + 9) - 2 = ln Ix + 51. 

5 Let Y be a binomial random variable with mean 3 and standard 
deviation ~. Find P(Y ~ 4). 

6 After t seconds, the velocity of a particle moving in a straight 

1. . . b 2t -1 
me 1s given y v = 

4 
+ t 2 ms 

a Find an expression for the displacement s of the particle, 
if the initial position is s = -3 m. 

b Find an expression for the acceleration a of the particle 
after t seconds. Simplify your answer. 

1 2 1 2 
7 Consider J(x) = e -2"' and g(x) = e2"' - 1 for 

0 ~ x ~ 1.5. Find the x-coordinate of the point of intersection 
of the curves y = j(x) and y = g(x), correct to three 
decimal places. 

8 Suppose h and k are the values of x on the interval 

-1 < x < 2.5 for which f(x) =In l4x - x3
1 is not defined. 

a Find the exact values of h and k. 
b Sketch the graph of f(x) on the given interval, indicating 

the number of zeros of f ( x). Show also the position of 
any asymptotes. 

c Find all the zeros off (x). 

9 The hour hand and minute hand of a large railway station clock 
are 2 metres and 3 metres long respectively. Find the rate at 
which the distance between the ends of the hands is changing 
at 4.00 pm. 

10 Find the area enclosed by the graphs of y 

y = 4(x - 1)4 in the first quadrant. 

and 

11 A farm produces 200 tonnes of grain m its first year of 
operation, and the yield improves by 33 each year thereafter. 

a How long will it take for the annual crop to double? 

b Find, to the nearest tonne, the total yield of crops over the 
first eight years. 

12 A sector of a circle has area 15 cm2 and perimeter 16 cm. Find 
the radius of the circle and the angle of the sector at the centre 
of the circle. 

13 The area of triangle ABC is 23 cm 2 . If BA = 10 cm and 
AC= 8 cm, find two possible values for the length of [BC]. 

14 The roots of the equation x 2 
- kx + 4 = 0 are a and ,B. Find, 

in terms of k: 

a a2 + ,82 
1 1 

b a quadratic equation whose roots are ;::;; and fl . 

15 A box contains two dice with faces that are numbered 1 to 6. 
One of the dice is fair, and the other is weighted so that the 
probability of a one appearing is 0.5 . 

a If a die is selected at random and tossed, what is the 
probability that a one appears? 

b If a one appears, what is the probability that the chosen 
die was the weighted one? 

16 Find the positive integer n such that the coefficients of x 2 in 

the binomial expansions of (1 + x)2
n and (1+15x2 )n are 

equal. 

17 Smith and Co. produce jars of jam with net weight that is 
n01mally distributed with mean 475 g and standard deviation 
7.5 g. What percentage of jars have a net weight of less than 
460 g? 

18 Find the acute angle between the two planes with equations 

r1 = ( i
3

) +A ( ~1) + µ ( ~1} A,µ E IR. 

19 The random variable Y follows a Poisson distribution such that 
(E(Y)) 2 = 2 Var(Y) + 3. Find P(Y )' 3). 
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20 Let f (x) = sin 2x +sin 4x 

a Sketch the graph of y = f ( x) for 0 :( x :( 7r, clearly 
showing the axes intercepts. 

b Show that the line y = ~ x cuts the curve at the origin 

and at ( .;f, 1). 

c Find the exact value of the area of the region enclosed by 

the line y = ~x and the curve y = f(x) for 0 :( x :( 7r. 

21 In a group of 45 students at an international school, 25 hold an 
American passport, 15 hold an Australian passport, and 8 have 
neither an American nor an Australian passport. Draw a Venn 
diagram to illustrate this situation. 
If a student is selected at random, find the probability that the 
student: 

a has both an American and an Australian passport 

b holds neither an American nor an Australian passport 

c holds exactly one of an American or an Australian 
passport. 

22 The points A(2, -1, 3), B(6, 1, 1), and D(7, 5, 6) are 
three vertices of the parallelogram ABCD. Find the area of this 
parallelogram. 

23 A zoologist knows that the lengths of a certain species of 
tropical fish are normally distributed with mean length m cm 
and standard deviation 0.12 cm. If 203 of the fish are longer 
than 13 cm, find the value of m. 

24 A student takes 25 Mathematics tests over an entire year, with 
each test marked out of 10. 

25 

He inspects the results of these tests, and finds that 
25 25 

L x,.= 109 and 2:= x/= 579, 
r=l r=l 

where x,. refers to the score obtained in the rth selected test. 
Find: 

a the mean score obtained in the student's tests over the year 

b the variance of the scores obtained during the year. 

Consider the two lines 

£1: 
x-1 y-3 z-1 

and 
2 3 2 

£2: 
3-x 2y-3 z+l 

4 3 2 
a Write the vector equation of each line in the form 

r = ro + >.u. 
b Show that the two lines do not intersect, and state whether 

or not they are parallel. 

c Find, in the form ax + by + cz = d, an equation of a 
plane that is perpendicular to £2 and which intersects £1. 

d Find a vector that is perpendicular to both lines. 

e Hence, or otherwise, find the distance between £ 1 and £ 2 . 

Exam Set 7 NO CALCULATORS 

a Find all non-real complex numbers z such that z 2 = 2z. 

b Given z = x + 2i, where x E IR, for what values of x 
is lzl < 2 f z - 1 - if? 

2 Solve for x: log6 (x + 3) = 1 - log6 (x - 2). 

3 Find the coordinates of the stationary point of the curve 
2 

y = xe-x 

4 The first term of an infinite geometric series exceeds the second 
term by 9. The sum of the series is 81. Find: 

a the common ratio of the series 

b the first term of the series. 

x 
5 Suppose f(x) = x-

2
, x f 2, and g(x) (f o f)(x). 

Find: 

a g(x) b (g 0 g)(2). 

6 A and B are acute angles such that sin A = ~ and 

sinB =fr· 
Find the exact value of tan(A + B). 

7 Find the exact values of x such that 0 :( x :( 27r and 

v'2sinx = tanx. 

8 a Given o~ (i,) ond b~ m' find ax b 

b Find a vector of length 5 units which is perpendicular to 
both a and b. 

. ax+b 
9 The funct10n f (x) - has a turning point at 

- x 2 - 5x + 7 
(3, 5). Find the values of a and b. 

10 A particle is moving along a straight line. After t seconds, its 
displacement from 0 is given by s = A cos 2t+ B sin 2t metres 
where A, B E R The particle starts from rest at s = 5. 

a Show that the particle's acceleration is given by 

a= -4s ms-2
. 

b Find A and B. 

c Find the velocity of the particle at the time when it first 
has a displacement of 3 metres. 

1 1 Find the area enclosed by the curve y2 + 2y - 3x = 0 and 
the line 2x - y - 1 = 0. 

12 Solve exactly for x E J-oo, oo[, 
5 2 
--~--. 
x+2 x+3 

13 Find the exact value of tan 75°. 

14 a Show that the lines 

( 

3 +4t) 
r1 = 41'" t (

-1+12>.) 
and r2 = 7 + 6>. 

5+3>. 

intersect, and find the coordinates of the point of 
intersection. 

b Find an equation of the plane containing these 2 lines. 

1 5 Use integration by parts to find J x arctan x dx. 

16 If log(x2y3
) = a and log ( f;) = b, express log x and logy 

in terms of a and b. 

17 Find the value of BE [0,7r] if 2cosB+2sec8=5. 

18 The graph of y = a sin bx+ c where a, b, c E IR and 
27r 

0 :( x :( b is drawn below. 

On the same set of axes, sketch the graph of y = -2a sin ( ~ x). 
y 

x 
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d2 y dy 
19 Find k if y = A ekt and dt2 + 3 dt + 2y = 0. 

iO Find all points on the graph of y2 = 3- xy where the tangents 

have gradient - ~. 

it Given that events A and B are independent events with 
P(A n B) = 0.3 and P(A n B') = 0.4, find P(A U B). 

H If sin A = - ~ and 0 < A < 3
;, find the value of tan 2A. 

U a Let z = r( cos e + i sin B). By using z = rei8
, show 

that zn = rn(cosnB+isinnB). 

b Express 1 + i and 1 - i in the form r cis B 
where r and e are given as exact values and r > 0. 

II Hence prove that 

(1 + it+ (1 - i )n = 2~+l COS (n4") . 

Iii Prove that there is no integer n for which 
(1 + i)n + (1 - i t = 64. 

i4 a Find the exact value of the the area of the region bounded 

by the graph of y = cos2 x, the x-axis, the y-axis, and 

x = ~· 
b Use integration by parts to prove that, for n E Z:, n ? 3 

J n d 1 . n-l n - 1 j n -2 d 
COS X X =:;;; SlnXCOS X + -n- COS X X. 

c Hence find the volume of the solid generated by rotating 
the region in a through 27r about the x-axis. 

iS Suppose a and b are the position vectors 
of points A and B, and that triangle OAB 
is equilateral. Let M be the midpoint of 
[AB] . 

~ 

a Express OM in terms of a and b. 
~ -> 

b Use vectors to prove that OM J_ AB. 

A 

0B 
0 b 

c Explain why jb - al = !al, and use this result to prove 
that b • (b - 2a) = 0. 

d Illustrate this result on a sketch of l::.OAB. 

Exam Set 8 CALCULATORS 

1 On the first day of an exercise program, Paula jogs 500 metres. 
Each day she plans to jog 50 metres further than her distance 
on the previous day. 

a How far will she jog on the 30th day? 

b What would be the total distance Paula has jogged after 
30 days? 

1 1 
i Find the coefficients of and 

x2 
in the expansion of 

x 

3 The weight Wt of radioactive uranium remaining after t years 
t 

is given by the formula Wt = Woe - 5000 grams, t ? 0. Find: 

a the half-life or time required for the weight to fall to 503 
of its original value 

b the time required for the weight to fall to 0 .13 of its 
original value 

c the percentage weight loss after 1000 years. 

4 Three suppliers A, B, and C produce respectively 403, 253, 
and 353 of the total number of a certain component used by 
a washing machine manufacturer. The percentages of faulty 
components in each supplier's output are 53 , 33, and 43 
respectively. 
Find the probability that a component selected at random is 
faulty. 

5 Find the area of the region enclosed by the graphs of 

y = e0
·
1

"' and y = 2lnx. 

6 Consider the points A(3, 1, -2), B(l, 0, 4), and C(8, 3, 0). 
---+ ---+ 

a Show that AB is perpendicular to AC. 

b Find the size of angle ABC. 

7 Visitors to an island have increased by 63 per annum each year 
since the year 2010. 

a If 4000 people visited the island in 2010, how many would 
be expected to visit the island in 2020? 

b For each of the years 2010 to 2020 inclusive, each visitor 
to the island is charged $5. What is the total amount the 
visitors are expected to pay over these years? 

8 a Find the domain of the function 
f : x ~ lnx + ln(x + 3) - ln(x2 

- 9) . 

b Show that f ( x) can be written in the form ln ( x ~ 
3 
). 

c Find an expression for 1-1 (x). 

9 Use the substitution u = 1 - x to find J x 2 y"l=X dx . 

10 Find the real number a, for which 1 + ai is a zero of the 

quadratic polynomial x 2 +ax + 5. 

11 Determine the quartic polynomial f (x ) which cuts the x-axis at 
-2 and 3, touches the x-axis at 1, and cuts the y-axis at -12. 
Give your answer in expanded form. 

1 i How many times must a pair of dice be rolled so there is a better 
than 703 chance of obtaining a roll where the same number 
appears on both dice? 

13 In how many ways can nine different raffle tickets be divided 
between two students so that each student receives at least one 
raffle ticket? 

14 Z is the standardised n01mal random variable with mean 0 and 
variance 1. Find a such that P(IZI ~ a) = 0.72 . 

1 5 Find the equation of the tangent to the curve 

x~+xlny-y=3 at the point (2, 1). 

16 Two circles with radii 5 cm and 8 cm respectively are such that 
their centres are 10 cm apart. Find the area common to the two 
circles. 

1 7 The velocity of a particle at time t seconds is given by 

v=etcos2tms- 1
. 

a Write down an expression for the distance travelled by the 
particle in the first five seconds. 

b Find the distance travelled by the particle in the first five 
seconds. 

18 Let r = 2i - j + 2k, s = 3i - j + 2k, and t = 2i + 2j - k, 
be the position vectors of the points R, S, and T respectively. 
Find the area of the triangle RST. 
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19 A continuous probability density function is described by: 

f(x)={2 - 5x, for k ~x~ O 
0, otherwise. 

ii Find the value of k. 

b Find the mean of the distribution. 

20 A professional typist makes on average 2 errors per 500 words 
of typing. Find the probability that when typing a 1500 word 
essay, the typist will: 

ii make no more than 5 errors 

b make no more than 5 errors given that at least one error 
has been made. 

21 Consider points A( 4, 2, -1), B(2, 1, 5), and C(9, 4, 1). 
--+ --+ 

ii Show that AB is perpendicular to AC. 

b Find an equation of the plane containing A, B, and C, and 
hence determine the distance from this plane to the point 
(8, 1, 0). 

c Find an equation of the line through A and B. 

d Determine the distance from D(8, 11, -5) to the line 
through A and B. 

. 2 

22 The function f is defined by f ( x ) = e•m "', 0 ~ x ~ 1r. 

a Find an expression for J'(x). 

b Hence find the exact coordinates of the minimum and 
maximum turning points of the graph of y = f(x). 

c Find J"(x). 

d Find the equation of the tangent to the curve y = f(x) 

at the point where x = 3
;. 

e Find the exact value of the x-intercept of the tangent found 
ind. 
Find the area enclosed by the graphs y = f(x) and 
y = 1. 

23 The random variable X has a normal distribution with mean 90. 
Given that P(X < 88) ~ 0.28925, find the proportion of 
scores between 90 and 92. 

24 a Using mathematical induction, prove that 
n n2(n + 1)2 L r 3 = for n E z+ 

r=l 4 . 

II Hence find 13 + 23 + 33 + .... +1003
. 

n ( n )2 
b Prove that ~1 r

3 = fir 

25 An alarm clock is used to wake a swimmer for early morning 

training. The probability that the alarm rings is fri. 
If the alarm rings, there is probability i that the swimmer 

arrives for training, but if the alarm does not ring, the probability 

that the swimmer arrives for training is ft. 
a Find the probability that the swimmer arrives for early 

morning training on a given day. 

b Find the probability that, on a randomly chosen morning 
on which the swimmer does not arrive for training, the 
alarm did not ring. 

Exam Set 9 NO CALCULATORS 

a Find integers a and b such that (a+ 3i)(b- i) = 13 + i. 
b The complex number z = 5 + ai where a E '.?':, is such 

that lz + 1 +ii = 2 lz - 2 - ii. Find the value of a. 

2 In an arithmetic sequence of 30 terms, the sum of the even 
numbered terms exceeds the sum of the odd numbered terms 
by 8. Find: 

a the common difference, d 

b an expression for Sn , the sum of the first n terms. 

3 Find the area enclosed by the curve y = x.,/ 4 - x 2 and the 
x-axis in the first quadrant. 

4 Find the domain and range of fog , where f : x f-+ .jX 
and g : x f-+ 1 - sin x. 

5 Find all real values of x for which 2 Ix - 31 ~ Ix + 71. 

6 Alongside is the graph of 

Y = f(x). 
It has local minimum and 
maximum points at (0, 0) 

and (1, ! ) respectively . 

a On the same diagram, 
draw the graph of 

y = f(x - 1) + ~· 
b State the coordinates of the local minimum and maximum 

points of y = f(x - 1) + ~· 

7 Simplify sin(~ - 0) cos(~+ 0) csc (7r - 20). 

8 Find J sin3 x cos3 x dx. 

9 a Find the coordinates of the points on the curve 

3x2 + 2xy - y 2 = 7 where x = - 2. 

b Find the equation of the normal to the curve at one of these 
points. 

10 Consider two vectors p and q such that 

(p + q) • (p + q) = 25 and that Ip 12 + Iq1 2 = 25. 

a Find IP+ qi. b Prove that p • q = 0. 

c Draw a diagram that represents the relative positions of 
p, q, and p+q. 

11 Consider two complex numbers w and z such that fwf = fzl, 
arg(w) = -lf, and arg(z) = ]-. Find the exact values of: 

a arg(wz) b arg(w+z). 

12 Find the domain and range of the function 

f : x f-+ Ix - 21 - 4 Ix + 11. 

13 Find where the graphs of the functions xy = 2 and 

x 3 + y3 = 9 meet. 

14 The graph of the function y = 6x2 + px + q cuts the x-axis 

at 2 and-!. 

Find the values of p and q. 

1 5 If tan /3 = ~ and 7r < /3 < 
tan ( ~). 

371" 
2• find the exact value of 
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16 The graph of y = a sin bx + c, where a, b, and c are integers, 
is shown below. 

Find the value of: a a b b c c 

17 Find the x-coordinate of the point of inflection on the graph of 

y = x
2 

In ( : 2 ) , x > 0. 

18 In triangle ABC, BC = a, AC = b, and AB = c. 

D is a point on the segment [BC] such that AD = b and 

BD : DC = 1 : 3. ABC = 60°. 

a Use the cosine rule to find two different expressions for b2
. 

b Hence find an expression for a in terms of c. 

19 If f ( x) = 3x2 + 5x - 2, find f' ( x) from first principles. 

20 Use integration by parts to find Jex sin x dx. 

21 Consider the vectors a= ( }
2

) and b = ( 1 ~ t). 
Find t such that: 

a a and b are perpendicular 

b a and b are parallel. 

22 Find the exact values of x if 0 :::; x :::; 7r and 

2sin2 x -sin x - 2sin xcosx + cosx = 0. 

23 In the figure, ABCD is a parallelogram. X is the midpoint of 
[BC], and Y is on [AX] such that AY: YX = 2: 1. 

24 

x 
B(z / C(l0,2,0) 

A(l,3,-4) D 

a Find the coordinates of D, X, and Y. 

b Prove that B, Y, and D are collinear. 

a Write 1 - iv'3 and 1 - i each in the form r cis e. 
(1 - iv'3) 11 

ii Hence simplify . 18 , giving your answer 
(1 - i) 

in the fo1m x + iy where x and y are real numbers. 

b Solve z5 = v'3 - i, giving your answers in the form 
rcise. 

ex - e-x 
25 Consider f(x) = --

e"' + e- x 

a Find f'(x) and hence show that the graph of y = f(x) 
has no stationary points. 

b Find f"(x) . 

1
ln 3 

c Find the exact value of 
0 

f ( x) dx, giving your answer 

in the form In k where k is a rational number. 

Exam Set 10 CALCULATORS 

Each year, the population of seals on an island increases by 33. 
In 2005 the population was 1250. Assuming the same rate of 
growth continues, during what yeax would the population be 
expected to exceed 2000 for the first time? 

2 Find the angle between the plane 2x + 2y - z = 3 and the 

line r = ( T) + µ ( ~~} µ E R. 

3 How many different arrangements, each consisting of 5 different 
digits, can be formed from 1, 2, 3, 4, 5, 6, and 7, if: 

a each arrangement begins and ends with an odd digit 

b odd and even digits alternate? 

4 A and Bare independent events with P(A) = 0.27 and 

P(A U B) = 0.8. Find P(B). 

5 a Sketch the graph of the function f ( x) = cos 2x - sin 2x, 

6 

7 

0:::; x:::; 7!". 

b Find the maximum value of cos 2x - sin 2x on this 
interval. 

Given I a I = 4, I b I= 5, and a x b = 12j - 5k, find the 
possible values of a • b . 

A sample of 80 batteries was 
tested to see how Jong they 
last. The results are shown o :::; t<lO 3 
opposite. 10 :::; t < 20 6 
Use mid-interval values to 20:::; t < 30 9 
estimate: 30 :::; t < 40 8 

a the mean battery life 40 :::; t < 50 12 

b the standard deviation 50 :::; t < 60 14 

in battery life. 60 :::; t < 70 11 
70 :::; t < 80 8 
80:::; t < 90 7 
90 :::; t < 100 2 

Total 80 

8 An employer randomly selects five new employees from twelve 
applicants consisting of five men and seven women. 

a Find the probability that no men are selected. 

b Find the probability that 3 women and 2 men are selected. 

9 0 and B are fixed points such that OB = 8 cm. A is a point 
on a circle with centre 0 and radius 5 cm. A lies initially on 
[OB], and rotates in a counter-clockwise direction about 0, 
completing one rotation every 2 8ecunds. Find the rate of 
change in the area of triangle AOB when A is moving away 

from [OB] and AOB = 30°. 

10 Find: a J tan5x dx b J :2 ln x dx 

1 1 The probability distribution of a discrete random variable X is 

given by P(X = x) = a(~ ) x , for x = 0, 1, 2, 3, ..... 

Find the value of a. 

12 A function is defined by f( x) = x 3 + 3x2 +bx+ 4, where b 
is a constant. 

a Find the coordinates of the point of inflection of this 
function. 

b For what values of b would the point of inflection found 
in a be a stationary point of the function? 

c For what values of b would the function have no stationary 
points? 
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13 Two functions f and g are defined by 
f: x e-+ 2x - 3 and g: x e-+ 3(2 - x). 

Find: a (f og)(-4) b r 1 (2) 

14 20% of students do not obtain a score of 35 or more in their IB 
aggregate. Find the probability that out of 9 randomly selected 
IB students, exactly 6 of them will obtain a score of 35 or more 
in their IB aggregate. 

1 5 A and B are acute angles such that sin A = i and 

tan(A + B) = -~. Show that cos B = i53 . 

16 Prove, using mathematical induction, that 

~( 2 ) n(n+l)(n +2) ti 77 + 
L..J r + r = or n E ~ . 
r= l 3 

17 Consider the two planes P and Q, with equations 

P " ( ~2) + M Q " ( ~3) ~ 0 
Find an equation of a third plane R which is perpendicular to 
both P and Q, and contains the point (2, 2, 3). 

18 A publisher finds that in the draft of a new 750 page book, the 
probability of at least one typing error per page is 0.01. Suppose 
X is the Poisson random variable representing the number of 
errors per page. Find the expected number of: 

a errors per page b pages with exactly one error. 

19 The complex number z is such 3 
that 1 < izl < 2 and .• 

0 < arg(z) < "i· :R 

The position of z is shown on 
the Argand diagram alongside. 

..-·· 

Mark on the diagram the positions of: 

a -z b z c iz d z2 e Vz 
20 The mean test score for a mathematics class was 64, and 

the standard deviation was 8.352. Assuming that the test 
scores were normally distributed, find the proportion of students 
scoring at least 80 for the test. 

21 P is a point in the first quadrant on the graph of y = 10 - xex. 
A and B are points on the x and y axes respectively, such that 
OAPB is a rectangle. Find the maximum possible area of the 
rectangle. 

22 Find the area enclosed by the curves 

y = x arccos ( x ; 
1

) + 1 and y = x 2 
- 1. 

23 The function f is defined by f(x) = x
2 

+ 1 . ex 

a Determine the behaviour of f ( x) as x -+ oo. 

b Find f' ( x), fully simplifying your answer. 

c Show that ( 1, ~) is a stationary point, and state its 

nature. 

d Find an expression for f"(x), fully simplifying your 
answer. 

e Hence find the exact coordinates of the non-stationary 
point of inflection on the graph of f. 
Sketch the graph of y = f(x) for 0 ~ x ~ 5. Clearly 
show the two points found in c and e, and the exact 
coordinates of the endpoints of the graph. 
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24 The depth of water in a shipping channel at the entrance of a 

harbour is given by x = 6 + 2 cos ( ~~ t + i) metres, where 

t is the number of hours after midday on Sept 1. 

a At what time will the first high tide occur? 

b How much time elapses between consecutive high tides? 

c A ship in the harbour is ready to leave at 3.00 pm on 
September 2. If it needs a depth of at least 5.5 metres, 
what is the earliest time it could safely exit the harbour? 

25 The following n01mal distribution graph models the age at 
death X for people in a developing country. The mean is 
43 years and the standard deviation is 7 years. 

*=-==;::::::::...---.--__.:..:...L:;±:l.±:....:$2..l..lWLl.;:illl..:~--=:::=::;:==*z 

.....-~-,-~~.---~-,-~~.---~---.-~~.,.--~~~--x 

a Complete a Z-scale and an X-scale on the given number 
lines. 

b The unshaded region A corresponds to 9% of the 
population. What is the greatest age at death of any person 
in the smallest 9% of the population? 

c The unshaded region B corresponds to 11 % of the 
population. Find the lowest age at death of any person 
in the top 11 % of the population. 

d Find the area of the shaded region. 

Exam Set 11 NO CALCULATORS 

a Write -8 in the form r cis e. 
b Find the cube roots of -8 in the form a + bi where 

a, b ER. 

2 The function f is defined by f : x e-+ v' 5 - 2x, x ~ ~. 

Find r 1 (5). 

3 Suppose f(x) = x + 2. Find the equation of the function F 
obtained by stretching f vertically by a factor of 2 and 

horizontally by a factor of ~, then translating the result by 

~ horizontally and -3 vertically. 

4 Let f(x) = 2x3 
- 9x2 + 30x - 13. 

a Find .f( ~ ). 

b Factorise f ( x) completely into linear factors. 

5 Find the exact value of tan A if tan (A + ~) = 3. 

6 Consider the equation 2x+i = 5"'-1 . 

Find the exact value of x, giving your answer in terms of log2 5. 

7 Sketch the graph of sin(x + y) = 0 for -27r ~ x ~ 27r and 
0 ~ y ~ 47r. 

8 Find a if 1: (3x
2 

- 8x + 2) dx = 12a and a > 0. 

9 The function f is defined by f ( x) = 4xe- x for x ? 0. 
For the graph y = f(x), find the coordinates of: 

a the turning point b the point of inflection. 



10 Consider the geometric series 1 - tan2 x + tan4 x - ..... 

a Determine the values of x, where 0 ::; x ::; 21r, for which 
the sum of the series converges. 

b For the values of x found in a, determine the sum of the 
senes. 

c For what values of x in the interval [O, 21r] does the sum 

of the series equal 4? 

11 State the range of values that k may take if the system of 

{ 

x-y-z=l 

equations 2x + y + z = 2 

4x-y- z =k 
has: 

a an infinite number of solutions b no solution. 

12 Use mathematical induction to prove that, for all n E z +, 2n-l ::; n! 

13 Suppose P(N) = ~, P(M IN)=~, and P(M IN')= i· 
Find: a P(N') b P(M' n N'). 

14 Solve for x given 0 ::; x ::; 2rr: 

a sin 2x + cos 2x = 1 b cos 2x = - cos x 

15 Use the substitution u = 1 - x to find j (I ~
2

x )3 dx. 

16 
x 

a Differentiate --- simplifying your answer. 
v'x-6' 

b Hence find the x-coordinate of the minimum turning point 

of the function y = ~' x > 6. 
vx - 6 

17 The graph of f ( x) is given. 

a Draw the graph of 

y = lf(x)I , on the 
same set of axes. 

b Find the y-intercept 
1 

of y = f(x)" 

c Draw the graph of 
1 

y = f(x) on the same 

set of axes. 

1 B a For what values of b does the infinite series 

+ a a ? a b2 + b4 + . . . . converge . 

b For the values of b found in a, find an expression for the 
sum of the series. 

c By making suitable substitutions for a and b, express 0.32 

in the form !!.., p, q E :£:. 
q 

x-3 
19 The area bourided by the curve y = --, the x-axis, and 

x 
the line x = 6, is rotated through 2rr about the x-axis. 

Find the exact value of the volume of the solid generated. 

( 
7' •• "")5 ( 7r .• "')3 cos--isrn- cos-+isrn-

20 Simplify 3 3 4 4 

(cos f2 - i sin f2 )7 
giving your answer in the form a + bi where a, b E JR. 

21 Let the vectors a, b, and c be 

a = 2i - j + 3k, b = i - 3j - k, c = 2i - j + k. 

a Show that b x c = - 4i - 3j + 5k. 

b Verify for the given vectors that 

a x (b x c) = b(aec) - c(aeb). 

22 a Write down the solutions of w6 = 64, giving your 
answers in the form x + iy. 

b Hence, determine the solutions of the equation 

(z + 1)6 = 64(z - 2) 6
. 

23 Given the sequence defined by Un+2 = Un + Un+1 where 

u1 = u2 = 1 and n E z+, use mathematical induction to 
prove that 

Un== 

(¥)n-(~)n 

24 Field ABCD is a quadrilateral 
with sides AB = 50 m, 
BC = 20 m, CD = 30 m, 
and AD= 40 m. 

BAD = (} and BCD= W. 

a Find the value of cos e. 
b Hence find the area of 

the field. 

c 

25 The function f is defined by f ( x) = sin x , for 
cosx + v'2 0 < x < 2rr. 

a Find J'(x). 
ii Find the exact coordinates of the turning points of 

y = f(x). 

b Find J"( x). 
ii Find the exact coordinates of the points of inflection 

of the graph of y = f(x) . 

c Sketch the graph of y = f(x) for 0 < x < 2rr. 

d Find the exact value of the area enclosed by the graph of 

y = f(x), the x-axis, x = .:;f, and x = 3
_;. 

Exam Set 12 CALCULATORS 

Find the coefficient of x 7 in the expansion of ( 1+ 2x) ( 2 - x) 8 . 

2 On Peter 's first birthday, his grandmother gave him $100. For 
each subsequent birthday, she gives him 10% more than on his 
previous birthday. 

a Write an expression for how much Peter receives on his 
nth birthday. 

b Write an expression for the total amourit Peter has received 
for the first n birthdays. 

c On which birthday does the total amourit received by Peter 
first exceed $4000? 

3 Using the digits 2, 3, 4, 5, 6, 7, how many 3 digit numbers can 
be formed if: 

a repetition of digits is permitted 

b digits cannot be repeated 

c digits cannot be repeated and the numbers formed are 
greater than 400 and even 

d the digits in each number are in ascending order from left 
to right? 

4 Find the exact value of u if 1
2 

1 1 
o 1 + ux dx = ;;· 
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y-1 z-1 
5 The line x + 1 = -

2
- = -=2 and the point (1, 3, -2) 

lie on the plane P. 

a Find an equation for P. 

b Calculate the shortest distance from the plane to the origin. 

6 A bag contains 4 red and 9 blue balls. If two balls are drawn 
at random without replacement, what is the probability that one 
of them is red and the other is blue? 

7 Sketch the graph of y = x arcsin ( ~ - 0.5) for 

-1 ( x ( 3. 

On your graph, indicate the coordinates of the endpoints, axes 
intercepts, and turning point. 

8 The diameter of the circular top of an inverted conical container 
is 20 cm. The height of the container is 20 cm, and the container 

is being filled with water at a constant rate of 30 cm3s 1
. Find 

the rate at which the depth of water is increasing, when the 
depth is 15 cm. 

9 A player rolls a biased tetrahedral die. The probability of each 
possible score is shown below. 

1 2 3 
2 1 
7 3 x 

4 
2 

21 

Find the probability of a total score of six after two rolls. 

10 Consider the vectors u = ( ~ } v = ( i
3 

} and 

w = i + (2 - >..)j + (>.. + l)k. Find the parameter>.. such that 
the three vectors u, v, and w are coplanar. 

1 1 The first term of an arithmetic sequence is 285 and the tenth 
term is 213. 

a Find, in terms of n, an expression for the nth term, Un. 

b How many terms of the sequence are positive? 

12 Find n if 3 (;) = ( ~). 

13 Customers arrive at random at a grocery store at the rate of 
12 per hour. Find the probability that 5 customers will arrive 
at the store in a half-hour period. 

14 In triangle ABC, AB= 5 cm, BC= 7 cm, ACB = e, and 

BAC = 28. Find e. 

1 5 In a certain university, 583 of the students are male. From the 
results of a survey, 733 of the female students and 483 of the 
male students do not own a car. 

a Find the probability that a student selected at random does 
not own a car. 

b If a student is selected at random and does not own a car, 
what is the probability that the student is male? 

16 Use mathematical induction to prove that, for all n E z+, 
dn 
-d (xex) = (x + n)ex. xn 

1 7 Find the value of a where a > 0, if: 

a la x~dx=0.2 
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x 
-

2
-- dx = 1. 

x + 1 

1 8 Find the area of the parallelogram determined by the vectors 

a = 3i - 4j + k and b = 2i + j - 5k. 

19 The velocity of a particle moving in a straight line is given by 
v = 4t3 

- 9t2 + 2 m s-1, where t is the time in seconds, t ? 0. 

a Find an expression for a, the acceleration of the particle 
after t seconds. 

b Find the minimum velocity of the particle. 

c Find an expression for s, the displacement from 0 of the 
particle at time t seconds, given that when t = 0, 
s = -6 m. 

d Find the time when the particle first passes through 0. 

e Find the total distance travelled in the first 5 seconds. 

20 The scores in a Biology examination are distributed normally 

with mean 56% and standard deviation 30.512%. 

a Students needed to get 72% to get a "6" or better. 
What percentage of students gained a "6" or better? 

b If the pass mark was 40%, what percentage of students 
taking the Biology exam actually passed? 

c Micah obtained a score of 94%. If only the top 10% of 
students got a "7", what grade did Micah receive? 

d Micah received a score of 87% for English, a subject with 
marks normally distributed with mean 63% and standard 

deviation 18.31 %. 

Determine whether Micah performed better in 
Biology or English. 

ii What grade would he get in English if the same 
percentage of students got "7''s and "6"s in English 
as in Biology? 

21 Let f(x) = xn, n E z+ 

a Express f ( x + h) in expanded form in decreasing powers 
of x, showing the first 3 and last 3 terms of the expansion. 

b Hence find j' ( x) from first principles. 

22 Find the exact value of the volume of the solid formed by 
rotating y = sin x, 0 ( x ( Jr, through 2;r about the x-axis. 

23 The functions f and g are defined by: 
f(x) = 2xsinx and g(x) = x for 0 ( x ( 2;r. 

a Find the exact coordinates of the points of intersection of 
the graphs y = f(x) and y = g(x). 

b Write down an equation which would give the 
x-coordinates of the stationary points of y = f ( x). 

c Find the coordinates of the stationary points of y = f (x). 

d Sketch the graphs of y = f(x) and y = g(x) on the 
same set of axes. 

e Use integration by parts to find J 2x sin x dx. 

Find the exact area enclosed by the graphs of y = f ( x) 
and y=g(x). 

24 An advanced mathematics class consists of 7 girls and 9 boys. 

a How many different committees of 7 students can be 
chosen from this class? 

b How many such committees can be chosen if class 
members Haakon (a male) and Josefine (a female) cannot 
both be on the committee? 

c How many committees of 7 students can be chosen ifthere 
must be more boys than girls on the committee? 

~ ~-·-· - _ ........ _ 



25 Scooter was born on the 6th of January 2001 in Adelaide. The 
day was an unusually hot day of 40°C. 

a The daily maximum temperature in Adelaide in January 
is normally distributed with mean 33°C and standard 
deviation 3.5°C. Find the proportion of January days in 
Adelaide that will have a daily maximum temperature of 
more than 40°C. 

b While on holiday in Prague, Scooter met Pokey who was 
born on the same day (January 6th 2001) as he was. After 
some conversation they discovered that Pokey was born 
in Prague on a day when the minimum temperature was 
- 12°C. 
Given that the daily minimum temperature in Prague in 
January is normally distributed with µ = -3.2°C and 
CT = 4.9°C, calculate the proportion of January days in 
Prague that will have a daily minimum temperature of less 
than -12°C. 

c Use your knowledge of the normal distribution to explain 
which city experienced the more extreme temperature on 
the day when Scooter and Pokey were born. 

d How cold would it have to be in January in Prague for the 
weather to be comparable with Adelaide 's hottest January 
day on record, which was 46.4°C? 

TRIAL EXAMINATION 1 

NO CALCULATOR 

SECTION A 

120 marks I 3 hours 

(56 marks) 

A discrete random variable X has the probability distribution: 

0 
1 
6 

a Find the value of k. 

b Calculate P(O < X < 4). 

c Find E(X + 1). 

1 2 

2 5x2 + 2x - 3 = 0 has roots a and {3 . 

3 
1 
3 

4 

(2 marks) 

(2 marks) 

(2 marks) 

a Without solving the equation directly, find the values of 
1 1 1 
~ + ~ and af3 · (3 marks) 

b Hence find all quadratic equations which have roots 
1 a 

1 

and - (2 marks) 
f3 

3 In triangle ABC, ABC= 2(), ACB = e, AB = 3 cm, and 
AC= 5 cm. 

a Show that cos e = ~

b Find sin(ABC). 

Ii Find all values of x for which 
1

3x- 11 > 1. 
x +2 

(3 marks) 

(3 marks) 

(6 marks) 

5 The results of matches played by the local football team seem to 
depend on the temperature during the game. When it is hot, the 

probability that the local team wins is ~, and when it is cold, 

the probability is ft. During the season, 403 of the games are 

played in hot conditions. 

a Display this information on a suitable diagram. (1 mark) 

b On one particular day, the team won. Find the probability 
that the weather that day was hot. (4 marks) 

6 Consider the illustrated graph of y = f ( x) where 

f(x) = ax3 + bx 2 + ex + d. 
y 

y=f(x) 

x 

a Find the values of a, b, c, and d. (4 marks) 

b Find they-intercept for the graph of g(x) = 2f(x - 1). 

(1 mark) 

c Find the coordinates of the point of inflection of 
y=g(x) . (3marks) 

7 The radius of the base of a cylindrical can is r cm, and its 
height is 2r cm. Find the rate at which the surface area of the 
cylinder is increasing when the radius is 5 cm and the volume 

is increasing at 57r cm3 s- 1 . (7 marks) 

h b . · e fidJVx2-=-Id · 8 Use t e su stitut10n x = sec , to m 
2

x x m 

simplest form. (6 marks) 

9 If y = xe-x, use mathematical induction to prove that 
dny (-l)n+I(n - x) 

for all n E z+. (7 marks) 

SECTION B (61i marks) 

10 a On an Argand diagram, show vector representations for 
z = rcisB and z + 1, where ::f < e < ~- (3 marks) 

b Show that lz + ll = v'r2 +2rcos e+1. 

c If arg(z + 1) = a, show that 
l + rcose 

cos a = -;:::;;:=::::::::;;::::==::;;===;: 
v' r 2 + 2r cos e + 1 

e 
d If izl = 1, use c to show that a= 2· 

(3 marks) 

(4 marks) 

(5 marks) 

e Give geometrical evidence to support the result in d. 
(1 mark) 

11 Consider the function f (x ) = k ln x, k > 0, x > O. 
x 

a Find the coordinates of the stationary point on the graph 
of y = f(x). (3 marks) 

b Find the coordinates of the point of inflection on the graph 
of y = f(x). (3 marks) 

. 1•2 

klnx c Fmd k such that -- dx = 10. 
l x 

(2 marks) 

d Use integration by parts to show that 

J(lnx) 2 1 2 2 2 
-- dx = - - (ln x) - - ln x - - + c 

x 2 x x x 

(5 marks) 

e Hence, find the exact value of the volume of the solid 
formed by rotating the region enclosed by the x-axis, 

y = f(x) where k = 1, and the line x = e2
, through 

27r about the x-axis. (3 marks) 
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12 A plane has equation 2x - y + z = 15 and a line has vector 
equation: 

The line is perpendicular to the plane. 

a Find: 

the value of a (3 marks) 

ii the coordinates of the point where the line meets the 
plane. (3 marks) 

b Point P(3, -1, 2) does not lie on the plane. Find: 
-+ 
PA if A is a general point on the given line 

(2 marks) 
-+ 

ii >. such that PA is perpendicular to the line 
(2 marks) 

iii the coordinates of the foot of the perpendicular from 
P to the line (1 mark) 

iv the shortest distance from P to the line. (2 marks) 

c 2x - y + z = 15 and x + 3y - 2z = 8 are two planes. 
Find the equation of a third plane which is perpendicular 
to both these planes and which cuts the x-axis at -5. 

ae-x 
13 Consider f(x) = b _ ae-x where a> 0, b > 0. 

-abe-x 
a Show that J'(x) = (b-ae-x) 2 • 

b Deduce that J" ( x) is never zero. 

c Find the equations of the asymptotes of f. 
d Draw a sign diagram for J' ( x). 

e Suppose a = 3 and b = 1. 

Draw a fully labelled graph of f. 

(3 marks) 

(3 marks) 

(5 marks) 

(2 marks) 

(1 mark) 

(2 marks) 

ii Find the area of the region enclosed by f, the axes, 
and the vertical line x = ln 2. (3 marks) 

CALCULATOR 

SECTION A 

10 

120 marks I 3 hours 

(54 marks) 

TI (nx - 1) = (x - 1)(2x - 1)(3x - 1) .... (lOx - 1). 
n=l 

a Find k given that 
10 

TI (nx - 1) = k(x - l)(x - ~)(x - i) .... (x - -fa). 
n=l 

(2 marks) 

C .d J( ) { k(x
2 + 3), for 0 :( x :( 2 3 ons1 er x = 

0, elsewhere. 

a Show that for f ( x) to be a well defined probability density 
function, k = :ft. 

b Find P(X ? 0.6). 

c Find the median of the distribution of X. 

(2 marks) 

(1 mark) 

(3 marks) 

4 Suppose X is a binomial random variable where the number of 
trials is 12 and the probability of success at any trial is p. 

Find the possible values of p, given that P(X = 3) = fa· 

5 2 cos w + 1 = 5 sin e where ~ < e < 7!". 

a Show that 4 sin2 e + 5 sine - 3 = 0. 

b Hence find e, correct to 3 decimal places. 

6 The random variable X is normally distributed with 
P(X ? 20) ~ 0.386 and P(X ? 25) ~ 0.183. 
Find the mean and standard deviation of X. 

7 If loga 3 = 7, find: 

a the exact value of loga 27 

b the exact value of logv;;: 3 

c the value of a, to 3 significant figures. 

(5 marks) 

(2 marks) 

(3 marks) 

(7 marks) 

(2 marks) 

(2 marks) 

(2 marks) 

8 a Prove that f(x) = x 2 sin3 x is an odd function. 
(2 marks) 

b Sketch the graph of y = f ( x) for -7r :( x :( 7r. 

(2 marks) 

c Find 1: x2 sin3 x dx. Give reasons for your answer. 

(2 marks) 

9 15 mature scallops have shell widths (to the nearest mm) of: 

70 72 80 74 74 67 71 78 
72 68 76 72 70 75 71 

a Find the: 

i mean ii variance. (2 marks) 

b Assuming the widths of scallops is normally distributed, 
with the mean and variance found in a, find the probability 
that a randomly chosen scallop will have width between 
70 mm and 80 mm. (2 marks) 

c Would your answer to b be reliable? Explain your 
answer. (1 mark) 

b Hence find the integer coefficient of x 9 in the expansion SECTION B (66 marks) 

of (x - 1)(2x - 1)(3x - 1) .... (lOx - 1). (4 marks) 

2 [AB] is a chord of a circle with 
centre 0 and radius r. 

AOB = e radians. 

a Prove that the shaded 
segment has area 

A= ~r2 (e - sine). 

0 

(2 marks) 

b Chord [AB] divides the circle into two segments such that 
the ratio of areas shaded : unshaded = 1 : 3. Find e in 
degrees, to one decimal place. (6 marks) 

Mathematics HL - Exam Preparation & Practice Guide (3'd edition) 

10 a By making the substitution u = -JX=l, show that: 

J-JX=I ~ --x- = 2v x - 1 - 2 arctan vx=-1 + c. 

(4 marks) 

f l vx-1 dx b Does exist? Explain your answer. 
-1 x 

(2 marks) 

c Find the exact value of f 2 vx - 1 dx. 
1 x 

(2 marks) 

d -JX=1 Sketch the graph of y = ---. (2 marks) 
x 

ii Find the coordinates of the local maximum. 
(2 marks) 



e Draw the solid obtained by rotating the graph of 
y = f(x) from x = 1 to x = 10 through 27r 
about the x-axis. (2 marks) 

II Find the exact volume of the solid formed. 
(3 marks) 

11 Vectors a and b are the position vectors of points 

A(-4, 12, 8) and B( 4, 8, 0) respectively. 

a Find M, the point with position vector ia + ~b . 
(2 marks) 

b State the ratio in which M divides [AB]. (2 marks) 

c Find the point on (AB) that is three units from A in the 
direction of B. ( 4 marks) 

d Find the equation of the plane containing A, B, and 0. 
(4 marks) 

e Find the size of the angle ABE, where E is point 

(0, 0, 1). (4 marks) 

12 a Use z = r cis 8 = reie to prove De Moivre's theorem. 
(2 marks) 

b Hence show that if z = rcis8, then lz-2 1 = :
2 

and 

arg(z - 2 ) = - 28. 

c Suppose z = vf3 - i and w = 2 + 2i. 

Write each of z and w in polar form. 
7 

II Hence write ~ in terms of z only. 
w 

(2 marks) 

(4 marks) 

(3 marks) 

d By completing the following argument, find a formula for 
cos 38 in terms of cos 8 only, and also a formula for 
sin 38 in terms of sin 8 only. 

cos 38 + i sin 38 
= cis 38 

= [cis 8]3 {De Moivre} 

= [cos8 + isin8] 3 

e Hence find the exact solutions of the equation 

(3 marks) 

3x - 4x3 = ~· (3 marks) 

13 Pam has a coin with ' l' written on one side and '2' on the 
other. She also has a six-sided die on which one face has a '1 ', 
two faces have a '2 ', and three faces have a ' 3'. 
When Pam tosses the coin and rolls the die, X is the random 
variable for the sum of the numbers on the coin and the die. 

a Determine the probability distribution of X. 

b Find: I P(X = 4) II P(X ,:::; 3) 

(4 marks) 

(2 marks) 

c Sam has his own coin and die marked the same as Pam's. 
Suppose he throws his objects at the same time. 

Find the probability that one of their sums is 3 and 
the other is 4. (2 marks) 

II Now suppose that Y is the random variable for the 
least of the four results when Pam and Sam throw 
their coins and dice simultaneously. Find: 

(1) P(Y = 3) (2) P(Y = 2) (3) P(Y = 1) 

(4) E(Y) (5) Var(Y) 
(8 marks) 

TRIAL EXAMINATION 2 

MO CALCULATOR 

SECTION A 

120 marks I 3 hours 

(63 marks) 

a Find the derivative of x cos x, and hence find 

J xsinxdx. (2 marks) 

b f(x) = {k sinx, 
0, 

ifO :(x:( f 

elsewhere 

is a probability density function for the random variable 
X. Find: 

the value of k (2 marks) 

ii the mean value of the random variable X. 
(2 marks) 

2 The sum of the first eight terms of an arithmetic sequence is 
-4, and the sum of the next eight terms is 188. 

a Find an expression for un , the nth term of the sequence. 
(5 marks) 

b Hence find the number of terms needed in the 
corresponding series for the sum to equal 25. (2 marks) 

3 a Expand and simplify ( 2x - ;) 
4

. (3 marks) 

b Check your expansion in a by substituting x = 1. 
(1 mark) 

c Find ( 2v/3 - Js) 4 , giving your answer in simplest 

form. (2 marks) 

4 Consider the two lines with equations: 

L1: x = 3.A + 4, y =.A+ 4, z = 2.A - 1, 

y-k z -1 
L2 : x+l= -

2
- = ~· 

a Find the value of k for which these lines are coplanar, and 
hence determine the point of intersection of the two lines. 

(3 marks) 

b Find a vector p which is perpendicular to both L1 and L2 . 
(2 marks) 

c Show that an equation of the plane with normal vector p 
and which contains L1, is -6x + 8y_+ 5z = 3. 

(2 marks) 

5 a Show that the anti derivative of cos2 8 sin 8 is - ~ cos3 8. 
(2 marks) 

b By making the substitution x =sin 8, find 

J x
3 

dx (6 marks) vl - x 2 . 

6 Consider the graph of 

y = f (x) shown. 

a Draw the graph of 

y = lf(x)I on the 
same set of axes as 
shown. 

1 
b Find the y-intercept of y = f ( x) . 

(1 mark) 

(1 mark) 
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1 
c Draw the graphs of y = f (x) and y = f( x) on the 

same set of axes. (2 marks) 

d For the given function f(x), find x such that [f(x)] 2 = 1. 
(2 marks) 

7 Suppose X is a Poisson random variable with parameter m, 
and m < 2. 

a The mean of P(X = 0) and P(X = 2) is P(X = 1). 
Find m. (6 marks) 

b Find the exact value of P(X :;:;; 1). (2 marks) 

8 a Simplify (1 + cisa:)(l - cisa:) and hence write 
1 + cis a: in terms of a:. (2 marks) 

b Show that 

1 + cis a: + cis 2a: + cis 3a: + .... + cis no: 

1 - cis no: · d d · -'- 1 d n E :z+. 
1 _ cis a: prov1 e c1s a: 1 an 

(3 marks) 
c Hence simplify: 

1 + cis(-fr) + cis(;n + .... + cis( 2;;). (2 marks) 

9 Consider the vectors a, b, and c where c = lal b + lbl a. 
a If e is the angle between a and c, show that 

e - ae b + lal lbl (3 marks) 
cos - lei . 

b If¢ is the angle between b and c, find cos¢. (2 marks) 

c Explain why B = ¢. (1 mark) 

d Given the vectors a = ( ~), b = ( ~2) find all 

vectors which bisect the angle between a and b. 
(2 marks) 

SECTION B (57 marks) 

10 a Prove that sinAsinB =~cos( A - B) - ~cos( A+ B) 
for all values of A and B. (2 marks) 

b Hence, prove that: 

sin 3x sin x +sin x sin x = sin2 2x (2 marks) 

ii sin 5x sin x + sin 3x sin x + sin x sin x = sin2 3x 

c Hence, predict the sum of: 

sin3x +sin x 
ii sin 5x + sin 3x + sin x 

(3 marks) 

Ill sin 9x + sin 7 x + sin 5x + sin 3x + sin x (3 marks) 

d Solve for x E [-~, ~], the equation 
7 

L sin[(2k - l)x] = 0. (3 marks) 
k=l 

z -1 
1 1 Consider w = -- where z = x + iy and i = A . 

z+i 

a If z = i, write win the form rcisB. 

b If z = i, find the value of w 14
. 

c Show that in general, 

(x2 
- x + y2 + y) + i(y - x + 1) 

w= . 
x2+(y+l) 2 

d Under what conditions is 9le ( w) = 1? 

e Under what conditions is w: 

i real ii purely imaginary? 

Find lzl given that arg(w) = i· 

(2 marks) 

(3 marks) 

(4 marks) 

(2 marks) 

(2 marks) 

(2 marks) 

12 

x 

z 
B2 

F 

Dis the point (2, 4, 2). 
L, M, and N are 
the midpoints of line 
segments [BC], [GF], 
and [CE] respectively. 

a Find the coordinates of L, M, and N. (3 marks) 

(2 marks) 

(2 marks) 

--+ ---> 
b Find ML and MN. 

--+ ---> 
c Find ML x MN. 

d Find the area of triangle LMN. 

e Find the equation of plane LMN. 

(1 mark) 

(1 mark) 

Find the coordinates of the point P where the line segment 
[GC] meets the plane LMN. (2 marks) 

g Find k given that LGE measures arccos(k). (3 marks) 

13 a A curve has equation x 2 y3 + y2 = x + k and passes 
through the point (1, 2). 

Find k. (1 mark) 

I.•. F " d dy (2 ks) m dx· mar 

ill Find the equation of the tangent at the point (1, 2). 

b A manufacturer needs to make 
cylindrical containers out of 
tin-plate. They need an open 
top which will be sealed with a 
plastic cap. For a container of 
fixed volume we need to fmd the 
shape of the container which will 
minimise the amount of tin-plate 
used to make it. Let the radius 
be r and height by h. 

(2 marks) 

.-r 

1 
h 

I 
Write expressions for the volume V and outer surface 
area A of the can, in terms of r and h. (2 marks) 

II Show that A= 7rr2 + 2Vr-1
. (2 marks) 

iii Find ~: , and the relationship between r and h 

when ~: = 0. (3 marks) 

iv Prove that the surface area A will be minimised for 
the case in iii. (2 marks) 

v Illustrate the shape of the container which minimises 
the amount of tin-plate required. (1 mark) 

CALCULATOR 

SECTION A 

1 For the given figure: 

a Find the length of [BD]. 

B 

b Find the area of triangle BCD. 

120 marks I 3 hours 

(62 marks) 

c 

c Find the shortest distance from B to [DC]. 

(3 marks) 

(2 marks) 

(2 marks) 
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x 

When the shaded region is rotated about the y-axis through 
180°, a solid is generated. 

A(a, b) is the point of intersection of y =ex and y = ~x+2. 

a Explain why the volume of the solid generated is given by 

V = 7r J:(lny) 2 dy - ~7ra2 (b - 2). (2 marks) 

b Find a and b correct to 4 decimal places. (3 marks) 

c Hence, find the volume to 3 decimal places. (2 marks) 

a Use mathematical induction to prove that 

I>Ci + 4) = n(n + 1)(2n + 13) 
i=l 6 

for all n E z+. 
60 

b Hence find L i(i + 4). 
i=40 

(6 marks) 

(2 marks) 

4 A and B are two independent events for which 
P(A n B') = 0.2, P(B n A') = 0.3, and P(A n B) =a. 

a Find the possible values of a. (3 marks) 

b For the larger of the possible values of a, find: 

i P(B I A') ii P((A U B)'). (4 marks) 

5 The sum of the first four terms of an infinite geometric series 
is three quarters of its sum to infinity. 

a Find the exact value of the common ratio of the series, 
given that it is positive. (3 marks) 

b How many terms of the series need to be added to reach 
99.93 of its sum to infinity? (5 marks) 

6 p( x) = x 5 
- 6x4 + ax3 + bx2 + ex + d is a real polynomial. 

The graph of y = p(x) cuts the x-axis three times only, at -2 

and 1 ± J2. The graph has y-intercept -20. 

a What is the nature of the other two zeros of p( x)? 
(1 mark) 

b Use the sum and product of the roots theorem to find the 
other two zeros of p(x). (4 marks) 

c Write p( x) as a product of real linear and quadratic 
factors. (2 marks) 

d For what values of x is p(x) ~ O? (2 marks) 

7 Consider the system of equations 

{ 

x+y-z=7 

2x -y + z = 11 

3x+y+az = b. 

a Write the system in augmented matrix form, and show that 

it reduces to [ ~ ~ = ~ ~ ] · (4 marks) 
0 0 a+ 1 b- 19 

b If a # -1, what can be said about the solution of the 
original set of equations? (1 mark) 

c If a= -1 and b = 19, find the form of all solutions 
of the equations. (2 marks) 

d When does the system have no solutions? (1 mark) 

8 Consider the equation cos 8 +sin 8 = ~ where 8 E [O, 27r]. 

a By squaring both sides of this equation, show that 

sin28 = -~. (2 marks) 

b Find the solutions of sin 28 = - ~ for 8 E [O, 27r] . 
(3 marks) 

c Show that only two of the solutions in b are solutions of 

cos8+sin8=~ . (2marks) 

d Explain why only two of the solutions in b were solutions 
to the original equation. (1 mark) 

SECTION B 

9 Consider the rational function f(x) = 2
x -

3
l. 

x-

a Find, by algebraic methods: 

the y-intercept off 
ii the x-intercept off 

iii the equations of all asymptotes of f. 

(58 marks) 

(1 mark) 

(1 mark) 

(2 marks) 

b Describe the transformations needed to transform y = .!. 
x 

into y=f(x). (3marks) 

c Draw a fully labelled graph of y = f(x) . 

d Forwhatvaluesof xis J'(x): 

i negative II undefined? 

(2 marks) 

(3 marks) 

e Find, correct to 5 decimal places, the area bounded by f, 
the x-axis, and the vertical lines x = 0 and x = l 

(3 marks) 

10 Consider f(x) = 4cos3 x - 3cosx. 

a Find all values of x at which y = f(x) has stationary 
points. ( 4 marks) 

b Use technology to graph y = f(x) for x E [-7r, 7r] . 
(1 mark) 

c From b, what do you suspect 4 cos3 x - 3 cos x will 
simplify to? (1 mark) 

d Prove your result in c algebraically. (3 marks) 

e Hence: 

find an exact root of the equation 4t3 
- 3t = - ~ 

(3 marks) 

ii find x E [-f, f ] such that cos 3x = - cos x. 
(3 marks) 

11 A line in space has parametric equations 
x = 2 - t, y = 1 + t, z = 1 + 3t, t E R. 

A plane has equation 2x + y - 3z = 22. 

a Find the point of intersection of the line and plane. 
(3 marks) 

b Find the size of the acute angle where the line meets the 
plane. (3 marks) 

c A straight line contains the point A which has position 
vector a relative to the origin 0(0, 0, 0). 

The direction of the line is given by vector b. 
Show that the shortest distance from the origin to the line 

is lal2 - (ae b) 2 . 
lbl 2 (6 marks) 

d Hence find the shortest distance from the origin to the 
given line. (3 marks) 
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12 a When P(x) is divided by (x - a)2, the quotient is Q(x) 
and the remainder is bx + c. 

Write P(x) in tenns ofQ(x), (x-a) 2
, and bx+ c. 

(1 mark) 

II Hence find P(a) and P'(a). (2 marks) 

iii Deduce that the remainder is P' (a) ( x - a) + P (a). 
(3 marks) 

iv Find the remainder when P(x ) = x 5 is divided by 

(x+2) 2
• (lmark) 

b Using the substitution x = 3 cos B, find j~dx. 
9-x2 

(6 marks) 

TRIAL EXAMINATION 3 

HO CALCULATOR 
SECTION A 

120 marks I 3 hours 

(58 marks) 

When a cubic polynomial p(x) is divided by x(2x - 3), the 
remainder is ax + b, where a and b are real. 

a If the quotient is the same as the remainder, write down 
an expression for p(x) . (2 marks) 

b Prove that (2x - 1) and (x - 1) are both factors of 
p(x). (1 mark) 

c Find in expanded form, an expression for p(x), given that 
it has y-intercept 7 and passes through point (2, 39). 

(3 marks) 

2 Suppose ln ( ab
2

) = k and ln ( !: ) = 2. 

a Show that b = e3 k+4. 

b Find r and s given that a = erk+s. 

(4 marks) 

(2 marks) 

3 a Find constants a and b given that 
x - 2 a b 
-- = -- + -- for all x E R 
x 2 -1 x + 1 x -1 

(3 marks) 

b Hence evaluate [~
2 

: 2 -=_ ~ dx giving your answer in 

logarithmic form. (3 marks) 

c Explain why 13 

: 2 -=_ 
2
1 

dx does not exist. (1 mark) 

4 a Use integration by parts to show that 

J xsin2x dx = ~ sin2x - ~ cos2x + c. (3 marks) 

b The graph of f(x) = x sin 2x, x E [O, 11'] is given below. 

5 

Y area=A 

Show that B = 3A. 

A circle has centre 0 and 
diameter [AB]. D IS the 
midpoint of chord [AC]. 

--+ --+ 
Let OA =a and oc = c. 

--+ 
a Find vectors AC and 

--+ 
OD in terms of a and c. 

71' x 

A 
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(4 marks) 

B 

(3 marks) 

b Hence prove, using vector methods, that [AC] and [OD] 
are perpendicular. (3 marks) 

c What theorem has been proved in b? (1 mark) 

6 Let j(x)=x2 +4x, xE] - oo, - 2] and g(x)=J3-2x. 
Find: 

a the domain of g(x) 

b (gof)(-3) 

c r 1 (x). 

7 Solve for x: 

a 22
"' + 2"'+1 = 15 

b sin2 x + cosx = 1.25, x E [- 71', 11'] 

(1 mark) 

(2 marks) 

(3 marks) 

(3 marks) 

(3 marks) 

8 The graph of j(x) = ~cos 2x + sinx for x E [O, 271'] is 
illustrated, but not drawn to scale. 

y 

a State the coordinates of A and H. (2 marks) 

b Find the exact coordinates of the stationary points at B, C, 
D, and F. (5 marks) 

c Find the exact values of the x-intercepts at E and G. 
(6 marks) 

SECTION B (62 marks) 

9 a Show that: 

I cos(A + B) + cos(A - B) = 2cosAcosB 

ii sin(A + B) + sin( A - B) = 2 sin A cos B 

b Hence show that: 

cos 3() + cos () = 2 cos 28 cos () 
ii sin 3() + sin () = 2 sin 28 cos () 

c If z = cis B, what are z 2 and z 3? 

d Use b to show that z3 + z = 2 cos() cis 28. 

e Hence find lz3 + zJ and arg(z3 + z ). 

(3 marks) 

(3 marks) 

(1 mark) 

(3 marks) 

(1 mark) 

f On an Argand diagram with () ~ 25°, illustrate z, z2
, 

z 3
, and z.3 + z. 

Show that arg (z3 + z) = arg(z2
). (3 marks) 

9 Use your Argand diagram to find all values of B, where 

() E [-¥, ¥J, such that z + z 3 is purely imaginary. 

10 a 

(2 marks) 

If f(x) = tan3 x, find j'(x) in terms of secx 
only. (2 marks) 

II Hence show that 
J sec4 x dx = tanx + ~ tan3 x + c. (3 marks) 

b One part of the graph of 

y = sec2 x is shown. 
Find: 

i the value of a 
II the coordinates of A. 

x =-a 

x 

x=a 
(2 marks) 



c Find the exact value of the area of the shaded region. 
(2 marks) 

d If the shaded region is rotated about the x-axis through 

360°, find the volume of the solid generated. (3 marks) 

e If the shaded region is rotated about the y-axis through 

360°, explain why the volume of the solid generated is 

4
;

3 

- 7r 14 

[arccos ( ~) r dy. (4 marks) 

11 Suppose r = ( ~~t:-51), t E ffi. is an equation of line L. 

The plane P has a normal vector 3i - 4j - k and passes 

through the point A(-1, 0, 4). 

a Show that the point B(9, -5, 2) lies on the line L . 

(1 mark) 

b Give an equation of the plane P. 

c Show that the line L meets the 

C(l , 3, -2). 

(2 marks) 

plane P at the point 
(2 marks) 

d The line N through the point B(9, -5, 2) is perpendicular 
to the plane P. Find an equation of the line N. 

(3 marks) 

e Show that the point of intersection of the line N and the 
plane P is the point D(3, 3, 4) . (2 marks) 

Find the coordinates of the point B' on the line N such 

that the plane P bisects the line segment [BB'] . 
(2 marks) 

g Decide if the vector i - 2j - 2k is parallel to the line 

(CB'). Give reasons for your answer. (2 marks) 

a Use mathematical induction to prove that 24n+3 + 33n+1 

is divisible by 11 for all n E z+. (8 marks) 

b a, b, and c are consecutive terms of an arithmetic sequence. 

a, b+ 1, and c+ 29 are consecutive terms of a geometric 
sequence. 

Given that a + b + c = 33, find all possible values for 
a, b, and c. (8 marks) 

CALCULATOR 1 iO marks I 3 hours 

SECTION A (58 marks) 

a If z = r cis 11, find in terms of r and 11: 

i z 3 ii .Vz (2 marks) 

b Given -11 + ai = (1 - ai) 3 where a E ffi., find the 
possible values of a. (4 marks) 

2 Suppose f (x) = { ~ e-b"', 
0, 

0 ~ x ~ 1, 

otherwise. 

a Show that if f( x ) is a well defined PDF, then 

e-b + 2b - 1 = 0. (3 marks) 

b Find b correct to 3 decimal places. (1 mark) 

c Find the mean µ of the distribution of X. (1 mark) 

d Calculate Var(X). (2 marks) 

3 A, B, and C are lamp posts 
on the edge of a circular 
lake of radius r metres. 

A 

0 is the lake's centre. 

a Use triangle ABC 
to find the value of 
(AC)2. 

60m 

c 

\i·m 

)0 
, ...... 

...rm 

(2 marks) 

b Use triangle AOC to find the value of (AC) 2
. (2 marks) 

c Calculate the radius of the lake. 

d Find the measure of BAO. 

(1 mark) 

(2 marks) 

4 A sample of 20 randomly selected cockles is taken from a 
population of thousands of cockles, with no replacement. If 
a cockle's shell is cracked, it is unsaleable. It is known that 
3.2% of shells in the population are cracked. 

5 

a Explain why this sampling method is not strictly binomial, 
but the binomial model gives a very good approximation. 

(2 marks) 

b Suppose X = the number of cracked shells in the sample 
of 20 cockles. Find: 

i P(X ~ 2) ii P(X;::::: 4). (4 marks) 

a By finding d~ (xn+ 1 1n x ), show that 

. X n + I 

J x n ln x dx = ( )2 ((n + 1) lnx - 1) + c 
n+l 

provided n-=/= - 1. (5 marks) 

b Find J x n ln x dx when n = -1. (2 marks) 

6 The displacement of a particle moving in a straight line is given 

by s = t sin ( ~) + 2 cos ( ~) metres, where t is the time in 

seconds. 

a Find an expression for v, the velocity of the particle at 
time t, in metres per second. (2 marks) 

b The particle starts at rest. When does the particle first 
change direction, and what is its position at that time? 

(3 marks) 

c Find the exact value of the acceleration of the particle after 
~ seconds. (3 marks) 

7 a Find the exact value of x if 

arctan ( ~ ) + arctan 6 = arctan 3. (5 marks) 

b If y = arctan ( ~) , find ~; . (3 marks) 

8 A circle with equation x 2 + y2 + ax + by + c = 0 passes 
through the points (0, 3), (2, -1) , and (8, 7). 

a Find three equations involving a, b, and c only. 
(3 marks) 

b Write the equations in augmented matrix fom1. Simplify 
the result to echelon form. (3 marks) 

c Find the values of a, b, and c. (3 marks) 
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SECTION B (62 marks) 

9 The results obtained in a Science examination are distributed 
approximately normally with mean 56. 7 and standard deviation 
18.2. All final results are integers. 

10 

a A student who did the Science examination is selected at 
random. Find the probability that the student had a result: 

i between 65 and 85 inclusive 
ii at least 70. (2 marks) 

b An 'A' grade is awarded to a student whose result is in the 
top 103. 
An 'F' grade is given to a student whose result is in the 
bottom 153. 
Determine the: 

smallest result for which an 'A' is awarded 
ii largest result for which an 'F' is given. (4 marks) 

c Four of the students are chosen at random. What is the 
probability that two will get an 'A' and the other two will 
get an 'F'? (3 marks) 

d Suppose 20 of the students are chosen at random. 
Find the probability that: 

none receive an 'A' 
ii at least three receive an 'A'. (3 marks) 

. . 12 + 2sin2x 
a Consider the function f ( x) = 

3 
. 

2 
· 

-sin X 

Sketch the graph of y = f(x) for x E [O, 2Ir] 
using the given grid: 

(3 marks) 

ii Find the exact coordinates of any maxima turning 
points. (4 marks) 

b h(x) __ a+bs.in2x . h fil f The formula gives t e pro i e o 
c- sm2x 

plastic sheeting used on the tops of verandahs. 
constants a, b, and c are positive. 

The 

h h h'( ) _ 2cos2x(a+bc) 
S ow t at x - ( . 2 )2 C-Sin X 

(3 marks) 

ii Hence find the maximum ( M) and minimum ( m) 
values of h(x). (2 marks) 

iii If the height of the profile rs H, show that 

H = 2(a +be). 
c2 - 1 

(2 marks) 

iv Check the formula in iii using the specific example 
in part a. (2 marks) 

11 L1 and L2 are two lines in space given by: 

x + 1 = -y = z - 1 = ).. 
L1: 2 2 

x-1 z-2 
-- = 1 - y = -- = µ. 

3 2 
a Write the equations of L1 and L2 in vector form. 

(2 marks) 

b Show that L1 and L2 do not intersect, and also that they 
are not parallel. (5 marks) 

c Find a vector which is perpendicular to both £ 1 and L2. 
(2 marks) 

Mathematics HL - Exam Preparation & Practice Guide (3'd edition) 

12 

L1 and L2 are two skew lines in space. There exist points 
P on L2 and Q on L1, where PQ is the shortest distance 
between lines L1 and L2. When this occurs, [PQ] is 
perpendicular to both L1 and L2. 

We now translate L1 to L{, where L{ passes through P, 

and L2 and L{ form the shaded plane. 

A and C are two fixed points on L1 and L2 respectively. 

Explain why the vector in the direction of [PQ] is 
b x d. (1 mark) 

ii In triangle CAR let CAR = 8. Hence show 
that the shortest distance between L1 and L2 is 
l(c-a)•(bxd)I 

lb x di (4 marks) 

e Find the shortest distance between the original lines £ 1 

and L2. (3 marks) 

x 

A missile is launched at an angle 8 to the horizontal ground. 
At the point P(x, y) on its path, the horizontal component of 
its velocity is Vx = VO COS 8, and the vertical component is 
Vy = Vo sin 8 - gt. Vo is the initial speed of the missile, and g 
is the gravitational constant. 

a Show that at P, 

x=(vocosB)t and y=(vosin8)t-~gt2 . (4marks) 

gx2 
b By eliminating t, show that y =(tan B)x- (sec28) -

2 2 • 
Vo 

(2 marks) 

c What is the nature of the missile's path? Give evidence to 
support your answer. (1 mark) 

d Show that the missile reaches its maximum height when 

v0
2 sin 28 

x = and that the maximum height is 
2g 

(4 marks) 

e Find the range of the missile, which is the horizontal 
distance it will travel before landing. (1 mark) 

What value of e will achieve maximum range for the 
missile? (1 mark) 

9 Suppose Vo= 300ms-1
, e = 45°, and g = 9.81 ms-2 . 

Find: 

the maximum height reached 

ii the range of the missile. (2 marks) 

h SPX3 rockets have an intitial velocity of 400 ms - 1
. If 

the target is 9.5 km away, at what angle must the missile 
be fired at in order to hit the target? (2 marks) 

.. 
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SOLUTIONS TO TOPIC 1 (ALGEBRA) 

a 18 + 16 + 14 + 12 + .. .. is an arithmetic series with 
u1 = 18, d = -2 and n = 30. 

n 
Sn= 2(2u1 + (n - l)d) 

S30 = ~(2 x 18 + 29 x (-2)) 

= -330 

b 48+24+12+6+ .... isageometricserieswith u1 =48, 

r = ~ and n = 30. 

Sn= u1(l - rn) 
1-r 

48 (1 - (~) 30 ) 
S30 = 1 ::::::: 96.0 

1-2 

3 a 
log8 

log4 8 = log4 
b log (.1...) = log (f7) 

9 27 log 9 

3log2 
2log2 
3 
2 

c logi v'3 = log~ 
3 log 3 

~ log3 
-log3 

1 
-2 

4 (2 - ai)3 = (2 - ai) 2 (2 - ai) 

= (4 - 2 x 2ai + (ai)2 )(2 - ai) 

= (4- 4ai - a2 )(2 - ai) 

= 8 - 4ai - Bai+ 4a2 i2 - 2a2 + a3 i 

= 8 - 12ai - 4a2 
- 2a2 + a3i 

= (8 - 6a2) + i(a3 
- 12a) 

5 Tr+I = en (2x) 12- r ( :; r 
= er2) 212- rx12-r(-lrx- 2r 

= (~2) 212-r(-lrx12-3r 

a 12 - 3r = 3 

:. r = 3 
:. T4 =en 212-3(-1)3x3 

= -112640x3 

The coefficient of x 3 is -112 640. 

b 12 - 3r = 0 

:. r = 4 
: . Ts = en 212- 4(-1)4xO 

= 126720 

The constant term is 126 720. 

-3 log 3 
2log3 

3 
-2 

6 u1 = 27 and u 4 = 8 

: . u1r
3 =8 

. ·. the series sum S = ~ 
1-r 

27 
. 3 8 

r = 27 
=--2 

1-3 

r=~ = 81 

7 cx-1 )-
2 

( 4x2 )-l 8 log5 (2x - 1) = -1 2a2 x 27a-3 

= ( ~ r x (27a-
3

) 

.. 5- 1 = 2x - 1 

~ = 2x -1 3x-1 4x2 

= ( ~) x (27a-
3

) 
~ = 2x 

x- l 9x-2 4x2 - 5 

108a 
36 

= 3a 

9 3 - 3iv'3 

=6(~-~i) 
= 6(cos(-}-) +isin( -}-)) 

-3v'3 . 
3-3iv'3 

10 J 

(n) ( n ) n! n! 11 
r + r-1 = r !(n -r)! + (r - l)!(n- (r -1))! 

12 a 

n! n! = +-------
r!(n - r)! (r - l )!(n + 1 - r) ! 

n ! ( n + 1 - r) n!r = + -----
r!(n + 1 - r)! r!(n + 1 - r)! 

n!(n+l-r)+n!r 
r!(n+l-r)! 

n!(n + 1) - n!r + n!r 
r!(n + 1 - r)! 

(n + l)! 
r!((n+l)-r)! 

= ( n;-1
) for all n, r E z+, r ~ n 

2n+ 1 
Un=-

3
-

2(n+l)+l 2n+l 
Un+ 1-Un = 

3 
- -

3
-

2n + 3 - 2n- l 
3 

= ~ for all n E z+ 
consecutive terms differ by ~, so the sequence is 

arithmetic with d = ~. 

b u1 = 2
<
1J+i = 1 and d = ~ 

Now Un = U1 + (n - l)d 

U50 = 1+49 X ~ = 33~ 
n 

Sn = 2(u1 +Un) 

Sso = ~(1+33~) = 866~ 
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c 

d 

13 

Let Un= 117 

u1+(n-l)d=ll7 

l+(n-l)t=ll7 

:. n-1=174 

:. n=175 

So, 117 is a term of the sequence. It is the 175th term. 

n=l 

60 

n 
Sn= 2(2u1 + (n - l)d) 

S40 = ~ (2 x 1 + 39 x t) 
= 560 

ii 2: Un = S50 - S29 
n=30 

= ~ (2(1) + 59(~)) - ~ (2(1) + 28(~)) 
= 1240 - 299t 

= 940~ 

82x-3 = 162-x 

(23)2x-3 = (24)2-x 

.". 26x-9 = 2s-4x 

6x - 9 = 8- 4x 

:. lOx = 17 

x= N 
log3 9 
log3 5 

8 log3 5 
log3 9 

8 log3 5 
2 

= 4log3 5 

15 ( ( 2") .. (2"))10 ( ( 27r) .. ( 2"))10 COS 3 - i Sill 3 = COS -3 + i Sill - 3 

- ( . ( 27r )) 10 - CIS -3 

= cis (- 2~") 

= cos ( - 2~" ) + i sin ( - 2~" ) 

= cos ( - 2; ) + i sin ( - 2s") 
1 ·Y3 = -2-i2 

16 There are 12 numbers up for selection and we choose 3. 

. . . the total number of combinations is Cj2 = 220. 

17 (l+xt=(Z)xlnxx0 +(~)x1n-1 xx1 

+ (;) X ln-2 
X x 2 + .... + (~) x 1° X xn 

Now set x = 1: 

(1 + lt = (Z) x ln x 1° + (~) x ln-l x 11 

18 a 

+ (;) X ln-2 
X 12 + .... + (~) X 1° X ln 

2n = ( Z) + ( ~) + (;) + .... + ( ~) 

2n = t (~) 
r=O 

~=1.5 
1-r 

and u1 = 1 

1-r=...L 1.5 

1-r=t 

r=~ 

b Sn= u1(l - rn) 
1-r 

S
7 

= u1(l - r
7

) 

1-r 

1(1-(~)7) 

1-~ 
3 (, 1 

= 2 ~ l - 2187 

1093 
729 
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19 

21 

23 

a 

3x+l _ 3x 

2(3X) - 3x-l 
20 2lnx+ln(x-l)-ln(x-2) 

3x-l (32 - 3) 

3x-1(2 X 3 - 1) 
6 
5 

3 + 4i x ( 1 + 3i) 
1 - 3i 1+3i 

(3 + 4i)(l + 3i) 
(1 - 3i)(l + 3i) 

3 + 9i + 4i + 12i2 

1- 9i2 

3+13i - 12 
1-9(-1) 

-9 + 13i 

10 

=--!a+ ~i 

= lnx2 + ln(x - 1) - ln(x - 2) 

= ln ( x~~x--2~)) 

b T(Js-~Y 
= T (1~iy 
= T ( (1-52i)2) 

= T (1- 4~ + 4i
2 

) 

= T (-3~4i) 
-9 -12i 

5i 
-9i - 12i2 

5i2 

-9i + 12 
-5 

= -¥ + ~i 

= (~) x 3n-r x 2r x xn-r 

Coefficient of x3: n - r = 3 

:. r = n - 3 

Tn-2 = (n':'._3) x 33 x 2n-3 x x3 

Coefficient of x: n - r = 1 

:. r = n - 1 

Tn = ( n':'._l) X 3 X 2n-l X X 

Now [(n':'.. 1 ) X 3 X 2n-l] X 21 = (n':'._3) X 33 
X 2n-3 

nl 
-----· ---- X 32 X 2n-l X 7 
(n - l)! (n - (n -1))! 

I 
n. X 33 X 2n-3 

(n - 3)! (n - (n - 3))! 

3
2 

2
n-1 

7 
n(n - l)(n - 2) 

3
3 

2
n-3 

nx x x = 
6 

x x 

2
2 

7 
n(n - l)(n - 2) 

3 nx x = 
6 

x 

56n = n(n - l)(n - 2) 

56n = n(n2 
- 3n + 2) 

56n = n 3 
- 3n 2 + 2n 

n3 
- 3n2 

- 54n = 0 

n(n2 
- 3n - 54) = 0 

n(n-9)(n+6)=0 

:. n=9 {nEZ+} 

Writing the system in augmented matrix form, 

[ il 

-a 2 

li2] 
2 -3 

-1 1 

0 6+a -11 -1 l R2-+ 3R2 - R1 
0 1 -2 13 R3-+ Rs+ R2 



24 

"' [003 6 ~Oaa -~1 !1 l 
-2(6 +a)+ 11 13(6 +a)+ 1 

R3->(6+a)R3-R2 

From the last line, there is a unique solution when 

-2(6 +a)+ 11 'f 0 

-2a I- 1 

a I--~ 

z+2 . 
--=i 
z -2 

z + 2 = i(z - 2) 
Let z=a+bi 

(a+ bi)+ 2 = i ((a + bi) - 2) 

(2 +a)+ bi= ai + bi2 
- 2i 

(2 +a)+ bi_, -b +(a - 2)i 

Equating real and imaginary parts: 

2 + a = -b 
and b=a-2 

Substituting (2) into (1): 2 +a = 2 - a 

:. 2a = 0 

a =O 
b = -2 

So, z = - 2i. 

.... (1) 

.. .. (2) 

25 a 

Ir f 9JiJr I 
non 0 different from 

previous digits 

there are 9 x 9 x 8 x 7 = 4536 numbers 

b Numbers that do not have a "7" as one of the four digits: 

If f 8Jjj,6 I 
non 0 non 7 and different 

andnon7 from previous digits 

there are 8 x 8 x 7 x 6 = 2688 numbers that do not 
contain a "7". 
there are 4536 - 2688 = 1848 numbers that do 
contain a "7". 

26 Pn is: " l x 2 + 2 x 5 + 3 x 8 + .. .. + n(3n -1) = n 2 (n + l)" 
for n E z+ . 
Proof: (By the principle of mathematical induction) 

(1) Ifn=l, LHS=l x2 =2 and RHS=12(1+1)=2 

:. P1 is true. 

(2) If Pk is true, then 

1 x 2 + 2 x 5 + 3 x 8 + .... + k(3k - 1) = k 2 (k + 1) 

Thus 1 x2 +2 x 5 + 3 x 8 + .... + k(3k - 1) 

+ (k + 1)(3(k + 1) - 1) 

= k 2 (k + 1) + (k + 1) (3(k + 1) - 1) {using Pk} 

= (k + 1) (k2 +3(k+1) - 1) 

=(k+l)(k2 +3k+2) 
= (k + l)(k + l)(k + 2) 

= (k + 1)2 ([k + 1] + 1) 

Thus Pk+ I is true when P1c is true. Since P1 is true, Pn is true 

fornEZ+. 
{Principle of mathematical induction} 

27 a U7 = 1 and u15 = -23 

.". U15 - U7 = -23 - 1 

(u1+14d) - (u1 + 6d) = -24 

b 

28 

... 8d = -24 

... d= -3 

and U1 = 1- 6d 

= 19 

So, u27 = u1 + 26d 

= 19 + 26(-3) 

= -59 

n 
Sn= 2(u1 +Un) 

827 = ¥Cu1 + u27) 

= ¥(19 - 59) 

= -540 

4x + 4 = 17(2"'- 1) 

22
"' -17(2"' - 1) + 4 = 0 

2 X 22x - 17(2x) + 8 = 0 

: . 2X2 -17X + 8 = 0 {letting X = 2"'} 
(2X - l)(X - 8) = 0 

X =~or 8 

: . 2"' = 2-1 or 23 

x=-l or3 

29 a M =ab3 

b 

logb M = logb(ab3
) 

logb M = logb a + logb b3 

logb M = logb a + 3 
a 

D = b2 

logb D = logb (~) 
logb D = logb a - logb b2 

logb D = logb a - 2 

JO Let z = a + bi, so z* = a - bi, a, b E R. 

Now, z 2 = (z*) 2 

So (a+ bi)2 = (a - bi) 2 

a 2 + 2abi + b2 i 2 = a2 
- 2abi + b

2
i

2 

(a2 
- b2

) + 2abi = (a2 
- b2

) - 2abi 

Equating imaginary parts gives 

2ab = -2ab 

:. 4ab = 0 

:. a= 0 or b = 0. 

So, z = a or z = bi, a, b E R. 

z is either real or purely imaginary. 

J 1 a There are (12
1

) = 55 ways of choosing 2 people from 11. 

b 

~ 
6men 5women 

There are 6 x 5 = 30 handshakes between a man and a 
woman. 
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32 11- ii= JI2 + (-1)2 

= v'2 

J 

33 

34 

0= % 
arg(l- i)= -:f - 1 1-i 

:. 1-i=v'2cis(-:f) 

(1- i)11 = [v'2cis (-:f)) 
11 

= ( v'2) 11cis ( - 1 ~") {De Moivre's theorem} 

= 32v'2 cis ( - 3
;) 

= 32v'2 [cos (- 3
;) + isin (- 3

;)) 

= 32v'2 [-?z + i (- ?z)] 

Un+l a --

= -32 - 32i 

12 (~r 
12 (%r-l 

= % for all n E z:+ 
So, consecutive terms have a common ratio of % . 

Thus, the sequence is geometric with r = %-

b U5=12(%)
4 

= 12 (M) 
=~ 

= U1 I: Un= -
n=l 1 - r 

c 

12 (%)
0 

1-% 
12 
1 
3 

= 36 

2a8b = ~ 

2a(23)b = T1 

: . 2a+3b = 2-1 

and 

and 

and 

So a + 3b= -1 .... (1) 

- a - b - 1 = 2 .. .. (2) 

20 

Ii 2:: Un = S20 
n = l 

Sn= u1(l-rn) 
1-r 

12(1- (%) 20
) 

S20 = 2 l- 3 

~ 35.9892 

3-a 
3b+l = 9 

3- a3 - (b+l) = 32 

3- a- b- l = 32 

From (2), a = - 3 - b 

Substituting into (1), -3 - b + 3b = -1 

:. 2b = 2 
b=l 

:. a = - 4 

35 a 1 = 1.:i~ 0 = cis ( 0 + k27r) for all k E 1Z 

So z 5 = cis (k27r) 
1 

z = [cis (k27r )] 5 

. (k27r) Z = ClS -
5
- {De Moivre's theorem} 

z = cis 0, cis (2;) , cis ( 4;) , cis ( 6;) , 

cis ( 8;) {letting k = 0, 1, 2, 3, 4} 

J 
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36 

b w = cis (2;) 
Now w 5 

= 1 

:. w
5 -1 = 0 

(w - l)(w4 + w3 + w2 + w + 1) = 0 

:. w4 +w3 +w2 +w+1= 0 {w#-1} 

cos 38 + i sin 38 
= cis38 

= (cis8) 3 {De Moivre's theorem} 

= (cos8 + isin8)3 

= cos3 8 + 3i cos2 8 sin 8 - 3 cos 8 sin2 8 - i sin3 8 

= [cos3 8 - 3 cos 8 sin2 8] + i [3 cos2 8 sin 8 - sin3 8] 

Equating imaginary parts, 

sin 38 = 3 cos2 8sin8 - sin3 8 

= 3(1 - sin2 ())sin() - sin3 8 

=3sin8-4sin3 8 

37 log3 x + log3 (x - 2) = 1 

log3 (x(x - 2)) = 1 

:. 31 = x(x - 2) 

:. 3 = x 2 
- 2x 

x 2 
- 2x - 3 = 0 

(x- 3)(x + l)=O 

:. x=3 {x>2} 

38 Consider the xn term in: (1 + x) 2n = (1 + xt(l + xt 

On the LHS, Tn+I = (2:) 1 nxn, so xn has coefficient (2:) . 
On the RHS, we have 

(1 + xr(l + x)n 

[( ~) + (~) X + .... + ( n~l ) Xn - 1 + (:) xn ] 

X [ ( ~) + ( ~) X + .... + ( n~l) Xn-1 + (:) xn] 

the coefficient of xn 

= (~) (:) + (~) ( n~l) + ···· + (n~l) (~) + (:) ( ~) 

= (~) (~) + (~) (~) + ·· ·· + (n~l) (n~l) + ( :) ( :) 

{ ( ~ ) = ( n~r ) } 
= (~)2 + ( ~ )2 + (~)2 + .... + (: )2 

Equating coefficients of xn, 

(2:) = (~)2 + (~) 2 + (~)2 + .... + (:)2 

39 z2 
- z + 1 + i = 0 

1 ± yl( - 1)2 - 4(1)(1 + i) 
z = 2(1) 

1 ± yfl - 4 - 4i 
2 

1 ±v-3 -4i 
2 

Let a + bi = v -3 - 4i, a, b E ~ 

:. (a+bi) 2 = -3-4i 

a 2 + 2abi - b2 = -3 - 4i 

Equating real and imaginary parts, 

a 2 
- b2 = -3 .... (1 ) 2ab = -4 ... . (2) 



2 
From (2), ab= -2, and so b = - 

a 

Substituting into (1), a 2 
- ( ~2 ) 

2 

= -3 

2 4 
a - - +3=0 a2 

a 4 -4+3a2 =0 

(a2 + 4)(a2 
- 1) = 0 

a= ±1 

b = =t=2 

{a E ffi.} 

V3 - 4i = 1- 2i {a> 0} 

1 ± (1 - 2i) . 
So, z = 

2 
= i or 1 - i 

40 Pn is: "5n3 3n2 2n is divisible by 6" for n c z:;+. 
Proof: (By the principle of mathematical induction) 

(1) Ifn=l, 5x13 -3 x 12 -2xl=0 

=0x6 

: . P1 is true. 

(2) If Pk is true, then 5k3 - 3k2 - 2k = 6A where A is an 
integer. 

5(k + 1)3 
- 3(k + 1)2 - 2(k + 1) 

= 5(k3 + 3k2 + 3k + 1) - 3(k2 + 2k + 1) - 2(k + 1) 

= (5k3 
- 3k2 - 2k) + 15k2 + 9k 

= 6A + 3k(5k + 3) {using Pk} 

= 6A + 3(2B), B E Z 

{ k ( 5k + 3) is divisible by 2, since either k is divisible 
by 2, or k is odd~ 5k + 3 is divisible by 2} 

= 6(A + B), where A, B E Z 

So, Pk+I is true. 

Thus Pk+I is true whenever Pk is true, and P1 is true. 

:. Pn is true for n E z+. 
{Principle of mathematical induction} 

41 a Since they are consecutive terms of an arithmetic sequence, 

(k2 + 5) - (3k) = 3k - (k + 1) 

. . . k2 
- 3k + 5 = 2k - 1 

:. k2 
- 5k + 6 = 0 

:. (k - 2)(k - 3) = 0 

:. k = 2 or 3 

b Since they are consecutive terms of a geometric sequence, 

k2 + 5 3k 
~ = k + 

1 
{equating ratios} 

k 3 + k 2 + 5k + 5 = 9k2 

. . . k 3 
- 8k2 + 5k + 5 = 0 

Using technology, k :::::: 1.32 is the only solution which 
satisfies 0 < k < 5. 

42 Let z = a+ bi and w = c + di. 
Then (z+w)* = (a+bi+c+di)* 

=((a+c)+(b+d)i)* 

= (a+ c) - (b + d)i 

= (a - bi)+ (c - di) 

= z* +w* 

43 a Let z1 = 1 + iv'3 and z2 = 1 + i . 

1 

lz1I = ..j12 + (J3)2 

=2 

cosB = ~, sinB = '-(f 
.-. e = i 

.". Zl = 2 cis i 

lz2 I = vfi2+l2 
=v'2 

,/, 1 . ,/, 1 
COS 'f' = \/'2' Sln 'f' = y'2 

:. ¢i = ~ 
: . z2 = J2 cis ~ 

1 + iv'3 
So z = 

1 + i 
_ 2cisi 

v'2cis ~ 

= ( ~) cis ( i - ~) 
= v'2cis .!!:. 12 

b zn = ( J2cis f2t 
= (J2fcis ~; 

arg(zn) = ~; 
If zn E ffi., arg(zn) = k7r, k E Z. 

The smallest positive value of n which satisfies 

~; = k7r is n = 12. 

ii If zn is purely imaginary, arg(zn) = % + k7r 

:. ~; = % + k?T 

The smallest positive value of n which satisfies 

~; = % + k?T is n = 6. 

44 Tr+!= (;) (kx) 9
- r ( Jx) r 

= (;) k9-r X9 - r lz: 
X2 

45 

= (;) k9-rx9-~ 

For the constant term, 

T1 = (~) k 3
x

0 

84k3 = -10.! 2 

k3 = _.! 
8 

k= _.! 
2 

9- 3r = 0 
2 
3r 

:. 2 =9 

:. r = 6 

a Writing the system in augmented form, 

[~ 
3 k 

~] -2 3 
-3 10 

~ [~ 
3 k 

!kl -2-3k 3- k2 R2 --> R2 - kR1 
-15 10 - 4k -3 R3 --> R3 - 4R1 

~ rn 
3 k 

!3 l -15 10 - 4k R2 =R3 
-2-3k 3 - k2 -k R3 = R2 
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rv [ 0
0

1 -0~5 10 ~ 4k !3 ] 
25 - 22k - 3k2 6 - 6k 

Rs ---+ 15Rs - (2 + 3k)R2 

k 
10-4k 

-(3k + 25)(k - 1) 
!3 l 

-6(k - 1) 

b If k = 1, the last row is 0 0 0 I 0 
and the system has an infinite number of solutions. 

c If k=-¥, the last line is 0 0 0 I 6(1+¥) 
and the system has no solutions. 

dlfk -j.lor the system has a unique solution. 

46 a loga(5a) b loga ( ~;) 

47 a 

b 

= loga 5 + loga a 
= x +l 

u 3 = 20 and 

= loga a 2 
- loga 25 

= 2- 2loga 5 

= 2-2x 

U6 = 160 

u1r
2 = 20 and u1r

5 = 160 

U1r5 160 
. . U1r2 20 

:. r 3 = S 

:. r = 2 

and u122 = 20 

.". U1=5 

U10 = 5 X 29 

= 2560 

12 
I: Un= 812 

n = l 

Now Sn= u1(rn - 1) 
r-1 

5(212 - 1) 
812 = 2 -1 

= 20475 

48 6 of the 24 upstairs seats are taken. We hence choose lS people 
from the 4S-(S+6) = 34 remaining passengers to sit upstairs; 
the rest sit downstairs. 

: . there are (i:) = 2 203 961430 ways. 

49 a Suppose n = 1. 91 + b is divisible by S if b = 7 

{O < b :'( 9} 
So, b = 7. 

b Pn is: "9n + 7 is divisible by S" for n E z+ 
Proof: (By the principle of mathematical induction) 

(1) If n = 1, 91 + 7 = 16 = S x 2 
:. P1 is true. 

(2) If Pk is true, then 9k + 7 = SA where A E z+. 
9k+l + 7 = 9 x 9k + 7 

= 9 x (9k + 7) - 9 x 7 + 7 

= 9 x SA - 9 x 7 + 7 {using Pk} 

= 9 x SA- S x 7 

= S(9A - 7) 
Pk+1 is true. 

Since Pi is true and Pk+i is true whenever Pk is true, Pn 

is true for n E z+. 
{Principle of mathematical induction} 

50 Let z1 = jz1! cisO and z2 = jz2 ! cis ¢ . 

Then 
z1 jz1jcis8 
z 2 lz2I cis ¢ 

= @l cis ( e - ¢) {property of cis} 
lz2I 

So arg ( ;~ ) = e - ¢ 

= arg(z1) - arg(z2) 

51 Let u 1 , u2 , and U3 be consecutive terms of an arithmetic 
sequence with difference d. 

U1 = U2 - d and U3 = U2 + d. 

Now u1 + u2 + u3 = lS 

u2 - d + u2 + u2 + d = lS 
:. 3u2 = lS 

.". U2 = 6 

Also, u1
2 + u2

2 + u3
2 = 396 

(6 - d) 2 + 62 + (6 + d) 2 = 396 

36 - 12d + d2 + 36 + 36 + 12d + d2 = 396 

... 2d2 = 2SS 

... d2 = 144 

.. . d = ±12 
So, the numbers are -6, 6, and lS. 

Si a log10 M = 2x - 1 

101og10 M = 102x-l 

53 

b 

:. M = 102x- 1 

loga N = 2 loga d - loga C 

loga N = loga d2 
- loga C 

loga N = loga ( ~
2 

) 

d2 
N=

c 

z2 + 3 --=k 
z 2 - 1 

z2 + 3 = k(z2 
- 1) 

z2 + 3 = kz2 
- k 

z2 (1 - k) = -k - 3 

2 -k-3 
... z =T=-k 

- k-3 
the equation has imaginary roots if T=-k < 0 

Sign diagram: 

So, the equation has imaginary roots for -3 < k < 1. 

54 (x + 2)(1 - x)1° 

( 

110 + e1a) 19(-x) + .... +en 16(-x)4) 
= (x+ 2) (10) s s + 5 1 (-x) + .... 
=ex+ 2) (1 - rnx + .... +en x4 - eso) xs + .... ) 

t t t I 
So, the terms containing x 5 are ( 14°) x 5 and - 2 ( 15°) x 5

. 

.. . the coefficient of x 5 is en - 2 en = -294 
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55 
-1+5i 

Z = 
2 + 3i 

= (-1 + 5i ) ( 2 - 3i) 
2 + 3i 2 - 3i 

-2+3i+10i - 15i2 

4 - 9i2 

13 + 13i 
13 

= 1 +i 

11 + ii= Ji2+12 
= v'2 

arg(l + i) = "i 
: . z = v'2cis ( "i) 

z12 = [ v'2cis ( :[) ]12 
= ( v'2)12cis ( 1~71") 

= 64cis(Ir) 

= 64 (cos Jr + i sin Jr ) 

= -64 

{De Moivre's theorem} 

56 2x-l = 32-x 

Take the logarithm to base 10 to get: 

log(2x-l) = log(32-x) 

:. (x-l)log2=(2 -x)log3 

: . x log 2 - log 2 = 2 log 3 - x log 3 

x log 2 + x log 3 = 2 log 3 + log 2 

x(log 2 +log 3) = log 32 +log 2 
x log6=log18 

log18 
x=--

log6 
x = log6 18 

So, a = 6 and b = 18. 

57 u1 = 18 and d = -3 

58 

If the series has n terms, then 

Sn = -210 
n 

.'. 2(2u1 + (n - l)d) = -210 
n 
2 (2 x 18 + (n - 1) x (-3)) = -210 

n 
:. 2(36 - 3n + 3) = -210 

n(39 - 3n) = -420 

:. 3n2 
- 39n - 420 = 0 

:. 3(n2 
- 13n - 140) = 0 

:. 3(n-20)(n+7)=0 

:. n = 20 {n > O} 
So, there are 20 terms in the series. 

lz - 31 = lz - ll 

l(x + iy) - 31 = l(x + i y) - ll 

l(x - 3) + iy l = l(x - 1) + iyl 

.'. J(x-3)2+y2=J(x -l)2+y2 

.'. (x - 3)2 + y2 = (x - 1)2 + y2 

x 2 
- 6x + 9 = x 2 

- 2x + 1 

:. 4x = 8 

:. x = 2 

59 If all pairs of points defined different lines, there would be 

( ~1 ) = 55 lines. 

There are ( ~) = 6 ways of choosing a pair of points from 
the 4 collinear points, of which we include one. 

So the total number of lines is 55 - 6 + 1 = 50. 

60 Pn is: "1+2 X 21 +3 X 22+ .... +n X 2n-l = (n-1)2n +l" 
for n E :z+. 
Proof: (By the principle of mathematical induction) 

(1) If n = 1, LHS = 1 and RHS = (1 - 1)21 + 1 = 1 
: . P1 is true. 

(2) If Pk is true, then 

1 + 2 x 21 + 3 x 22 + .... + k x 2k-l = (k - 1)2k + 1 

So 1 + 2 x 21 + 3 x 22 + ... . + k x 2k- l + (k + 1)2k 

= (k - 1)2k + 1+(k+1) x 2k {using Pk} 
= k x 2k - 2k + 1 + k x 2k + 2k 

= 2xkx2k+1 

= ([k + 1] - 1) 2k+l + 1 

Pk+ 1 is true. 
Since P1 is true and Pk+ 1 is true whenever Pk is true, Pn is 
true for n E ;z+. {Principle of mathematical induction} 

61 a In augmented form, the system is: 

[~ 
-2 3 

32] 
-3 2 
-4 k 

[~ 
-2 3 

4 l 1 - 4 -7 R2 --+ R2 - 2R1 
2 k-9 -14 R3 --+ R3 - 3R1 

~ rn 
-2 3 

~7 l 1 -4 
0 k-1 R 3 --+ R3 - 2R2 

There is a unique solution if k =/= 1. Thus kl = 1. 

b For k =/= 1, equation 3 gives (k - l) z = 0 

:. z=O {k-1=/=0} 

So in equation 2, y - 4(0) = -7 

.'. y= -7 
and in equation 1, x - 2( - 7) + 3(0) = 4 

:. x=-10 
:. the unique solution is x = -10, y = -7, z = 0. 

c When k = 1, there are infinitely many solutions . 
Letting z = t, equation 2 gives y - 4t = - 7 

.' . y = 4t- 7 

Thus in equation 1, x - 2( 4t - 7) + 3t = 4 

.'. x - 8t + 14 + 3t = 4 
.'. x = 5t -10 

So, when k = 1 there are infinitely many solutions of 
the form x = 5t - 10, y = 4t - 7, z = t, t E R 

62 a lz11 = J32 + 42 

m 

= v'9 + 16 
=5 

.'. arg(z1) = arctan (~) 
~ 0.927 

lz2I = J82 + (- 8) 2 

= v'64 + 64 

=8V2 

3+4i= z1 

-8 ·' 8 -8i = z2 
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b 

____. -----> ___. 
OR= OP+OQ 

6l (n-1) (n -1)! 
n r -l = n (r - 1)! (n - 1 - (r - 1))! 

n! 
(r - l)!(n - r)! 

n! 
=r----

r!(n - r)! 

= r (; ) for n, r E z +, n ) r . 

6lt Let z = r1 cis e and w = r2 cis ¢ 
z r1 cis e 
w r2 cisB 

= r 1 cis ( e - ¢) {property of cis} 
r2 

I!._ I = r1 = fl, w i= 0 
w r2 !wl 

65 a 4x2 = x2 + 2x2 + x2 

66 

) x2 +2x+1 {if x) 1, x2
) x, and x2

) 1} 

) (x + 1)2 

b Pn is "4n ) 3n2
" for n E z + . 

a 

b 

Proof: (By the principle of mathematical induction) 

(1) If n = 1, LHS = 41 = 4 and RHS = 3 x 12 = 3 
4 ) 3, so P1 is true, 

(2) If Pk is true, 4 k ) 3k2 

Now, 4k+l = 4 x 4k 

)4(3k2) {using Pk} 

) 3(4k2
) 

) 3(k + 1)2 {using a, k) 1} 

So Pk+1 is true. 

Since Pi is true and Pk+I is true whenever Pk is true, Pn 

is true for n E z + . 
{Principle of mathematical induction} 

z2 = z* 

(r cis 0) 2 = (r cis er 
r 2 cis 2B = r cis ( -B) {De Moivre's theorem} 

r 2 = r and cis W = cis ( - e) 
cisW = 1 

cis (-B) 
:. cis3B = 1 

r 2 =r 

r 2 
- r = 0 

:. r(r - 1) = 0 

:. r = 1 {r > O} 

Now cis3B = 1 

:. 30 = 0 + 2k7r, k E 2 

e = 2k7r k z 3 , E 

e = o, 2
; , 

4
; {o ::;; e ::;; 27!"} 

Mathematics HL - Exam Preparation & Practice Guide (3'0 edition) 

cisO = 1 

cis 2
; =cos 2

; + isin 2
; 

= _.! + ,/3i 
2 2 

cis 4
; =cos 4

; + isin 4
; 

1 v'3. = -2 - 2 2 

So, the non-zero solutions to z2 = z* are 

z =l,-~+~i or -~-~i 

67 Time period= 33 months= 11 quarters 

Interest rate = 8% p.a. = 2% per quarter 

.". r = 1.02 
the amount after 11 quarters is 

U12 = U1 X r 11 

= 3500 x 1.0211 

::::! 4351.8101 
So, the maturing value is £4351.81. 

68 Each person is either in or out of the committee, so there are 

212 = 4096 possible committees. 

69 

There are (11
2

) = 12 1-member committees, and 

( ig) = 1 0-member committee. 

Hence there are 4096 - (12 + 1) = 4083 committees with at 
least two members. 

. * z = iz 

x + iy = i(x - iy) 

=ix+y 
x = y {equating real and imaginary parts} 

70 Pn is "n3 + 2n is divisible by 3" for n E z +. 

Proof: (By the principle of mathematical induction) 

(1) If n = 1, 13 + 2 x 1 = 3 = 3 x 1 
P1 is true. 

(2) If Pk is true, k3 + 2k = 3A where A E Z 

(k + 1)3 + 2(k + 1) 

= k3 + 3k
2 + 3k + 1 + 2k + 2 

= (k 3 + 2k) + 3k2 + 3k + 3 

= 3A + 3(k2 + k + 1) {using Pk} 

=3(A+k2+k+l) 

: . Pk+ i is true. 

Since Pi is true and P k+1 is true whenever Pk is true, Pn is 

true for n E z+. {Principle of mathematical induction} 

71 The sum of the integers between 100 and 200 which are not a 
multiple of 4, is (100 + 101+102 + .... + 199 + 200) 

-(100+104 + .... + 196 + 200). 

Now 100 + 101 + 102 + .... + 199 + 200 is an arithmetic 
series with u1 = 100, n = 101, and Un = 200. 

n 
Sn= Z(u1 +Un ) 

8101 = l~l (100 + 200) 

= 15150 

Now 100 + 104 + .... + 196 + 200 in an arithmetic series with 
u1 = 100, n = 26, and Un = 200 

:. 826 = ¥<100 + 200) 

= 3900 

the required sum= 15150 - 3900 

= 11250 



7i a cisBcis¢=ei8 ei¢ 
= eiO+i¢ 

b (r cis er = (reiOt 

= rn(eiet 

= rn einB 

c 

= ei(O+¢) 

= cis(e + ¢) 

w = e;(2;) 

w5 = ( ei( 1gr-) r 
= e27ri 

= cis 27r 

=1 
So w 5 -1=0 

= rn cisne 

(w - 1)(1 + w + w 2 + w 3 + w 4
) = O 

1 + w + w 2 + w 3 + w 
4 = 0 { w i= 1} 

1 + w + w2 + w 3 = -w4 

.'. (1 + w)(l + w2
) = -w4 

n r r+l = (;) (vx) 9
-r (~r 

= (9 ) X x
9
2r X br X _!_ 

r xr 
9-3r = (;) xbr xx_2_ 

9 - 3r 
For the coefficient of x-3

, -- = -3 
2 

:. r = 5 

TB=(;) b5 x - 3 

Now, x- 3 has coefficient -4032, so (;) b5 = -4032 

.'. b5 = -32 

.'. b= -2 

74 a Let uk = 3k - 11 
.'. U1 = 3 X 1 - 11 = -8 

Uk+! - Uk = (3(k + 1) - 11) - (3k - 11) 

= 3k + 3 - 11 - 3k + 11 

=3 

Since the difference between consecutive terms is constant, 
Uk is an arithmetic sequence with u1 = -8 and d = 3. 

n 

L (3k - 11) = Sn 
k = l 

n 
5536 = 2 (2u1 + (n - l)d) 

n 
5536 = 2 (2 x (-8) + (n - 1) x 3) 

.'. 11072 = n(-16 + 3n - 3) 

3n 2 
- l 9n - 11 072 = 0 

(3n + 173)(n -- 64) = 0 

n = 64 or - 1~3 

Since n must be an integer, n = 64. 

b Let Uk= (t) k-l 

ui = (tr-l = ar = 1 

and uk+1 = (~)k ='JI.. for all k E z+ 
Uk (t)k-1 5 

Since the ratio between consecutive terms is constant, Uk 

is a geometric sequence with u1 = 1 and r = t. 
= (y)k-1 U1 L - =S=-

k=I 5 1 - r 

1 
5 = 1- .lt. 

5 

(1-~)x5=1 
5-y=l 
.'. y =4 

75 If the mathematics exams are consecutive, then we can treat 
them as one subject, giving 7 exams to order. 

This pair of mathematics subjects has 2! orderings, so there are 
7! x 2! schedules that cannot be used. 
There are 8! total orderings. 

So the teacher can choose from 8! - (7! x 2!) = 30 240 
schedules. 

76 a 

b 

w=ei(~) 

w3 = ( ei(23"))3 

= e27ri 

= cis 27r 

=1 

w3 -1=0 

(w - 1)(1 + w + w 2
) = O 

.'. 1 + w + w 2 = 0 { w i= 1} 

ii w3 =1 
2 1 

w =
w 

.'. w - 1 = w2 

iii (1 - w) 2 = 1 - 2w + w 2 

iv 
1 

(1 + w) 2 

= l+w+w2 -3w 

=-3w 

1 

1 +2w +w2 

1 

1 +w+w2 +w 
1 

w 
-1 

=W 

= w 2 {part ii} 

1 + w 2 1 + w + w 2 
- w 

v ---
1 + w 1 + w + w 2 - w 2 

-w 
-w2 

-1 
=w 

=w2 

77 Pn is: "3n > n2 +n" for n E z+. 
Proof: (By the principle of mathematical induction) 

(1) If n = 1, LHS = 31 = 3 and RHS = 12 + 1 = 2 

:. P1 is true. 

(2) If H is true, 3k > k2 + k 

3k+l = 3 x 3k 

> 3(k2 + k) {using H} 
> 3k2 + 3k 

> 2k2 + k2 +3k 

> 2 + k 2 + 3k { k )! 1} 

> k
2 + 2k + 1 + k + 1 

> (k + 1)
2 + (k + 1) 

So, Pk+l is nue. 

Since P1 is true and Pk+1 is true whenever Pk is true, Pn is 

true for n E z+. {Principle of mathematical induction} 
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78 a Let z 3 = -27i 

79 

80 

81 

z 3 = 27 cis (3;) 
z3 = 27 cis (3; + k27r) , k E Z 

z = 3 cis ( % + k;") {De Moivre 's theorem} 

z=3cis%, 3cis 7
;, 3cis 1 ~" {k=0,1,2} 

J 

z2 = 3 cis 767r z3 = 3 cis 1 ~7r 

b Let z1 = 3cis %, z2 = 3cis 1; 

Z3 = 3 cis 1 ~" 

z2z3 = 3 cis 1; x 3 cis 1 ~" 

= 9cis (1~") 
= -9 

z1
2 = ( 3 cis % ) 

2 

= 9 cis;r 

= -9 and so z2z3 = z1
2 

c z1z2z3 = z1(z1
2

) {from b} 
3 = Z1 

= -27i 

a ( 13
6

) = 560 triangles 

b There are 5 possible points on the circle and ( 12
1) possible 

points within the circle. 

: . there are 5 x (12
1

) = 275 triangles. 

c There are ( D = 10 triangles with all vertices on the 

circle. Hence there are 560 - 10 = 550 triangles with at 
least one of the vertices within the circle. 

a 

= (cis8)n + (cis8)- n 

= cis(n8) + cis(-n8) {De Moivre's theorem} 

= cos( n8) + i sin( n8) + cos ( -n8) + i sin( -n8) 
= cos( n8) + i sin( n8) +cos( n8) - i sin( n8) 

= 2cos(n8) 

( 1) 4 
4 2 4 1 b z + - = z + 4z + 6 + 2 + 4 z z z 

( z + ~ f = ( z 
4 

+ : 4 ) + 4 ( z
2 

+ : 2 ) + 6 

(2 cos 8)4 = (2 cos 48) + 4 (2 cos 28) + 6 

16 cos4 8 = 2 cos 48 + 8 cos 28 + 6 

· 
4 8 - 1 48 1 2e 3 .. cos - 8 cos + 2 cos + 8 

a (2, 4), (2, -6), and (-1, 3) lie on a circle with equation 

x 2 + y2 + ax + by + c = 0 

:. 22 + 42 + a(2) + b(4) + c = 0 

22 + (-6) 2 + a(2) + b(-6) + c = 0 

(- 1)2 + 32 + a(-1) + b(3) + c = 0 

2a + 4b + c = - 20 

2a - 6b + c = -40 

- a+3b+c= -10 
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b In augmented matrix form, the system is 

[T 
3 1 -10] 4 1 -20 

-6 1 -40 

~ [~ 
-3 -1 10 l R1 -> -R1 
10 3 - 40 R2 -> R2 + 2R1 
0 3 -60 R3 -> Rs + 2R1 

3c = -60 

:. c = - 20 
Using row 2, lOb + 3(-20) = - 40 

:. lOb = 20 

:. b = 2 
Using row 1, a - 3(2) - (-20) = 10 

: . a = -4 

So the equation of the circle is 

x 2 + y2 
- 4x + 2y - 20 = 0 

:. (x - 2) 2 
- 4 + (y + 1)2 

- 1 = 20 

:. (x - 2)2 + (y + 1)2 = 25 

Thus the circle's centre is at (2, -1). 

H Rate per month = f2 % = 0i~5 . ·. R = 0i~5 

a After 3 months, her amount is 

83 

60(1 + R) 3 + 60(1 + R) 2 + 60(1 + R) 
which is geometric with 

u1 = 60(1 + R) and r = 1 + R. 

So, 83 = 60(1 + R) [ (ll: ~~ ~ l] 
- ( 0.05) [(1 + ~)

3 

-1] - 60 1 + u 0.05 
12 

= $181.50 

b After k years or 12k months, 

- ( 0.05) [ ( 1 + oi~s) 12k - 1 l 
S12k - 60 1 + U Q&Q 

12 

s12k ~ 14460 ([i.oo4166J 12
k -1) 

c After 20 years, k = 20 

8240~14 460 ([1.0041666] 240 -1) 

~ $24 765 {nearest$} 

1 1 1 1 
a - + -+-+ .... +-

u1 U2 U3 Un 

1 1 1 1 
=-+-+-+ .... +--

U1 u1 r u1 r 2 u1 r n -l 

b l 1 + 1 1 3 + 6 12 + .... + 3072 
is the sum of the reciprocals of 3, 6, 12, ... . , 3072 

which is geometric with u1 = 3, r = 2. 

Un= u1rn-l 3072 = 3 X 2n- l 

2n-l = 1024 

2n-l = 210 and so n = 11 

( 
1 - 2

11 
) Sn = i 210 _ 211 ~ 0.666 



SOLUTIONS TO TOPIC 2 

(FUNCTIONS AND EQUATIONS) 

A function is a relation in which no two different ordered pairs 
have the same x-coordinate. A graph of a relation is a function 
if all possible vertical lines on the graph cut the relation no 
more than once. 

2 a Domain= {x Ix > 2}, Range= {y I y E R } 

b Domain= {x I x~ -1, x =j: 1} 

Range = {y I y E R} 

y 

3 a f(g(x)) = f(4 - x) 

4 

5 

6 

b 

=3(4 - x)+ l 

= -3x + 13 

(go f)( x) = g(3x + 1) 
= 4-(3x+l) 

= 3-3x 
So (go f)(-4) = 3 - 3(-4) 

= 15 

c f is y = 3x + 1, so f- 1 is x = 3y + 1 
x-1 

y= -3-

f -l( ) x - 1 x =--
3 

!_1 
so r1 c~) = T 

1 
-5 

a For a reflection in the y-axis, we replace x with - x 

h 
. . 2 

:. t e equation 1s y = --. 
x 

b 1 d
. . 2 

The trans ate image is y - 2 = x _ ( _ 1) 

2 
which is y = -- + 2. 

x+l 
c For a horizontal stretch with scale factor 3, we replace x 

. h x 
Wlt 3 

2 6 
: . the equation is y = -x which is y = - . 

3 x 

y 

x 

. f . - 4 a The axis o symmetry is x = 
2 

x 
2 

= -1 

c y = 2(x + 1)2 
- 22 

ii f has zeros at 

-4± J42 - 4 x 2 x (-20) 
x = 2 x 2 

-4± v'l76 
4 

=-l±v'ii 

So y = 2(x + 1+VTI)(x+1 - VII) . 

7 a y 

b Domain = { x I x E R} 
Range = {y I y > O} 

x 

8 a y 

9 

10 

b Domain= {x I x > 2} 
Range = {y I y E R} 
x = 2 is a vertical asymptote. 

~ 
\ 
\ 
\ 
\ 

y 

-----------
1 

, ... 
············: 

··t·········· 

-~~~-~, .............. o. .. _,,_.,_ ... 
- 1 

--·-·-·-·-·-·-·-· '\ 
-2 \ 

~ 

x 

y 

fis y= x 2 +2x, xE]-oo,-1] 

sor1 is x=y2 +2y, yE]-oo, -1] 

.. . x + 1 = y2 + 2y + 1 

... x + 1 = (y + 1)
2 

±JX+l = y+ l 

x 

- y = f(x) 
1 

··········Y=f(x) 

··-··- y=f(-x) 
·------ y=f(x-2) 

-·-·- y=2f(x) 

·--- y=-f(x) 

x 

y = -JX+l - 1 {as y ( -1} 

so r 1 (x) = -v'x+l - 1 

Any point of f( x ) which lies on the line y = x will be an 
b f(-1) = 2(-1)2 + 4(-1) - 20 = -22 invariant point. 

: . the turning point is at ( -1, -22) : . (-1, -1) is an invariant point. 

El Mathematics HL - Exam Preparation & Practice Guide (3ni edition) 



11 I ~ & ~ 
x - 1 " 3 

12 

13 

b 

c 

.. x2~1 - ~ ~ o 
2x ( 3) 1 ( x - 1 ) & 0 

x-1 3 -3 x - 1 "' 

6x - (x - 1) 
3(x - 1) ~ O 

5x+ 1 & O 
3(x - 1) "' 

+ + 
·~---1~--~l----· x 

- 5 

x E [ -~, 1[ 

4 
x ~ -

x 
4 

x- - ~ 0 
x 

x2 - 4 ~ 0 
x 

(x+2)(x -2) 
0 -'----'--'----'- ~ 

x 

- I + - I + 
·~-~--~-~2-----· x - 2 

x E [-2, O[ or [2, oo[ 

1 2 
-->
x+2 x 

1 2 
---->0 

· · x +2 x 

x - 2(x + 2) > 0 
x(x + 2) 

-x-4 
--- > 0 
x(x + 2) 

: 
____ +~!--_~_+_~---- x 

- 4 - 2 0 

x E ]-oo, -4[ or ]-2, O[ 

b 1 c - 1 p + q = - - = - - and pq = - = -3 a 3 a 
p2 + q2 = (p + q)2 - 2pq 

a 

= (-~)2 - 2 (-~) 

= ~ 

b l(x) is y = 2 x-l 

so 1-1 (x) is x = 2y-l 

log x = (y - 1) log 2 

logx = y _ 1 
· · log2 

: . y = log2 x + 1 

:. r 1 (x) = log2 x + 1 

x 
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14 (h o f)(x) = h(x2 + 2) 

= 3 - 2(x2 + 2) 

= -2x2 -1 

15 Let P(x)=2x5 -x3 +4x -l 

P(-1) = 2(-1) 5 
- (-1)3 +4(- 1)-1 

= -6 
by the Remainder theorem, the remainder when P(x) is 
divided by x + 1 is - 6. 

16 y = kx - 2 meets y = 3x2 + x + 1 

where kx - 2 = 3x2 + x + 1 

17 

18 

. . 3x2 + (1 - k)x + 3 = 0 

Now this quadratic has .6. = 0 since the graphs touch. 

(1 - k) 2 
- 4 x 3 x 3 = 0 

(1-k) 2 =36 
1 - k = ±6 

k=l±6 
.. k = - 5 or 7 

I Ix - 21 + lx l = { ~ ,- 2
x, 

2x - 2, 

b Ix - 21 + lx l = 2 
.. x E [O, 2) 

ii Ix - 21 + Ix! ~ 3 

2 

x< O 

O ~x< 2 

x~2 

. . x E ]-oo, -~ ] or [ ~, oo[ 

l(x) is y = e2x+1 

so l - 1 (x) 1s x= e2
y+l 

ln x = ln e2y+l 

lnx = 2y + 1 

lnx -1 
.. y=--2-

so rl(x) = lnx2- 1 

r1(7) = ln7-1 
2 

~ 0.473 

x 

19 a 

f(x)=x 2 -2x 

x 

(1, -1) 

b y 

y=f(lxl) 

x 

(-1,-1) (1, - 1) 

m 



' . 

Ii 

y= lf(x)I 

x 

20 Let P(x) = 2x3 + 4x2 + dx - 6. 

If x + 2 is a factor, then P(-2) = 0 {Factor theorem} 

2(-2) 3 + 4(-2) 2 + d(-2) - 6 = 0 

-16 + 16 - 2d - 6 = 0 

:. d = -3 

21 a A root of 0 indicates a factor x. 
A root of t indicates a factor 2x - 1. 

So, quadratic equations with roots 0 and ~ have the form 

ax(2x - 1) = 0 where a =f 0. 

b A root of ~ indicates a factor 3x - 2. 

A root of -% indicates a factor 4x + l. 

So, quadratic equations with roots ~ and -:i have the form 

a(3x - 2)(4x + 1) = 0 where a =f 0. 

c Sum of roots = -4 

Product of roots = (-2 + v'2) (-2 - v'2) 

=4-2 

=2 
So, quadratic equations with roots -2 ± yl2 have the 

form a(x2 + 4x + 2) = 0 where a =f 0. 

d Sum of roots= -2 

Product of roots = (-1 + i.J3)(-1 - i.J3) 

=1+3 

=4 
So, quadratic equations with roots -1 ± i\1"3 have the 

form a(x2 + 2x + 4) = 0 where a =f 0. 

H P (-2) = 47 {Remainder theorem} 
2(-2)n -10(-2) - 5 = 47 

2(-2)" + 15 = 47 

:. 2(-2)" = 32 

:. (-2)" = 16 
:. n = 4 

U 9x4 + 4 = (3x2
)

2 
- (2i) 2 

= (3x 2 + 2i)(3x2 
- 2i) {Difference of two squares} 

24 g(x) is y = log2 (2x - 1) 

g- 1(x) is x = log2 (2y - 1) 

.". 2x = 2y - 1 

2"' + 1 
:. y= -2-

s -1( ) 2"' +1 o, g x = - 2-

g-1(-6)= T
6
+l 

2 
- 65 
- 128 

25 Since mx2 +(m-2)x+m=O hasarepeatedroot, .6.=0. 

(m - 2) 2 
- 4 x m x m = 0 

:. -3m2 -4m+4=0 

-(3m-2)(m+2)=0 

:. m = ~ or -2 

26 a 

then 

1 
If f(x) = x - -

x 
1 

f (-x) = -x - (- x) 

= - (x -~) 
=-f(x) 

y = x - .!. is an odd function. 
x 

ii If f(x) = cos2x 

then f(- x) = cos(-2x) 

· = cos2x 

= f (x) 
y = cos 2x is an even function. 

b A function is even if f(-x) = f(x) forall x in the 

ii 

domain of the function. 
for any value in the range of f, there exists al 
least two corresponding values of x in the domain 
(except in the trivial case f ( x) = k with domain 
x = 0) 
the function fails the horizontal line test, and does 
not have an inverse. 

If f (x ) = x4 + x2 

then f( -x) = (-x)4 + (-x) 2 

= x4 + x2 

=f(x) 
f (x) is even. 

x 

From the graph, we observe that the function is 
strictly increasing for x ~ 0. 

we can choose the domain restriction x ~ 0 for 
the function to have an inverse. 

27 (-2) 2 + b(-2) + (b - 2) = 0 {-2 is a solution} 

.. . 4 - 2b + b - 2 = 0 

:. b= 2 

the equation is x2 + 2x = O 

:. x(x +2) =0 

x = 0 is the other root. 

28 2x 3 
2 -4x+4 2x3 -llx 2 +21x 8 x 

-(2x3 8x2 + Sx) 

3x2 +13x - 8 

-(- 3x2 +12x -12) 

x + 4 

So 2x3 
- llx2 + 21x - 8 = (x - 2) 2 (2x - 3) + x + 4 

2x3 
- llx2 + 2lx - 8 = (x - 2)2(2x - 3) + (x - 2) + 6 

2x3 
- llx2 + 21x - 8 

2 3 
1 6 -------- = x - + -- + ...,......--

(x - 2) 2 x - 2 (x - 2) 2 
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29 f (0) = 3(-1)2 (2)(-4) 

30 

= -24 

f (x) = 3(x - 1)2(x + 2)(x - 4) 

a , b • H 
:: 
: : 

y=2 /l 

y 

y 

f(x)= 2x +1 
x-2 

x 

····· .. ··--,....---_-- -_---_----~·- .~-~::;~·----~ - - ····-· 

-----"°'-"'-"'-':_:_c: -,,-'"'"'-,,-,,::~,:~::~::~~:~:~:~.::~:~ ~ 
x 

jx =2 

c Invariant points require f ( x) = f tx) 

2x+l x-2 
x -2 2x+l 

4x2 + 4x + 1 = x2 - 4x + 4 

3x2 + 8x- 3 = 0 

:. (3x - l)(x + 3) = 0 

.-. x = i, -3 

The invariant points are ( -3, 1) and ( i, -1). 

31 1 + i is a zero of x 3 + ax2 
- 4ax + 6 

32 a 

:. (1 + i) 3 + a(l + i)2 - 4a(l + i) + 6 = 0 

1+3i + 3i2 + i 3 + a(l + 2i + i2) - 4a - 4ai + 6 = 0 

1 + 3i - 3 - i + a + 2ai - a - 4a - 4ai + 6 = 0 

: . (4-4a)+i(2-2a)=O 

Equating real and imaginary parts, 

xs 

x+2 I x4 +Ox3 

-(x4 + 2x3
) 

-2x3 

- (-2x3 

4 - 4a = 0 and 2 - 2a = 0 

:. a= 1 

-2x2 
+ 7x -13 

+3x
2 

+ x + 0 

+3x2 

- 4x2
) 

7x2 
+ x 

-(7x2 +14x) 

-13x + 0 

-(-13x - 26) 

+26 

quotient is x 3 
- 2x2 + 7x - 13 and remainder is 26 
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b (x - 1)2 = x2 
- 2x + 1 

x2 + 2x +6 
2 -2x+ 1 I x4 +Ox3 x +3x2 + x +o 

-(x4 -2x3 + x2) 

2x3 +2x2 
+ x 

-(2x3 -4x2 
+ 2x) 

6x2 x +o 
-(6x2 -12x +6) 

llx -6 

quotient is x2 + 2x + 6 and remainder is llx-6 

33 y 

x 

Using technology, the point of intersection is ~ (0.566, 0.238) . 

34 y = 3x2 + 2x 

Vertical stretch: y = 2(3x2 + 2x) 

y = 6x
2 + 4x 

35 

Translation by 3 horizontally and -1 vertically: 

y = 6(x - 3) 2 + 4(x - 3) - 1 

= 6(x2 
- 6x + 9) + 4x - 12 - 1 

= 6x2 
- 32x + 41 

sum of roots= a+ f3 = -m 

product of roots = a/3 = 1 

1 1 
Now a/3 = - + -

a f3 

a/3 =a+ f3 
af3 

-m 
.-. l=-1-

:. m = -1 

36 y = dx+2 meets y = x 2 +3x+3 when dx+2 = x 2 + 3x+3 

: . x 2 + (3 - d)x + 1 = 0 

37 

Since the graphs meet twice, this equation must have a positive 
discriminant. 

(3 - d) 2 
- 4 x 1 x 1 > 0 

: . 9 - 6d + d2 
- 4 > 0 

.-. d2 
- 6d+ 5 > 0 

:. (d - 5)(d - 1) > 0 

Sign diagram: + I + 
.... >--~----~---· d 

1 5 

So d < 1 or d > {i. 

P(l) = 0 {Factor theorem} 

2 +a +b-3=0 
:. a=l-b .... (1) 

Also, P(-3) = 0 {Factor theorem} 

-54 + 9a - 3b - 3 = 0 
:. 9a - 3b = 57 



Using (1), 9(1 - b) - 3b = 57 

-12b = 48 

:. b = -4 
:. a= 5 

So P(x)=2x3 +5x2 - 4x-3 
= (x + 3)(x - 1)(2x + 1) {inspection} 

the three zeros are -3, 1 and - ~. 

38 a 

x 

{

3, x < 0 

b 13 - xi - lxl = 3 - 2x, 0 ~ x < 3 
-3, x? 3 

x 

-3 
Y = 13 - xi - lxl 

39 If a+ 2i is a root, so is its complex conjugate a - 2i 

product of roots = (a + 2i) (a - 2i) 

= a2 
+4 

:. a
2
+4=a+6 

.. a2 
- a- 2 = 0 

(a - 2)(a + 1) = 0 

:. a= -1or2 

Also, sum of roots = 2a 

:. b = -2a 
. ·. a = -1, b = 2 or a = 2, b = -4 

{a, b ER}. 

40 a y = 4 - ln(x - 2) has the vertical asymptote x = 2. 

b 3+ x h h . I i y = -- as t e vert1ca asymptote x = 2 . 
2x-1 

As x ---> ±oo, y ---> ~ 

: . the graph also has the horizontal asymptote y = ~ . 

c y = 2ex-4 has the horizontal asymptote y = 0. 

41 (-b) 3 + b(-b) 2 + a(-b) +ab 

= -b3 + b3 
- ab+ ab 

=0 

-b is a zero of x 3 + bx2 + ax + ab 

x 3 + bx2 + ax + ab 

=(x+b)(x2 +a) 
= (x + b)(x + iva)(x - iva) 

42 (x + 1) and (x - 2)2 must be factors, given the x-intercepts 

of P(x). 

. . P(x) =(ax+ b)(x + l)(x - 2) 2 

Now P(O) = 56 

(a x 0 + b)(l)(-2) 2 = 56 

:. 4b = 56 

: . b = 14 

Also, P(l) = 20 

(ax 1+14)(2) (-1) 2 = 20 

(a+ 14) x 2 = 20 

: . a= - 4 

P(x) = (-4x + 14)(x + l)(x - 2) 2 

= (-4x + 14)(x + l)(x2 
- 4x + 4) 

= (-4x + 14)(x3 
- 3x2 + 4) 

= -4x4 + 26x3 
- 42x2 

- 16x + 56 

43 a (fog)(x)=f(g(x)) (go f)(x) = g(f(x)) 
= elnx-1+1 

= e lnx 

= x 

b 

= ln(e"'+1
) - 1 

= x +l-1 

= x 

c f and g are the inverses of one another, so f - 1 = g and 
g-1 = f. 

44 Since the graph does not cut the x-axis, 

:. (m - 1)2 
- 4 x m x 2 < 0 

m 2 
- 2m + 1 - Sm < 0 

:. m 2 
- lOm + 1 < 0 

Now m 2 
- lOm + 1=0 

~------

10±.j(-10)2-4xlxl 
m= 2x1 when 

= 5± 2v6 

So, 5 - 2y'6 < m < 5 + 2v'6 

.6. < o. 

45 P(x) divided by (x-l)(x-2) gives a remainder of 2x+3. 

P(x) = (x - l)(x - 2)Q(x) + 2x + 3 
for some polynomial Q(x). 

P(l) = (0)(-l)Q(l) + 2(1) + 3 

=5 

the remainder when P(x) is divided by x - 1 is 5. 
{Remainder theorem} 

x 
46 Ix - 31 ~ 2 

_::_ ~ x -3 ~ :'.. 
. . 2 "' "' 2 

-x ~ 2x - 6 ~ x 

: . 0 ~ 3x - 6 ~ 2x 

If 0 ~ 3x - 6, then 3x ? 6 and so x ? 2. 
Also, 3x - 6 ~ 2x, so x - 6 ~ 0 and so x ~ 6. 
: . 2 ~ x ~ 6 

47 Let P(x) = x 3 + mx + m 

Now P(m) = m {Remainder theorem} 

m 3 +m2 +m=m 

:. m 3 +m2 = O 

m 2 (m + 1) = 0 
: . m = 0 or -1 
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48 a Since (x - 1)2 is a factor of P(x), 

x4 + ax3 + 2x2 +bx - 3 

= (x - 1)2 (x2 +ex+ d) for some e, d 

= (x 2 
- 2x + l)(x2 +ex+ d) 

= x4 + ex3 + dx2 
- 2x3 

- 2ex2 
- 2dx + x2 +ex+ d 

= x4 + ( e - 2)x3 + ( d - 2e + 1 )x2 + ( e - 2d)x + d 

Equating constant terms: d = - 3 

Equating coefficients of x2 : -3 - 2c + 1 = 2 

:. e = -2 

Equating coefficients of x3
: a = - 2 - 2 

a=-4 

Equating coefficients of x: b = -2 - 2(-3) 

:. b = 4 

b So P(x) = (x - 1) 2 (x2 
- 2x - 3) {using c and d} 

= (x - 1)2 (x - 3)(x + 1) 

y=P(x) 

x 

49 a Domain ={xJx:(3, xElR} 
Range= {y I y :( -1U0 :( y < 2, y E JR} 

b 

x 

c y 

-3 3 x 

g(x) is even. 

ii g( x) fails the horizontal line test, so g( x) does not 
have an inverse. 

50 Let P(x) =x3 -x2 +(m+l)x+(2-m2
) 

Now P(2) = 0 

23 
- 22 + (m + 1)2 + (2 - m 2

) = 0 

8 - 4 + 2m + 2 + 2 - m 2 = O 

:. m 2 
- 2m - 8 = 0 

:. (m-4)(m+2)=0 

:. m = -2 or 4 

If m = -2, P(x) = x 3 
- x 2 

- x - 2 

= (x - 2)(x2 +ax+1) for some a. 

Equating coefficients of x 2 gives 

-l=-2+a 
:. a= 1 

. . P(x) = (x - 2)(x2 + x + 1) 

x 2 + x + 1 has 6. = 12 
- 4 x 1 x 1 = - 3, 

so no more real zeros exist. 
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If m = 4, P(x) = x3 
- x2 + 5x - 14 

= (x - 2)(x2 +ax+ 7) for some a. 

Equating coefficients of x2 gives 

-l=-2 + a 
:. a= 1 

P(x) = (x - 2)(x2 + x + 7) 

x 2 + x + 7 has 6. = 12 
- 4 x 1 x 7 = -27, 

so no more real zeros exist. 

51 P(l) = 6 {Remainder theorem} 

:. 2+3+p=6 
:. p = 1 

P(2) = 77 {Remainder theorem} 

:. 2m+l + 3 X 2n + 1 = 77 

.". 2m+l = 76 - 3 X 2n 

We need to find n E z+ such that 76 - 3 x 2n is a power 

of 2 which is ;;::: 22
. { m E z + } 

1 

2 

3 

4 

5 

: . n = 2, 2m+l = 64 

:. m=5 

70 

64 

52 

28 

-20 

,/ 

too small 

So, the only solution is m = 5, n = 2, p = 1. 

52 P(i) = 0 6i4 + 7i3 + 8i2 + 7i + k = 0 

:. 6 - 7i - 8 + 7i + k = 0 

53 

54 

:. k = 2 

Since P(z) is a real polynomial, - i must also be a zero. 

: . (z + i)(z - i) = z 2 + 1 is a factor of P(z) 

:. P(z) = (z2 + 1)(6z2 + az + 2) for some a 

Equating coefficients of x 3
, a = 7 

P(z ) = (z2 + 1)(6z2 + 7z + 2) 

= (z2 + 1)(3z + 2)(2z + 1) 

. . the zeros of P(z) are ±i, -~ , and-~ 

a>b> O 

a b 
. . - > -

a a 
a b 

:. ab> ab 
1 1 
- > 
b a 
1 1 
- < 
a b 

{a> O} 

{b > O} 

a (f o y) ( x) = 2x - 1 
1 

: . (g(x))3 = 2x - 1 

:. g(x) = (2x - 1)3 

b (g o f) ( x) = 2x - 1 

:. g(x3)=2x-1=2(xlr-1 

:. g(x)=2x3 -l 



55 P(n) = 1000 + aekn 

Now P(O) = 2000 

1000 + a = 2000 and so a = 1000 

Also, P(12) = 4000 

1000 + 1000e12
k = 4000 

1000e12
k = 3000 

:. el2k = 3 

:. ek = 3n 
If P( n) = 10 000, 1000 + aekn = 10 000 

lOOOekn = 9000 

:. ekn = 9 

:. 3-8- = 32 

:. n = 24 months 

It will take 2 years for the population to reach 10 000. 

56 a Since a is a solution of the equation, 

3a3 
- lla2 + 8a = 12a 

3a3 
- lla2 

- 4a = 0 

a(3a2 
- lla - 4) = 0 

a(3a+l)(a-4)=0 

:. a= 0, -i, or 4 

b If a = 0, 3x3 
- llx2 + 8x = 0 

x(3x2 
- llx + 8) = 0 

x(3x - 8)(x - 1) = 0 

:. x = 0, ~, or 1 

If a=-i, 3x3 -llx2 +8x=12(-i) 

: . 3x3 
- llx2 + 8x + 4 = 0 

x =a is a solution, and so (3x + 1) must be a factor. 

:. 3x3 
- llx2 + 8x + 4 = (3x + l)(x2 +ax+ 4) 

Equating coefficients of x 2
: m = b - 12 .... (1) 

Equating constants: 3 - 4m = 13b .... (2) 

Substituting (1) into (2): 13b = 3 - 4(b - 12) 

13b = 3 - 4b + 48 

17b = 51 

:. b = 3 

:. m=3-12=-9 

P(x) = (x2 
- 6x + 13)(2x + 3) 

the zeros of P(x) are 3 ± 2i and -~ 

58 a 2 x a3 + a 2 
- a4 x a - 2 = 0 

:. a2 
- 2 = 0 

:. a= ±V2 
P(z) = 2z3 + z2 

- 4z - 2 

Since P(z) is the same whether a = ±V2, both z = V2 
and z = -V2 must be zeros of P(z). 

Hence (z - v'2)(z + -J2) = (z2 
- 2) is a factor of P(z). 

P(z) = (z2 
- 2)(2z + 1) 

:. the zeros of P(x) are ±-J2 and -~ 

59 (f o g)(x) = f(g(x)) 

= f(2x3
) 

= 2(2x3
) - 1 

= 4x3 -1 

So the function (f o g)- 1 is x = 4y3 
- 1 

4y3 =x+1 
3 x + 1 

:. y = -4-

:. y= (x;l)i 

(
x+l)i So, (f o g)- 1 

: x >--+ -
4

- . for some a 
Equating coefficients of x 2 gives -11 = 1 + 3a 

:. a= -4 
60 Let P(x) = x4 + 2x3 + 8x2 + 6x + 15 

(3x + l)(x2 
- 4x + 4) = 0 

:. (3x + l)(x - 2) 2 = O 

:. x = -i or 2 

If a= 4, 3x3 
- llx2 + 8x = 12(4) 

: . 3x3 
- llx2 + 8x - 48 = 0 

x = a is a solution, so (x - 4) is a factor. 

:. 3x3 
- llx2 + 8x - 48 = (x - 4)(3x2 +ax+ 12) 

for some a 
Equating coefficients of x 2 gives -11 = a - 12 

a=l 

:. (x - 4)(3x2 + x + 12) = 0 

-1 ± vl2 - 4 x 3 x 12 
X= 

2x3 

4 -l±iyW 
x = or 

6 

57 P(x) is a real polynomial, so 3 + 2i must also be a zero of 

P(x). 

(3 + 2i) + (3 - 2i) = 6 and 

(3 + 2i) (3 - 2i) = 9 + 4 

= 13 

So, x 2 
- 6x + 13 is a factor of P(x). 

2x3 + mx2 
- (m + l)x + (3 - 4m) 

= (x2 
- 6x + 13)(2x + b) for some b 

= 2x3 + (b - 12)x2 + (26 - 6b)x + 13b 

m 

Since bi is a zero of the real polynomial P(x ), so is -bi. 

x 2 + b2 is a factor of P(x) 

P(x) = x4 + 2x3 + 8x2 + 6x + 15 

= (x2 + b2)(x2 +ex+ d) for some c, d 

= x4 + cx3 + (b2 + d)x2 + b2 cx + b2 d 

Equating the coefficients of x 3
: c = 2 

Equating the coefficients of x: 2b2 = 6 

:. b = ±V3 
Equating the coefficients of x 2

: 3 + d = 8 

d=5 

:. P(x) = (x2 + 3)(x2 + 2x + 5) 

Now x 2 + 2x + 5 = 0 

-2 ± v22 - 4 x 1 x 5 
when x = --------

2 x 1 
= -1±2i 

the zeros are ±v'3i, -1±2i 

SOLUTIONS TO TOPIC 3 

(CIRCULAR FUNCTIONS AND TRIGONOMETRY) 

a 2
; radians b 140° 

= (2; x 1!0)° = (140 x 1~0) radians 

= 40° 77r 
9 
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2 a y b y 

sin ( 5
") - - v'3 3 - 2 

c y 

3 
___ lcm 

(} 

lOcm 

cos (3;) = - ~ 

tan (-i) 
v'3 -2 

-1-

2 

= -V3 

perimeter = 40 cm 

10+10+1=40 
,'. l = 20 

area= ~(}r 2 

=~lr {l=(}r } 

= ~ x 20 x 10 

= 100 cm2 

4 a A vertical stretch with factor 2, and a horizontal stretch 
with factor 3. 

b A translation of i units to the left, and a translation of 

4 units downwards. 

5 a Amplitude = 1 

6 

7 

The principal axis is y = 0 

Period = 2
; = ~ 

b Amplitude = 2 
The principal axis is y = -1 

Period = ¥ = 47r 
2 

:u u 
-1 

27r 3,?T 

/\1 y~coc(x) 
sin( 3

2" -¢)tan(¢+7r) 

=(sin 3
; cos ¢- cos 3

; sin ¢) tan ¢ 

= ((-l)cos¢- O x sin¢) sin¢ 
cos¢ 

=- sin ¢ 

8 cos2x= ~ 

1 - 2sin2 x = ~ {double angle formula} 

· 2sin2 x = !! . . 8 

· sin x = ± v'3 '. 4 
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x 

9 

10 

,, 

sin2x = sin x, x E [-Jr, 7r] 

2sinx cosx - sin x = 0 

:. sin x(2cosx - 1) = 0 

:. sinx=O or cosx=~ 

0 

x = 0, ±]-, or ± Jr 

area = 20 cm2 

~(}r2 = 20 

:. ~lr=20 {l=(}r} 

~(6)r = 20 

r =¥-cm 

a Period= 2
; 

b Period = 2
;' = 47r 
2 

c 

So, (} = !_ 
T 

6 
- 2o 

3 

= 0.9 

y 
y=sin2x+5 

5 

Period= Jr 

or sin2 x + 5 = ( ~ - ~ cos 2x) + 5 

= -~cos2x + ¥ 
period = 2

; = Jr 

(-1, 7r) 
y 

-1 1 

x 

x 

13 1 - sin
2 e 

1 + cos (} 
1 + cos B sin2 e 
l+ cos B l+ cosB 

_ 1 + cosB - (1 - cos2 B) 
- l+ cosO 

cos()+ cos2 
(} 

1 + cosB 
- cos 0(1 +cos()) 

1 + cosB 

= cos(} 

14 tan28 = 2 tanB 
1 - tan2 (} 

2x2 
1- 22 

tan 38 = tan(W + B) 

tan28 + tanB 
1 - tan28tan(} 

4 
-3 -~ +2 

1-(-~) x 2 
2 

IT 



1 cos2x 
15 csc(2x) - cot(2x) = -.-- - -.--

sm 2x sm 2x 

16 

17 

1- cos2x 

sin 2x 

1-(1-2sin2 x) 
2 sin xcosx 

{double angle formulae} 

2 sin2 x 
2sin xcosx 
sinx 

cosx 
= tanx 

tan ( ~;) = csc ( 5; ) - cot ( 5671" ) 

1 1 

- sin ( 5;) tan ( 5;) 

1 1 
T--1-
2 - ,/3 

= 2 + .J3 

cos 2a = sin2 a 

1 - 2 sin2 a = sin2 a 

:. 1= 3sin2 a 
. 2 1 sm a= 3 

2 2 cos a= 3 

2 cos2 a 
cot a = -- =2 

sin2 a 
:. cot a= ±h 

52 + 52 - 52 
cosB= 

2 5 x x5 
{cosine rule} 
14 

cosB = 
50 

:. B ~ 1.287 

area of triangle = ! x 5 x 5 x sin B 

= 12 cm2 

area of sector= ! x B x 52 

~ 16.088 cm2 

area of minor segment = area of sector - area of triangle 

~ 4.09 cm2 

18 For the sine function y = asinb(x - c) + d: 

The amplitude = 2, so a = 2. 

The period = 7r, so 2
'(; = 7r ~ b = 2. 

The principal axis is y = 1, so d = 1. 

There is no horizontal translation, so c = 0. 

:. the function is y = 2sin(2x) + 1 

We want to solve 2sin(2x) + 1 = 0, 0 ~ x ~ 7r 

sin2x = - ~ 

2x = 1; or l~rr 

x = i; or \12rr 

So, Pis (i; , o) and 

Q is (1t; , o). 

19 a Period= ~ = 67r b Period= .g 

20 

21 

c 
3 

y 

x 

y = sin3x + sinx 

y = sin 3x has period 2
;, and y = sin x has period 27r. 

So, y = sin 3x + sin x has period 27r. 

llcm 

The largest angle is opposite 
the longest side. 

92 + 72 -112 
cosB = 

9 2x7x 
{cosine rule} 

cos B = 1~6 
:. B ~ 85.9° 

1 
a csc(x) = - .

sm x 
vertical asymptotes occur when sin x = 0 

the vertical asymptotes are x = 0, ± 7r, and ±27r 

1 
b sec(2x) = --

2
-

cos x 
vertical asymptotes occur when cos 2x = 0 

2x ~ ± % + k27f, k E Z 
x = ±.;f + k7r , k E Z 

the vertical asymptotes are 

x =±.;[, ± 3
; , ± 5

; , and ± 7
; . 

c cot(:?.) =cos(~) 
2 sin(~) 

vertical asymptotes occur when sin ( ~ ) = 0 

x 
2° = 0 + k7r, k E Z 

x = 2k7r, k E Z 

x = 0 and x = ± 27r 

the vertical asymptotes are x = 0 and x = ±27r. 

22 cos 79° cos 71° - sin 79° sin 71° = cos(79° + 71°) 

= cos (150°) 

23 tan2A = sin A 

sin2A . A 
cos2A = sm 

2 sin A cos A . A -----,,....---- = Sln 
2cos2 A - 1 

,/3 
-2 

{double angle formula} 

2cosA = 1 
2 cos2 A - 1 

{sin A f O} 

2 cos A = 2 cos2 A - 1 

2 cos2 A - 2 cos A - 1 = 0 

2± J(-2) 2 -4 x 2 x (-1) 
cos A= 

2 

1 ± .J3 
2 

1- .J3 
But !cos Al ~ 1, so cos A = --

2
-

2 x 
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24 sinx - 2 cos x = Asin(x +a) 
= A(sinxcosa + cosxsin a) 

= Asinxcosa + Acosxsina 

Equating the coefficients of sin x and cos x: 

A cos a= 1 and A sin a = -2 

1 
:. cos a= A 

Now sin2 a+ cos2 a= 1 

(~2r + (~r =l 

4+1=1 
A2 

.-. A 2 = 5 

and 
-2 

sin a= -
A 

.-. A=Vs {A > O} 

S 1 . 2 o cos a= 75, s1na = - v'5 

a is in the 4th quadrant. 

a>:::: 5.18 

2sin2 x - cosx = 1, x E [O, 27r] 

2(1 - cos2 x) - cosx = 1 

.- . 2 - 2 cos2 x - cos x = 1 

.- . 2 cos2 x + cos x - 1 = 0 

(2cosx - l)(cosx + 1) = 0 

cosx = ~ or cosx = -1 

x = ]-, 7r, or 5
; 

H arcsin(2x - 3) = -% 

2x - 3 =sin(-%) 

2x - 3 = -~ 
.-. 2x = ~ 

x= % 

27 A 

28 

':mA~ 
~ C B 

1 

y 

sinC 
15 

sin30° 
12 

{sine rule} 

C . (15sin 30° ) = arcsm 
12 

C >:::: 38.7° or 141.3° 

y= sinx 

y=2sin(2x+~)-1 

H 

30 

31 

32 

arcsin( - ~) + arctan(l) + arccos( - ~) 

= -% + ~ + 2; 
371" 
4 

sin2 fJ + cos2 fJ = 1 

(~) 2 

+ cos
2 

fJ = 1 

. 2 f} - 5 .. cos -9 

. cos f} = - v'5 . . 3 { fJ is obtuse} 

sin 2fJ = 2 sin fJ cos fJ 

=2 x ~x-~ 3 3 

4v's - -9-

sin x + cos x = 1, 0 ::::; x ::::; 7r 

sin
2 x + 2 sin x coA x + cos

2 x = 1 .... ( *) 

0 

{squaring both sides} 

sin2x+l=l 

:. sin2x = 0 

2x = 0 + k1r, k E Z 

... X=k211"' kEZ 

:. x=O,~,'lr {O::;;x::;;7r} 

Since we squared both sides at ( * ), we need to check our 
solutions. 

a 

b 

sinO + cosO = 1 ./ 

sin~+cos~=l ./ 

sin7r+cos7r=-1 X 

So x = 0 or ~ 

sin 2fJ sinfJ 
A 8 5 

2 sin fJ cos fJ sinfJ 
5 c .. 8 5 6 .. cosfJ = ~ 
B C 

8cm 

ABC= 1[- 3fJ 

= 7r - 3arccos(~) 
>:::: 1.211 

Area of triangle >:::: ~ x 5 x 8 x sin(l.211) 

>:::: 18.7cm2 

{sine rule} 

33 tan 2x has period % , and tan 3x has period ~. 

The lowest common multiple of~ and ]- is 7r. 

the period = 7r 

34 cotB+tanB = 2, BE]-~,~[ 

cose + sin& = 2 
sin& cos& 

cos
2 e + sin

2 
f} = 2 

sinfJ cosfJ 

1 = 2 sin e cos f} 

1=sin2fJ 

: . 2fJ = ~ + 2k7r, k E Z 

fJ = ~ + k1r, k E Z 

y 

fJ = ~ {since fJ E ]-~ , ~[} 
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35 tanW = 2 

2tane _ 
2 

1- tan2 e - {double angle formula} 

2tane=2-2tan2 e 

tan2 e +tan e - 1 = 0 

-l±y'l2-4xlx(-1) 
tan e = ----'---------'--

2 x 1 

-l±v'5 
2 

Now 2() E [7T, 3
;], so e E [.:g:, 3

:) 

-1-V5 
tan e = 

2 
{ tan e < 0} 

36 p 

37 

~= 
Q 11 cm R 

112 =x2 +122 
- 2 xx x 12cos60° 

121 = x2 + 144 - 12x 

x2 
- 12x + 23 = 0 

1 

tane - sece 

12± j(- 12)2 -4 x 1 x 23 
x = ----'---------

2 x 1 
x = 6 ± .Jl3, so PQ = 6 ± .Jl3 cm 

1 
sine 1 
cose - cose 

1 

(
sine -1) 

cose 

{provided cos e # 0} 

cose (sine+ 1) 
= sin e - 1 x sin e + 1 

cosesine + cose 
sin2 e - 1 

cos esine + cose 
-cos2 e 

cos e sin e cos e 
cos2 e - cos2 e 

sine 1 
cos e case 

= -(tane + sece) 

38 a v'3tan(~)=-1, xE[-7T,37T) 

tan(~)= - }s 
x 5.,,-2 = 6 + k7r, k E Z 

x = 5
;' + 2k7r, k E Z 

x = 5
;' or -i {x E [-7!", 37!"]} 

b J3 + 2sin(2x) = 0, x E [-7!", 37!"] 

2x = 

sin2x - - v'3 - 2 

:} } + k21T, k E Z 

x = :f } + k7r, k E Z 

x = _.zc _.zc 2 .,,- 5n 5 .,,- 11 .,,- s.,,- or 11.,,-
3 ' 6' 3'6 '3' 6' 3' 6 

{x E [- 7!", 37!"]} 

39 

40 

sin x = 2sin(x - -lf) 
sin x = 2(sinxcos -lf - cosxsin "lf) 

= 2sinx(1) - 2cosx(~ ) 

sinx(l - J3) = - cos x 

sin x 1 
----

cos x 1 - J3 
1 

tan x =~ 
v3-1 

a Consider the sine function model H(t) = a sin b(t-c)+d 

The amplitude a = 224 = 1.2 m. 

The period is 12.3 hours, so 
2
; = 12.3 

:. b"" 0.5108 

The principal axis is H = 4. 7 - 1.2 = 3.5 m so d = 3.5. 

The first low tide is at t = 1+6.15 = 7.15, and the next 
high tide is at t = 1 + 12.3 = 13.3 

c = 7.15 + 13.3 "" 10.2 
2 

the model is H(t) ""l.2sin(0.5108(t - 10.2)) + 3.5 
where t is the time in hours after midnight, 
0 :( t :( 24. 

b H(m) 

--fWl~---1,...,;3~.3~----.. t (hours) 

41 a sin ( arccos( - 1)) b tan ( arcsin )z) 
=sin ( 5

;) 

1 
2 

= tan(~) 
=1 

42 sin x + J3cosx = 0 

43 

sin x = -J3cos x 

sin x = -J3 
cos x 

tan x = -J3 

. . x = 2
; or 5

3" {x E [O, 27T]} 

sin () + 2 cos () 
-----=2 
sin() - cos() 

sine+ 2cos (J = 2(sin(J - cos()) 

: . 4cos (J =sin() 

:. tan()= 4 

2
{} 2tane 

tan o= ----
1 - tan2 () 

2 x 4 
1-42 

8 -yg 

44 y = 2sin(x - i) + 1 is a translation of y = 2sinx by 

( ~, 1). 

m 

So, we start with y = sin x , we stretch it vertically with scale 
factor 2 to produce y = 2 sin x, then perform the translation. 
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------- --- -~ ----

- 'Tr ' 

' 
------- --------- - - ~---

' 

------------ ·····-· 3 

y=2sin·; · .. _./ 

y 

cos 2x + v'3 sin 2x = 1, x E (-7r, 7r] 

1 - 2sin2 x + 2v'3sin xcosx = 1 

: . -2 sin2 x + 2v'3 sinx cos x = 0 

:. 2sinx(v'3cosx - sinx) = 0 

sinx = 0 or v'3cosx = sinx 

: . sinx = 0 or tanx = v'3 

x = - 7r, - 2
;, 0, i, or 7r 

SOLUTIONS TO TOPIC 4 (VECTORS) 

a a= i - 2j + 3k 

b magnitude = J12 + (-2) 2 + 32 = vTI units 

x 

c The unit vector in the opposite direction is - JiA ( ~ 2 ) . 

2a - b + 3c = 2 ( ~3 ) - ( -;
5

) + 3 ( ~) 

3 a 

( 
8+5 +3) 

- -6-7 +6 

-- ( _167) which checks with the diagram. 

i 'lB 
D"-----a---•~ C 

---+ ~ -----+ -----+ 
b BC= AD= b and CD= -AB= - a 

-----+ -----+ ---+ -----+ ---+ -----+ 
AC = AB + BC = a + b and BD = BC+ CD = b - a 

----> ----> 
c AC •BD =(a+b)•(b-a) 

=a•b-a•a+b•b-b•a 

=b•b-a•a {as a•b = b•a} 

= lbl
2 

- lal
2 

----> ----> 
and, if lbl = jaj, AC• BD = 0 

-----+ -----+ -----+ -----+ 
d Since AC • BD = 0, AC and BD are perpendicular. 
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4 a a. b = !al lbl cos e where e is the angle between a and b. 

5 

If a • b < 0, then cos e < 0 and so 90° < e < 180°. 

• • • b ~ (:
2

) • ( ~1) ~ -6- 1+ 3 ~ -4 

!al = J(-2)2 + l2 + 32 = v'l4 
lb l = J32 + (-1) 2 + l2 =vu 

- 4 
and cos e = r:;-; ;-:;-:;- ~ -0.3223 

vl4v 11 

and 

and so e ~ 108.8°. 

a ( r ) and ( 3!k ) are parallel if ( 3~ ) = a ( i ) 
for some a. 
Thus, 4 = ak 

k = a, 

3k = 3a 

.... (1) 

.... (2) 

.... (3) 

From (1) and (2), k2 = 4 and so k = ±2. 
Hence the vectors are parallel if k = ±2. 

• if k = 2, the vectors are ( ~ ) and ( 1 ) 
• if k = -2, the vectors are ( -~

2

) and ( =
4

~ ) 

b The vectors are perpendicular if ( i ) • ( 
3
!k ) = 0 

: . 4k + k + 9k = 0 and so k = 0. 

So, the vectors ( ~ ) and ( ~ ) are perpendicular. 

6 a The equation can be written as 
x-1 3 -y 
-2- = - 3- =z=t 

x = 2t + 1, y = - 3t + 3, z = t 

or ( ~ ) = ( ~ ) + t ( ~3} 
a vector parallel to the line is ( ~3 ) . 

ii Letting t = 0, a point on the line is (1, 3, 0) . 
iii The point (7, -3, 2) lies on the line if 

7 = 2t + 1 .... (1) 

-3 = -3t + 3 ... . (2) 

2 = t .... (3) 

So, from (3), t = 2 and from (1), t = 3 which is 
not possible. Thus the point (7, -3, 2) does not lie 
on the line. 

b There are many possible answers. 

Since ( ! ) is perpendicular to ( ~3 ) , a possible 

line is ( ~ ) = ( ~3 ) + s ( ~ ), which is 

X = 5, y = -3 + s, z = 2 + 3s, s E R. 



c If the lines in a and b are to meet, then 

S=2t+l .... (1) 

-3 + s = -3t + 3 .... (2) 

2 + 3s = t .... (3) 

and from these we see that t = 2 and s = 0 

So, the lines meet at the point (S, -3, 2). 

d The line in a has direction vector ( ~3 ) . 

Und IDrn Mection voctm ( :•) 

If the angle between the lines is e' then 

1 

( ~3 ) • ( n 
1 

~ v 4+9 + • Vl+ 4+ • '™, 

l-2 - 6 + ll = v114V6cose 

7 
cos e = loA and so e ~ 40.2° 

v84 

7 If two lines have two points in common, they coincide. 
Alternatively, if two lines have the same direction vector and 
one point in common they coincide. 

8 An equation of a plane through ( 3, -1, 2) parallel to the 

vectors ( T) and ( ~1) is 

( ~) = ( ~1) + s ( 12) + t ( ~1). 

( T) x ( ~1 ) =I ~2 il 11 

=1~1 ili-1~2 ilj+1~2 ~llk 
= (1 - -3)i - (-2 - 9)j + (2 - 3)k 

= 4i+ llj - k 

So, the equation of the plane is 

4x + lly- z = 4(3) + 11(-1) - 2 
:. 4x+lly-z=-1 

One equation for the plane is: 

( ~) = ( T) + s ( ~1) + t ( ~s) 
b A normal to the plane in a is 

( ~1) x ( ~s) = I ~ ~! ~ I 
= I =! ~ I i - I ; ~ I j + I ; =! I k 

= (-4+ lO)i-(12-lO)j + (-lS+S)k 

= 6i- 2j - lOk 

= 2(3i - j - Sk) 

So, n = ( ;! ) , and the line has direction vector 

I= ( ~1). 
If ¢ is the acute angle between the normal and the line, 

. -1 ( 13 + 1 - SI ) 
¢ = sm y9 + 1 + 2Syl + 1 + 1 

= sin -l CdsV3) 
~ S.60° 

10 a A vector normal to 3x - 2y + 7 z = 6 is ( ~2 ) . 

b There are many possible solutions. Letting y = z = 0 

gives (2, 0, 0) as a point on the plane. 

c A line through (2, -1, 1) and normal to the plane has 

equation I= ( ~1) +A ( ~2). 
This line meets the plane when 

3(2 + 3A) - 2(-1 - 2A) + 7(1 + 7A) = 6 
: . 6 + 9A + 2 + 4A + 7 + 49A = 6 

:. A=-~ 
the intersection of the line and plane is at 

(2+3(-~), -1-2(-~), 1+7(-~)) 

or (~, -~, -t2). 
the shortest distance from ( 2, -1, 1) to the plane 

= yl(2- ~)2 + (-1- (-~))2 + (1- (-t2))2 

= /f!fJ = ~ units. 

11 a The planes 2x + 4y + z = 1 and 3x + Sy = 1 have 

normals ( ~ ) and ( ~ ) respectively. 

Let e be the angle between the normals. Then 

I ( ~) . ( ~) I = v 4 + 16 + 1 y9 + 2S + o cos e 

16 + 20 + 01 = V2i V34 cos e 
26 . cose = and so e ~ 13.3° 

V21V34 
b 2x + 4y + z = 1 .... (1) 

3x + Sy = 1 .... (2) 

1 - 3t 
Let x = t, then in (2), y = -S-

( 
1 - 3t) and so in (1 ), 2t + 4 -S- + z = 1 

lOt + 4 - 12t + Sz = S 
:. Sz = 1+2t 

1+2t 
:. z=-s-

This solution is an equation of the line of intersection of 
the two planes. 
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c If the points lie on the plane 5x + 13y + 7 z = 4 then 

5t + 13 ( 1 ~ 3t) + 7 ( 1 ~ 2t) = 4 

.'. 25t + 13 - 39t + 7 + 14t = 20 
.'. 20 = 20 

Hence, the line of intersection of the first two planes lies 
on the third plane. This means that the infinite number of 
points on the line are the solutions of all three equations. 

12 The equation of the line in parametric form is 

13 

x = 1 + 2t, y = -3 + 3t, z = t. 
any point A on this line has coordinates 
(1 + 2t, -3 + 3t, t). 

PA = ( = ~ : ~~ ) and the line has 
1 

__ ( 
321 

) . 
- 3 + t direction vector 

P(2, -1,3) 

The shortest distance occurs when PA • I = O 

.'. - 2 + 4t - 6 + 9t - 3 + t = 0 

: . 14t = 11 

Thus PA = -fA ( ~ ) 
-31 

t = .!l 14 

and the distance= -fA J82 + 52 + (-31)2 ::::> 2.31 units. 

a AB= (-~=~1) = ( ~) 
-1- 2 - 3 

So, Lhas equation (~) = ( ~1) + t ( i
3

} t ER. 

b The plane has normal vector n = ( ~ ) and passes 
through A(l, -1, 2) -3 

the equation of the plane is 

4x + Oy - 3z = 4(1) + 0(-1) - 3(2) 

:. 4x - 3z = -2 

c Any point Pon L has coordinates (1+4t, -1, 2 - 3t). 

:. AP= ( ~ ) 
-3t 

---+ ~---~ 
Now IAPl=20, so J(4t) 2 +(-3t) 2 =20 

16t2 + 9t2 = 400 

:. t2 = 16 

:. t = ±4 
So, letting t = 4, a point on L which is 20 units from A 
is (1+4(4) , -1, 2 - 3(4)) = (17, -1, -10). 

14 a When t = 0, ( ~~) = ( -;
1

) and ( ~;) = ( ~). 
:. shipAisat (-1,3) andshipBisat (7,4). 

b Ship A has velocity vector ( ! 1 ) 

:. its speed is J42 + (-1)2 = v'I7 kmh- 1
. 
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Ship B has velocity vector ( = ~ ) 
:. its speed is y( -2)2 + (-1)2 = y'5 kmh- 1 

. 

c Suppose the ships pass through the same point, and that 
ship A is there at time tA and ship B is there at time t3 . 

XA = XB =? -1+4tA = 7 - 2tB 

.'. 4tA+2t3=8 

.'. 2tA + t3 = 4 .... (1) 

YA =YB '* 3 - tA = 4 - tB 

.' . tA - tB = - 1 .... (2) 

(1) + (2) gives 3tA = 3 

.'. tA = 1 
Using (2), tB = 2 

When tA = 1, XA = -1+ 4 = 3 

and YA = 3 - 1 = 2 

So, the two ships both pass through (3, 2). Ship A is 
there after 1 hour, and ship B is there after 2 hours. 

B(0,7 .. ZC(l,0,.-1: 
A(- 1,2,3) ~---•••---~· D(x,y,z) 

a 
-----+ ---+ 
AD=BC 

( ~~;) = ( !=~) 
z-3 -1-4 

x + 1 = 1, y - 2 = 3, z - 3 = -5 

:. x = 0, y = 5, z = -2 

So, D is (0, 5, -2). 

- - Ii j ABxAD= i ~ 

= i I~ 1 I-· 11 -5 J 1 

= -3i + 6j + 3k 

area= l-3i + 6j + 3k l 

= J ( -3)2 + 52 + 32 

= 3v'6 units2 

-----+ 
16 a AB = -a + b = b - a 

---+ --+ 
b AP: PB= 2: 5 AP= 1AJ3 7 

p =%a+ ¥b 

S P . ( 4 3 18 ) o, 18 7, -7 , 7 . 

---+ -----+ --+ 
OP= OA+AP 

-----+ --+ 
= OA+tAB 
= a+ t(b - a) 
= (1 - t)a + tb 



17 

18 

If la - bl = la+ bl, then PQ = PS, and triangle PQS is 
isosceles. 
Since I-bl= lb!, QR= SR 

--+ ---+ 
:. PR J_ QS {the line joining the apex of an isosceles 

triangle to the midpoint of the base is 
perpendicular to the base} 

So, a is perpendicular to b. 

a AB= ( o~-= 7) = ( ~1) 
line (AB) has equation 

r = ( 7) +A ( ~1} A ER 
b The line L has direction vector ( i 

1 
) 

and (AB) has direction vector ( ~1). 
If (} is the angle between the lines, then 

cosB= 2+0-2 
J22 + (-1)2y'l2 + (-1) 2 + 22 

=0 
(} = 90° 

So, the angle between (AB) and L is 90°. 

19 b = ( i 
1 

} c - 2a = ( ~ 
1 

) - 2 ( i ) 
- ( =! ) 

3 -· 2k 

Now bis perpendicular to c - 2a 

( ~ ) • ( =! ) = 0 
-1 3 - 2k 

-6- 3 + 2k = 0 

:. 2k = 9 

:. k = ~ 

20 The line has parametric equations x = 1, y = 2 - A, 
z = 1 + 2A, A E R. 
The plane has parametric equations x = 3 + s - t, y = s + 2t, 
z = -1 + s + 4t, s, t E R. 
So, the line and the plane meet when 

1=3+s-t t=s+2 

2-A=s+2t 
1+2A=-l+s+4t 

Substituting (1) into (2) gives 

A= 2 - s - 2(s + 2) 

:. A= -3s - 2 .... (4) 

A=2-s-2t 

.... (1) 

.... (2) 

.... (3) 

Substituting (1) and (4) into (3) gives 

1+2(-3s-2) = -l+s+4(s+2) 

-6s - 3 = 5s + 7 

:. lls = -10 

S= -~ 
· A = -3 (-12) - 2 . . 11 

8 
IT 

the point of intersection is ( 1, 2 - -fr, 1 + 2 (-fr) ) 
h. h . (1 14 27) w lC IS ' IT' IT . 

a P1 has normal vector n1 = ( ~ ) , and 

P2 has normal vector n2 = ( i 
1 

) . 

If (} is the acute angle between the planes, then 

cosB= 12+0-ll 
y122 + l2 + l2y'l2 + (-1)2 

1 
cosB = V6V2 
:. (} ::::> 73° 

b The Cartesian equation of P1 is 2x + y + z = 2, and 
the Cartesian equation of P2 is x - z = 5. 
The planes are clearly not parallel. 

Letting z = t, x = 5 + t 

and so 2(5 + t) + y + t = 2 
:. y = -8 - 3t 

So, the equation of the line of intersection is 

r = ( ~8 ) + t ( ~3 } t E R. 

H The line has parametric equations x = 1 + A, y = 1 + 2A, 
z= -A. 
This line meets the plane 3x + 2y - z = 1 where 

3(1 +A)+ 2(1 + 2A) - (-A) = 1 

3 + 3A + 2 + 4A + A = 1 
:. 8A = -4 

:. A=-~ 

So, Pis(l-~, 1+2(-~), -(-~))=(~,o,~) 

u b x c = I ~1 ! JJ 
= I! ~1 Ii -l-;1 ~1 I j + l-;1 ! I k 

= -7i-j - 4k 

(b x c) • 2a = ( =I ) . ( ~ ) 
= -14- 2-16 

= -32 

24 a Equating x, y, and z values for the two lines gives 

4+t=-1+3s .... (1) 

3 + 2t = 1 - 2s .... (2) 

-1 - 2t = 2 + s .... (3) 

Adding (2) and (3) gives 

2=3-s 

:. s = 1 
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Using (2) with s = 1, 

3 + 2t=l-2 

.'. 2t = -4 

.'. t = -2 

Substituting s = 1 and t = - 2 into (1) gives 
4 + (-2) = -1+3(1) which is consistent. 

. ·. the lines intersect at the point corresponding to s = 1 
and t = -2, and this is the point (2, -1, 3). 

b Direction vectors for lines L 1 and L2 are 

a 

b 

a= ( J
2

) and b = ( ~2) respectively. 

If B is the acute angle between a and b, then 

la• b l 
cosB=~ 

then 

13- 4- 21 
-v1 + 4 + 4v9 + 4 + 1 

3 

3y'l4 
1 

v'l4 
B;::::: 74.5° 

the acute angle between L 1 and L2 is about 7 4.5° . 

If y = -2x 

lx+2yl = lx-4xl 

= l-3xl = 3 lxl = 6 

Since x and y are perpendicular, x and 2y are perpendicular. 
Using Pythagoras' theorem, 

Ix+ 2yl = )lxl
2 

+ l2Yl
2 

= ) lxl
2 

+ 4 IYl
2 

= )1xl
2 

+ 4(3 lxl) 2 

=~ 
=257 

The plane has 2 direction vectors ( ~1) and ( ~1) 
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28 

Hence, n = ( ~ 1 ) x ( ~ 1 ) = I i ~ i ~ I 

=l=i ;1i-I~ ;1j+I~ =ilk 
= (-2 + l)i - (2 - O)j + (-1- O)k 

= -i- 2j-k 

= - ( ~ ) is a normal to the plane. 

The line has direction vector ( ~ ) . 

An angle <P between the normal and the line is given by (see 
diagram) 

(D. (D ~v1H+1'/l+4+4co'" 
.'. 7 = V6V9 cos <P 

7 ,I, c cos <P = ~ and 'I' ;::::: 0.309 
v54 

Hence the angle between the line and its reflection is 
2 X </J;::::: 0.618c. 

B(2, 0, -3) 

A(3,-1,5)< 

C(l , 3, -3) 

.AB= o- -1 = 1 , ( 
2-3) (-1) 

-3 - 5 -8 

( 1-3 ) (-2) AC= 3--1 = 4 
-3- 5 -8 

---+ ---+ ---+ ---+ ......... 
AB • AC = IABI IACI cos BAC 

2 + 4 + 64 = v1+1+64v4+16 + 64cosBAC 

70 
cos BAC = rc;c; rn:; 

v66v84 

BAC;::::: 19.9° 

z 

5k 5 

3j 

r--2=i~~ 2 
3 

y 

x 
Di•gruml from ocigin to 2i + 3] + 5k I= dicectinn 0). 
Diagonal from 5k to 2i + 3j has direction ( ~5 ) . 

If the angle between the diagonals is B then 

= v'38v'38 cos B 

4 + 9 - 25 = 38 cos B 

.'. cos B = -H and so (};::::: 108.4° 

The acute angle between the diagonals is 71.6°. 

Note: This angle may depend on the diagonals you select; 

the two other possible angles are 37.9° and 58.2°. 



SOLUTIONS TO TOPIC 5 
(STATISTICS AND PROBABILITY) 

2 

3 

4 

5 

6 

a Each horse is different, so the horses in the race will not 
have the same chance of winning the race. It is therefore 

impossible that a given horse will have exactly a -fa chance 
of winning. 

b Unless the outcomes are all equally likely, 

P(A) = ~~i~ will not hold. 

a There are 13 balls in the bucket, so the total number of 

ways of selecting 5 balls is (15
3
). 

2 reds can be selected in G) ways. 

1 blue can be selected in (i) ways. 

2 blacks can be selected in (;) ways. 

The probability of selecting 2 reds, 1 blue, and 2 blacks is 

G) (i) G) ~ 0 0490 
(1i) ~ . 

b Let X be the number of red balls selected. 
P(X ? 1) = 1 - P(X = 0) 

- 1 _ (~) m ~ o 995 
- (153) ~ . 

a 8+5+5+6+10+7+x+7+ 8 = 7 
9 

x + 56 = 63 

:. x = 7 

b In order, the scores are 5, 5, 6, 7, 7, 7, 8, 8, 10 
: . the median is 7. 

c 7 is the most frequently occurring score, so the mode is 7. 

d Since the mode, median, and mean are all 7, we expect 
the distribution to be approximately symmetrical. 

a f( x)?: 0 onagiveninterval [a,b], and J: f(x)dx= 1. 

b P(x 1 :( X :( x2) = rx2 f (x) dx 
J x1 

a Events A and Bare mutually exclusive if AnB = 0. 

In this case An B contains the numbers 41, 42, 43, 
44. 
So, the events are not mutually exclusive. 

ii P(A U B) = P(A) + P(B) - P(A n B) 

= 1~~ + 110~ - l~O 
- _M_ 
- 100 

b If the events A and Bare independent, P(A I B) = P(A). 

If A and B are mutually exclusive, P(A I B) = 0 since 
if B occurs A cannot occur. 
But P(A) =j 0. Hence, the events cannot be both 
independent and mutually exclusive. 

a 50 chicks were weighed. 

b frequency (!) 
20 ·-··--· ···-····-··-·---- ·····-··•-'·-~·-····· 

10 ~ ·····--- -·········--······--····F 

5 .. 

32 36 40 44 

m 

7 

c 

34 3 102 -10.16 
38 5 190 -6.16 
42 14 588 -2.16 
46 19 874 1.84 
50 8 400 5.84 
54 1 54 9.84 

Total 50 2208 

mean µ = I: f x = 2208 = 44.16 
n 50 

-----
~ = . /I: f(xn- µ)2 standard deviation v y 

= v998.72 
50 

::::: 4.47 

309.68 
189.73 

65.32 
64.33 
272.84 
96.83 
998.72 

The mean weight was about 44.16 g with standard 
deviation 4.47 g. 

a For f ( x) to be a probability density function, 

f
0

2 
a(x2 + 2)dx = 1 

b 

c 

a J: (x2 + 2) dx = 1 

a [ ~
3 

+ 2x J: = 1 

a(~ +4) =1 

a= fa 
fl. 4 3 ( 2 ) P(0.5 :( X :( 1.4) = Jo. 5 26 x + 2 dx 

= fa [ ~
3 

+ 2x] i.

4 

0.5 

- .1... ( 1.43 + 2 8 - 0 .53 - 1) -20 3 . 3 

::::: 0.401 

ii P(X ?: 1) = J1
2 

fa(x2 + 2)dx 

= .1... [ x3 + 2x]2 
20 3 1 

=fa(~+4-~-2) 

= 0.65 

fom fa ( x2 + 2) dx = ~ 

.1... [X
3 

+ 2x] m 
20 3 0 

1 
2 

.1... (m3 

+ 2m) = l 
20 3 2 

m 3 3m _ 1 
20 + 10- 2 

m 3 +6m-10 = 0 

Using technology for m E [O, 2), we find m::::: 1.30. 
So, the median ::::: 1.30. 

ii µ = f
0

2 
xf(x)dx 

= fo2 fa(x3 + 2x)dx 

= fa [ :4 + x2] : 

= -1.. (.!§. + 4) 20 4 

= 1.2 
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Iii E(X2
) = J

0

2 
x 2 f(x)dx 

= J: fo(x4 + 2x2 )dx 

=fa [ ~
5 

+ tx3 J: 
- .1.. (~ + 12) - 20 5 3 

= 1.76 

Var(X) = 1.76-1.22 

= 0.32 

8 From conditional probability, 

P(A I B) = P(A n B) 
P(B) 

9 

But for independent events, 

P(A I B) = P(A) 

:. P(A n B) = P(A)P(B) 

a The random variable is discrete. 

b t+i+k+f2=1 

:. k + i2 = 1 

:. k= 152 

c E(X)= -2(-~)+0(t)+3(f2)+5(f2)=1 and 

Var(X) = (-2)2(t)+02 (t)+32 (f2)+52 (f2)-1 2 = ~ 

: . standard deviation= y'¥::::; 2.48 

d The distribution table is -2 0 3 5 
4 2 5 l 

T2 T2 T2 T2 

The median lies halfway between 0 and 3, so median = ~. 

3 is the most probable outcome, so mode = 3. 

10 P(A U B) = P(A) + P(B) - P(A n B) 

But A and B are independent, so P(A n B) = P(A) P(B). 

Hence, P(A u B) = P(A) + P(B) - P(A) P(B) 

Let P(A) = x . :. 0.63 = x + 0.36 - 0.36x 
:. 0.27 = 0.64x 

x = P(A) ::::; 0.422 

11 The tree diagram uses: M for male L for left handed 

F for female R for right handed 

0.13 L 

~F~R 
~M~L 

0.76 R 

a P(L) = (0.38)(0.13) + (0.62)(0.24)::::; 0.198 

b P(F 
1 

L) = P(F n L) = (0.38)(0.13) ::::; o.249 
P(L) 0.1982 

H x = 80.9 and L, f = 30 

- L,Jx 
Now x = L,J, so L,fx = 80.9 x 30 = 2427 

2 L,(x - x) 2 f L, x 2 f _ 2 
But, s = L f = L f - x 

· 2962 = L, x
2 

f - 80.92 
. . 30 

Thus L, x 2 f = 30(2962 + 80.92
) ::::; 2 824 824 
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13 a The 7 letters are all different. 
: . there are 7! = 5040 different words. 

b I 3 I I I I I I 2 I 
+ + 

3 vowels 2 vowels remain 
So, there are 3 x 2 x 5! = 720 ways. 

c These 3 vowels can be ordered in 3! ways. 
Considering the vowels as one block, this block plus the 
other 4 can be ordered in 5! ways. 
:. total number of ways= 3! x 5! = 720 

14 a The random variable is continuous. 

b la sin(~x) dx = 1 

15 

[ -2cos(~x)]~ = 1 

-2cos(%) + 2 = 1 

-2cos(%) = -1 

cos(%)=~ 
Q, 7r 

2 3 
a= 2; {only valid solution as 

sin(~x) must remain 
non-negative} 

2~ 

c E(X) = 13 
x sinax) dx::::; 1.37 

Var(X) = 1¥ x2 sin(~x) dx - E(X?::::; 0.248 

: . a= Jvar(X)::::; 0.498 

d The median mis the solution of 1m f(x) dx = ~· 

1m sin(~x) dx = ~ 

[-2cos(~x)J: = ~ 

-2cos(T)+2=~ 

:. 2cos (T) = 1~ 

cos(T)=~ 

:. T::::; 0.1221 

:. m::::; 1.45 

sin(~x) on 0 :c:;; x :c:;; 2
; is a maximum at x = 2

; 

the modal value of X is 2
;. 

die 2 6 5 4 3 2 1 0 
5 4 3 2 1 0 1 
4 3 2 1 0 1 2 
3 2 1 0 1 2 3 
2 1 0 1 2 3 4 
1 0 1 2 3 4 5 

1 2 3 4 5 6 die 1 

There are 6 outcomes where the difference is 3. 
As all outcomes are equally possible, the probability of the 

difference being 3 is ~= t· 
16 P(AuB) = 1 - P(AuB)' = 1 - f2 = H 

P(A u B) = P(A) + P(B) - P(A n B) 

:. H=0.46+~-P(AnB) 

P(A n B) = 0.46 + ~ - H 
P(A n B) ::::; 0.258 



1 7 a X is Poisson. 

b mean m = 12, variance = 12, 

standard deviation = vvariance = v'12. 
1210e-12 

c P(X = 10) = lO! ;::; 0.105 

d P(X? 10) = 1- P(X::;;; 9);::; 0.758 

18 X rv N(37, 32). 

a X is continuous. 

b Since X is continuous the probability of any specified 
value is zero, in particular P(X = 27) = 0. 

Since 27 is more than 3 standard deviations from the mean, 
it is also highly unlikely to have a score that would be 
measured as 27. 

c As 
33 

-
37 = - i 33 is i3 standard deviations on the V9 3' 

left of the mean. 

d P(X ? 37) = P(X ::;;; 37) = ~ and since 39 > 37, 

P(X? 39) < ~· 
e P(X ? 39) ;::; 0.252 

P(31::;;; X::;;; 39) ;::; 0.725 

g P(IX - 371 ::;;; 2) = P(-2::;;; X - 37::;;; 2) 

= P(35 ::;;; X ::;;; 39) 

h 

;::; 0.495 

P(X ? k) = 0.56 
P(X::;;; k) = 0.44 

P (x - 37 s. k - 37) = o.44 
3 "' 3 

p ( z::;;; k ~ 37) = 0.44 

k - 37 ;::; -0.151 
3 

k;::; 37 + 3(-0.151) 
k;::; 36.5 

21 

a+b=7l 
a+c=44 

a +d = 21 

b=7l-a 
c=44-a 
d = 21-a 

R = right-handed 

B =blonde 

Now a+b+c+d= 100 

a+ (71 - a)+ (44 - a)+ (21 - a)= 100 

:. l36-2a=l00 

a= 18 

So, b = 53, c = 26, d = 3 

3 UL_ __________ __, 

a P(R n B') = 11~0 = 0.18 

b P(R n B) = 15~0 = 0.53 

c P(R u B) = 18\5030+26 = 0.97 

P(X ::;;; 15) = 0.613 

p ( x; µ ::;;; 15
; µ) = 0.613 

p ( z ::;;; 15 : 13) = 0.613 

~;::; 0.287 

CY;::; 6.97 

23 a mean = variance = CY2 = 9.61 

1 9 a Y is binomial. 

b n = 30 and p = t 
mean = np = 30 x t = 6 

variance= np(l - p) = 30 x i x t = 4.8 

standard deviation= v'4:8;::; 2.19 

c P(Y = 20) = (~~)Ci) 20 (t) 10 
RO 3.38 x 10-8 

d To get a score of at least 6 + 2(2.191);::; 10.4, we need 
at least 11 correct answers. 
P(Y? 11) = 1 - P(Y::;;; 10);::; 0.0256 

20 a In general, the number plates are of the type 

b 

Total = (26) 3 x 9 x 102 = 15 818 400 

P(first letter is A) = -k 
P(second letter is B) = -k 

P(last digit is 0) = fa 
probability of this number plate = -k x -k x fa 

1 
= 6760 

m 

9.6lxe-9.61 
b P(X=x)=---

x! 
9.618 e-9.61 

c P(X = 8) = 
8

! 

;::; 0.121 

ii P(X? 11) = 1 - P(X ::;;; 10) 
RO 1 - 0.632 

iii 

;::; 0.368 

P(X ? 13 I x ? 9) 

P(X ? 13 n X ? 9) 
P(X ? 9) 

1 - P(X::;;; 12) 
1- P(X::;;; 8) 

1 - 0.827 
;::j---

1 - 0.378 

RO 0.278 

P(X ::;;; 24) = 0.035 

( 
24 - µ) p Z ::;;; -CY- = 0.035 

24 - µ ;::; -1.812 

24- µ;::; -l.812CY .... (1) 
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Also, P(X ) 33) = 0.262 

:. P(X :( 33) = 0.738 

r(z~ 33;µ) =0.738 

33 - µ ::::; 0.6372 

33 - µ ::::; 0.6372a .... (2) 

(1) - (2) gives 
(24 - µ) - (33 - µ)::::; -l.812a - 0.6372a 

:. -9 ::::; -2.449a 

:. a::::; 3.67 

µ::::; 24 + 1.812(3.67) ::::; 30. 7 

25 The committee can be chosen in ( i5
7) ways. 

( 
(;) (~) ~ 

a P 3 men and 3 women)= (1Z) ~ 0.380 

b P(at least two of each sex) 

(;) (!) + (;) (~) + (~) (~) 
(in ::::; 0.869 

c P(an even number of women) 

(~) (~) + (~) (~) + (;) (!) + (~) (~) 
(1:) 

::::; 0.498 

26 Let X be the number of damaged prawns in the sample. 

Xis binomial with n = 200 and p = 0.03 

mean= np = 200 x 0.03 = 6 

standard deviation= yf np(l - p) 

= -v200 x o.o3 x o.97 
::::; 2.41 

27 a P(X = 1) + P(X = 2) = P(X = 3) 

mie-= m 2e-= m 3 e-= 
.. . --1,- + --2,- = _3_!_ 

:. 6m + 3m2 = m 3 { x 6e=} 

m(m2 - 3m - 6) = 0 

3 ± J9 - 4(1)(-6) 
m= 2 

3 ± v'33 
m= 2 

3 + v'33 So, m = 
2 

{as m > O} 

3 + v'33 b m = 
2 

::::; 4.372 so X ~Po(4.372). 

4 3724e-4.372 
P(X = 4) = . ::::; 0 192 4! . 

ii P(X ) 2) = 1 - P(X :( 1) 
::::; 1 - 0.068 
::::; 0.932 

SOLUTIONS TO TOPIC 6 (CALCULUS) 

1 a Domain= {x I x =I= 0, x E JE.} 

b lim (:'..) = lim 1 
x-+o- X x-+0-

{since x =I= O} 

= 1 

ii Similarly, lim (:'..) = 1. 
x-+O+ X 

c f ( x) is not continuous at x = 0 because f ( 0) is not 
defi~+---------
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2 a y = 3 - 2x2 

3 

" 

dy . 3 - 2(x + h) 2 
- (3 - 2x2

) - = lrm --~-~-~-~ 
dx h-+O h 

3 - 2x2 
- 4xh - 2h2 

- 3 + 2x2 

= lim -----------
h-+O h 

= lim -2h(2x + h) 
h-+0 h 

= lim -2(2x + h) 
h---70 

= -4x 

b When x = 1, y = 3 - 2 = 1 

and dy = -4 
dx 

a 

b 

c 

d 

the normal at (1, 1) has gradient ~ 

y-1 
the equation of the normal is 

x-1 

which is y - 1 = ~ x - ~ 

or y = ~x + ~ 

1 
4 

f(x) = J3x 2 + 5x - 2 = (3x2 + 5x - 2)! 

J'(x) = ~(3x2 + 5x - 2)-! x (6x + 5) 

6x+5 

2v3x2 + 5x - 2 

f(x) = x2e2x-3 is a product with 

u = x2 and v = e2
x-

3 

: . u' = 2x and v' = 2e2
x-

3 

J' (x) = 2xe2x-3 + x2 (2e2x-3) 

= 2xe2x-3(1 + x) 

f(x) = 3x2-x-2 

J'(x) = 3x
2
-x-2 ln3 X (2x - 1) 

f(x) = (sinx)ecosx is a product with 

u = sinx and v = ecosx 

:. u'=cosx and v'=-sinxecosx 

J' (x) = COS X ecos x +sin x(- sin x ecosx) 

= ecosx(cosx - sin2 x) 

a j ~ dx = 3ln lxl + c 

b J cos(3x - 2) dx = ~ sin(3x - 2) + c 

J 2x2 -x - 3 
c 

2 
dx 

x 

3x-1 

= 2x - ln lxl - -- + c 
-1 

3 
= 2x - ln lxl + - + c 

x 

5 a y = ln(2x2 + 8) 
dy 4x 2x 
dx 2x2 + 8 x 2 + 4 

b x+2 . . . h 
y = x2 + 

3 
is a quotient wit 

u = x + 2 and v = x 2 + 3 

u' = I and v' = 2x 



c 

dy l(x2 + 3) - (x + 2)2x 
· · dx (x2 + 3)2 

x 2 + 3 - 2x2 
- 4x 

(x2 + 3)2 

3-4x - x 2 

(x2 + 3)2 

y = arcsin(2x) 

dy 1 x 2 
· · dx Ji - (2x) 2 

2 

d y = ex ln x 

~; = ex lnx x [ l(lnx) + x G)] 
{chain and product rule} 

= e"' 10 "'(ln x + 1) 

[5 x 1 15 
2x 

6 } 3 x2 - 8 dx = 2 3 x2 - 8 dx 

= t [ln !x2 
- s!J: 

= t (ln 17 - ln 1) 

= t ln 17 

7 f(x) = x - 4 
x+2 

Since f(3) = ~1 , thepointofcontactis (3, -i)· 

f '(x) __ l(x + 2) - (x - 4)1 Now {quotient rule} 
(x + 2) 2 

6 

(x + 2) 2 

f' (3) = -ls 
the tangent has equation 

6x - 25y = 6(3) - 25( -i) 
6x- 25y = 23 

8 a The curves meet where 
x(x + 4)(x - 4) = 9x 

: . x(x2 - 16) = 9x 

:. x(x2 
- 25) = 0 

. . x(x + 5)(x - 5) = 0 

:. x = 0 or ± 5 

the curves meet at (-5, -45), (0, 0), and (5, 45). 

b Area A = {
0 

(x(x + 4)(x - 4) - 9x) dx 
}_5 

ii Area B = 15 

(9x - x(x + 4)(x - 4)) dx 

Ill Area A + Area B 

= [
5

5 

Jx(x + 4)(x - 4) - 9xJ dx 

9 J sin2 3x dx = J ( t - t cos 6x) dx 

= tx - t(t) sin6x + c 

10 a 

= tx - 1
1
2 sin 6x + c 

3 3 -2 
Y = x2 = x 

dy = -6x-3 
dx 

d
2
y 18 -4 18 

. . dx2 = x x4 

11 

b y = x 2 sin3x 

:; = 2x sin 3x + x 2 (3 cos 3x) {product rule} 

= 2x sin 3x + 3x2 cos 3x 

d2 
dx; = 2 sin 3x + 2x(3 cos 3x) + 6x cos 3x 

+ 3x2 (-3sin3x) 

= 12x cos 3x + (2 - 9x2
) sin 3x 

1
k x dx = 1 

0 vx2 +4 

t 1\x2 + .4) - ~ (2x) dx = 1 

~ [(x2 ~4)~J: =l 

. . [ J x2 + 4 J : = 1 

Jk2 +4-2=1 

.. Vk2 +4 = 3 

k 2 +4 = g 

.. k
2 = 5 

k =±Vs 
But k > 0, so k = v'S. 

12 For J x ln x dx we integrate 

by parts with: 

u= ln x 

I 1 
u = -

x 

13 

14 

j x ln x dx = (ln x) ( ~
2 

) - j ( ~) ( ~2 

) dx 

= tx2 lnx - t J xdx 
1 21 1 2 = 2x nx - 4 x + c 

y = x 2 
- 2x - 4 

dy = 2x - 2 . . dx 

When x=-1, y=(-1) 2 -2(-1)-4 

= -1 

and :; = 2(-1) - 2 

= -4 

So, the nonnal has gradient ~. 

Thus, the equation of the normal is 

x-4y = (-1)- 4(-1) 

x-4y=3 

x 
a f(x) = ~2 x -

f ( x) is undefined when x 2 
- 2 = 0 

x=±V2 

b J'(x) = l(x
2 

- 2) - x(2x) 
(x2 - 2)2 

-(x2 + 2) 
(x2 - 2)2 

f'(x) < 0 for all x for which f'( x) is defined, so 
f ( x) is never increasing. 
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c 
/ -X

2 
- 2 

f (x) = (x2 -2)2 

11 
-2x(x 2

..,.. 2) 2 
- (-x2 

- 2) [2(x2 
- 2)(2x)] 

f (x) = (x2 - 2)4 

- 2x(x2 
- 2) [(x2 

- 2) + 2( - x2 
- 2)] 

(x2 - 2)4 

2x(x2 + 6) 
(x2 - 2)3 

+ + 
...------~------· x 

-fi 0 fi 

f ( x) is concave down for x < -v'2 and 

0 ~ x < v'2. 

15 v = t3 - 3t2 e0 ·05
t 

16 

: . the distance travelled in the first 5 seconds 

= 15 

lvl dt 

= 15 

lt3 
- 3t2 e0

·
05tl dt ~ 28.2 units {using technology} 

a y = xe- x 

b 

dy l -x ( -x) dx = x e + x - e {product rule} 

= e-"'(1- x) 

there is a stationary point when x = 1. 

~ 
••-;--+--~1---T-\--· x 

- 1 
When x = 1, y = le 1 = -

e 

there is a local maximum at ( 1, ; ) . 

x-3 
y = x 2 - 5 

dy l(x2 
- 5) - (x - 3)2x 

dx (x2 - 5) 2 

-x2 + 6x - 5 
(x2 - 5)2 

-(x - l )(x - 5) 
(x2 - 5)2 

{quotient rule} 

~- i \ -+ /i5d 
.. \-J5"'1/ J5 / 5 \. x 

When X ...... 1 y - - 2 - .! 
- ' - - 4 - 2· 

When x = 5, y = fa = fa 
there is a local minimum at ( 1, 1) 

and a local maximum at ( 5, 1
1
0 ). 

17 jtan2 2xdx = j (sec
2

2x -l)dx 

= 1tan2x-x+c 

18 Let f(x)=x 3 + 2x+l 

:. f( - 1)=(-1)3 +2(-1)+ 1 

= -2 

Now J'(x) = 3x2 + 2 

J'(-1)=3(-1) 2 +2 

=5 
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the tangent at (-1, - 2) has gradient 5, and its equation is 

5x-y = 5(-1) - (-2) 

5x - y = - 3 or y = 5x + 3 

Now y = 5x + 3 meets y = x 3 + 2x + 1 where 

x3 + 2x + 1 = 5x + 3 

x 3 
- 3x - 2 = 0 

The tangent touches the curve at x = -1, so ( x + 1) 2 is a 
factor of this cubic. 

(x + 1)2 (x - 2) = 0 
:. x = -1 or 2 

When x = 2, y = 23 + 2(2) + 1 = 13 

So, the tangent meets the curve again at (2, 13). 

19 a y=ax2 +bx + c 

20 

dy 
· · dx 

= lim a(x+h) 2 +b(x+h)+c-(ax2 +bx+c) 
h-O h 

= lim J + 2axh + ah2 + lr.t' + bh +.e-- J - lr.t' - .e-
h- o h 

= lim h(2ax + ah+ b) 
h - O h 

= lim (2ax +ah+ b) {since h =f O} 
h-o 

= 2ax + b 

b At the vertex of the quadratic, the gradient is 0 

2ax + b = 0 
b 

x =--
2a 

y 
1 

Let x be the x-coordinate of C. 
Then C has coordinates ( x, cos x). 

So rectangle ABCD has area A = 2x cos x 

A' = 2 cos x + 2x( - sin x) {product rule} 

A'= 0 when 2xsinx = 2cosx 

xtanx = 1 

: . x ~ 0.860 {technology} 

C has coordinates (0.860, 0.652) 

x 

21 y = 8x - x 2 = x(8 - x) cuts the x-axis at 0 and 8 

H a 

Y area= 1
8 

(8x-x
2
)dx 

y=8x-x2 

x 

s(t) = 12t - 3t3 + 1 

v(t ) = s'(t) = 12 - 9t2 

a(t) = v'(t) = -18t 

= [8x2 - x3 ] 8 

2 3 0 

= (256- 5
;

2 )-0 

= 2~6 units
2 



b v(t) = 12-9t2 

= 3(4 - 3t2) 

= 3(2 + tV3)(2 - tV3) 

which has sign diagram 

a(t) = -18t 

which has sign diagram 

2 
+ • t 

13 

• t 

Speed is decreasing when v(t) and a(t) have the 
opposite sign. 
: . speed is decreasing for 0 ~ t ~ }s. 

ii Velocity is decreasing when v' ( t) '( O 
Since v' ( t) = a( t) ~ 0 for all t ;? 0, the velocity 
is decreasing for t ;? 0. 

26 14 

~ dx = 14

(x +4) - ! dx 
0 yX + 4 0 

27 a 

= [ (x ~ 4)! ]: 

=[2v'x+4]~ 
= 2Vs- 2)4 

= 4y'2 - 4 

x 2 
- xy2 + y = 21 

d 2 d 2 d d 
-(x ) - -(xy ) + -(y) = -(21) 
dx dx dx dx 

2x - [ y
2 + x ( 2y ~;) J + ~; = O 

dy 2 
- ( 1 - 2xy) = y - 2x 
dx 

dy y2 
- 2x 

dx 1- 2xy 

23 For J arctan x dx we integrate by parts with: b eY sin2x = 1 

u = arctanx v' = 1 ! (eY sin2x) = d~ (1) 

I 1 d 
------ - ... .. . ·····---- -- '!!'._=--t+-x2-- .Y .=:_X. _. _____ ____________ ______ . _____ .... ___ -· -·-··· -·-----.: ~_e.Ya~sin.2x.+-.e~~2..cos.2x}=o_ Q ___ ____ ........ ------·-····--·- _ 

24 

25 

a 

J arctanxdx 

= x arctan x - J __.E_2 dx 
l+ x 

= xarctanx - ~ J ~2 dx 
l+x 

= x arctan x - ~ ln j 1 + x 2 
j + c 

= xarctan x - ~ ln(l + x 2
) + c {since 1 + x 2 > O} 

J(x) = x 3 
- 3x2 

- 9x + 5 

j' ( x) = 3x2 
- 6x - 9 

= 3(x + l)(x - 3) 

which has sign diagram + + ..--_-1...._ __ 3.J......-· x 

So, f(x) isincreasingfor x~- 1 and x;?3. 

b J'(x)=3x2 -6x-9 

: . f 11 ( x) = 6x - 6 

= 6(x - 1) 

which has sign diagram + 

1 
x 

So, f ( x) is concave up for x ;? 1. 

y 

2 x 

y=x2 -2x 

V = 7f 12 Y2 dx 

= 7r 12 

(x
2 

- 2x)
2 

dx 

= 7r 12 

x
4 

- 4x3 + 4x
2 

dx 

= 7r [ x
5
5 _ 4~4 + 4~3 J: 

= 7r(¥- 16+¥) 

= !£-ir units3 
15 

28 

29 

dy -2eY cos 2x 
dx eY sin2x 

= -2cot2x 

a J xe-x
2 
dx = -~ j(-2x)e- x

2 
dx 

= -lf e" du dx 
2 dx 

du 
{u = -x2

, - = -2x} 
dx 

=-~Je"du 

= -~e" + c 

= _l e_ "'2 + c 
2 

b f5"'dx= 1~5 f5"' ln5dx 
1 x 

= ln5 x 5 + c 

5"' 
= ln 5 + c 

c j(x 2 + 1)3 dx = J x 6 + 3x4 + 3x2 + 1 dx 

= ~x7 
+ ~x5 

+ x 3 
+ x + c 

J
0
k sin x dx = 0.42 

:. [-cosx]~=0.42 

-cask+ cosO = 0.42 

cask= 0.58 

: . k :::::; 0.952 {O ~ k ~ 7r} 

30 K = ~mv2 

Differentiating with respect to t gives 

dd~ = ~ [ dd7 v2 + m ( 2v ~~) J 

50000 = ~ (-10v2 
+ 2mv ~~) 

Particular case: When m = 4000, v = 8: 

50000 = ~ (-10(64) + 2(4000)(8) ~~) 
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100 000 = -640 + 64 000 ~: 
100 640 = 64 000 ~~ 

~~ R; 1.57 

So, the velocity is increasing at 1.57 kms-2
. 

31 y = x2 
- 3x meets y = x where 

33 

x 2 
- 3x = x 

x 2 -4x = 0 

x(x - 4) = 0 

:. x = 0 or 4 

area= 14 

(x - (x
2 

- 3x)) dx = 14 

(4x - x
2

) dx 

= [ 4~2 _ x
3
sJ: 

=32-¥ 

= ¥ units
2 

y 

y=Jx- ll 

x 

J: Ix - ll dx = f0

1 
(1 - x) dx + J1\x - 1) dx 

[ 
1 2] 1 [ 1 2 ] 3 = X - 2X 0 + 2X - X 1 

= ( 1 - ~ x 12
) - ( 0 - ~ x 02

) 

+ ( ~ x 3
2 

- 3) - ( ~ x 12 
- 1) 

5 
2 

A 

45° 

D 

B 

x 

Let A and B be the distances travelled by the 28 kmh- 1 and 

the 32 kmh- 1 roadrunners respectively. 

:. D 2 = A 2 + B 2 
- 2AB cos45° 

:. D 2 = A2 + B 2 
- V2AB 

Differentiating with respect to t gives 

2DdD = 2A dA 2BdB _ '2 (dA B A dB) 
dt dt + dt v L, dt + dt 

2D dd~ = 2A(28) + 2B(32) - J2(28B + 32A) 

Particular case: 

After 15 minutes or i hour A = 7 and B = 8, and so 

D 2 = 72 + 82 
- v!2(7)(8) 

:. D = V113 - 56Vz ~ 5.814 

2(5.814) ~ = 56(7) + 64(8) - V2 [28(8) + 32(7)] 
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11.628 dd~ = 904 - 448V2 

dD dt R; 23.3 

So, the distance between the roadrunners is increasing at a rate 

of23.3 kmh-1
. 

34 a d 
- (ln Jsec x +tan xi) 
dx 

1 d 
secx + tanx x dx (secx + tanx) 

sec x tan x + sec2 x 
secx + tanx 

secx(tanx + secx) 

secx + tanx 

= secx 

: . J sec x dx = ln Jsec x + tan x I + c 

b J sec3 x dx = J sec2 x sec x dx 

Let u = secx I 2 v =sec x 

u' = secxtanx v = tanx 

J sec3 xdx 

= sec x tan x - J sec x tan x tan x dx 

J sin2 x = secx tan x - --
3

- dx 
cos x 

J l - cos2 x 
= secxtanx - 3 dx 

cos x 

= secxtanx - -- - --dx J 1 1 

cos3 x cosx 

= sec x tan x - J sec3 x dx + J sec x dx 

= secxtanx - J sec3 xdx + ln Jsecx +tan xi 

{using a} 

J sec3 x = ~ (sec x tan x + ln Jsec x +tan xi) + c 

35 The bin has capacity 500 litres 

= 500000 mL 

7rT2 h = 500 000 

h = 500000 
7rr2 

Surface area A = 27rrh + 7rr2 

2 (
500000) 2 = 7rr --2- + 7rr 

7rT 

= 1 000 OOOr -i + 7rr2 

dA 1000000 
2 

d 
2 + 7rr r r 

dA = 0 when 27rr = 1 000 000 
dr r 2 

27rr3 = 1 000 000 

r= 3 1000000 R; 54.2 
27r 

and h ::::: 500 000 ::::: 54.2 
1r(54.2)2 

T ....... ····· .... r 

So, the surface area of the bin is minimised when the bin has a 
base radius and height of 54.2 cm. 



36 Let u = 3x - 4 

37 

38 

u+4 du 
x = -- and - = 3. 

3 dx 

J xJ3x - 4dx = i Ju; 
4 

y'U,(3) dx 

= ~ J ((u+4)fo) du 

1 J 3 1 = 9 ( u 2 + 4u 2) du 

= l (iu~ + ~u!) + c 9 5 3 

5 8 .1 
= ;fg(3x -4)2 + 27 (3x - 4)2 + c 

x+2 A . B 
a =--+--

(x - I)(x + 3) x - 1 x + 3 

A(x + 3) + B(x - 1) 
= (x - I)(x + 3) 

(A+ B) x + 3A - B 
(x - l)(x + 3) 

A+B=I .... (1) 

3A- B = 2 .... (2) 

From (1), B = 1 - A 

Substituting into (2), 3A - (1 - A) = 2 

:. 4A=3 

A=~ 

B=i 

x + 2 1 l ----- = _ 4_ +-4-
(x - l)(x + 3) x - 1 x + 3 

bf x+
2 d -/( ~ + i )d (x - l)(x + 3) x - x - 1 x + 3 x 

= ~ ln Ix - II + i ln Ix+ 31 + c 

y = lnx 
or 
x=eY 

3 x 

1
ln 3 

V =Jr 
0 

x2 dy 

=Jr 1ln3 e2y dy 

=Jr [~e2y]~n 3 

1 ( 2 In 3 0) = 2Ir e - e 

_ 1 ( ln3
2 l) - 2Jr e -

= ~1r(9 - 1) 

= 4Ir units3 

39 Let x=2sin8, so dx=2cos8d8 

When x = 1, e = 'lf 
When x = J3, 8 = f 

j v'3 1 dx = (i 2cos8 dB 

1 v'4-x2 If; J4-4sin2 8 

= ['f 2cos0 dB 
J J! 2 cos() 

6 

= l'f de 
6 

= i - {t 

40 J xtan2 xdx = J x(sec2 x - 1) dx 

= J x sec2 x - x dx 

x2 
= -

2 
+ J xsec2 xdx 

41 

We integrate by parts with u = x I 2 v =sec x 

u' = 1 v = tanx 

x2 J xtan2 xdx = -
2 

+ xtanx - J tanxdx 

-X -Slll X 
= -- +xtanx+ --dx 2 I . 

2 cosx 

-x2 
= -

2
- + xtanx + ln lcos x l + c 

l a__£__ dx=2 
o x3+1 

lla ~dx-2 
3 o x3 + 1 -

l
a 3 2 

· 

0 

_x_dx=6 
x3 +1 

:. [lnlx3 +Il]~=6 

ln ja3 + lj - ln 1 = 6 

lnja3 +l j=6 

a3 +1=e6 {a > O} 

.· . a3 = e6 
- 1 

:. a= \/e6 -1 

a Let 
du . 

u=l+cosx, dx =-s1nx. 

b 

I 
sinx d I -2 ( du) d 

(l+cosx)2 x= u -dx x 

y 

= J -u-2 du 

-u -1 

=--+c 
-1 

1 = - +c 
u 

1 = +c 
1 + cosx 

y=f(x ) 

x 

Area 
2~ 

{
3 sinx d 

= }JJ. (1 + cosx) 2 x 
3 

1 2; 
= [1 + cosxJ 2!: 

3 

1 1 

l-~-1+~ 

=2-~ 
4 . 2 = 3 umts 

43 I sin
3 

x dx =I sin
2 

x sinx dx 
cos2 x cos2 x 

m 

= J (1 - cos
2 

x) sinx dx 
cos2 x 

= j ([cosx] - 2 sinx - sinx) dx 
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L 
du . 

et u = cosx, dx = -smx. 

J sin
3

x dx = Ju-2 (-du) dx-(-cosx) +c 
cos2 x dx 

u-1 

= --=! +cosx+c 

1 
= - +cosx + c 

u 
= sec x + cos x + c 

1 
lnx 

44 y=-
x2 

dy 
dx 

- (x2
) - lnx(2x) 

x 
x4 

x - 2xlnx 
x 4 

45 

1- 2lnx 
x 3 

(-·;) x 3 
- (1- 2ln x )3x2 

x6 

-2x2 
- 3x2 + 6x 2 ln x 

x6 

-5+6lnx 
x4 

d
2

y = 0 when - 5 + 6 ln x = 0 
dx2 

:. 6lnx= 5 

:. ln x = ~ 
5 

:. x = e6 

+ f"(x) has sign diagram: 
---~0----'-Q,.--~x 

e e 

There is a point of inflection at 

l 
a Let y = x x , so 

1 fox 
lny = -lnx = -

x x 

G) x - lnx(l) 

ydx x2 

. dy = ( 1 - ln x ) ~ 
· · dx x 2 x 

b A stationary point exists when ~~ = 0 

:. ln x = 1 x = e 
1 

When x = e, y = e e 

: . ( e, et ) is a stationary point. 

1-lnx 
x2 

46 We integrate by parts with u = x 2 

u' = 2x 

I • 
v =smx 

v = -cosx 

J x 2 sin x dx = - x 2 cosx - J -2xcosxdx 

= -x2 cosx + 2 J xcosxdx 

.... We now integrat<J by parts with u - 9J v' = ces x 

u' = 1 v = sinx 

J x 2 sin x dx = -x2 cos x + 2 ( x sin x - J sin x dx) 

= - x 2 cos x + 2xsinx - 2( - cosx) + c 

= -x2 cos x + 2xsinx + 2cosx + c 
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47 

48 

J 1 -2x dx 
v'l - x 2 

= J 1 
dx + J -2

x dx 
v'l - x2 V1=X"2 

= arcsinx + J )u ~~ dx 

2 du 
{where u = 1 - x , dx = -2x} 

. J _l. d = a.resin x + u 2 u 
l uz 

= arcsinx + - 1- + c 
2 

= arcsin x + 2_~ + c 

f(x) = 2xe"' - 6e"' - 3x2 + 12x + 5 

J'(x) = 2e"' + 2xe"' - 6e"' - 6x + 12 
= e"'(2x - 4) - 6x + 12 
= 2e"'(x - 2) - 6(x - 2) 
= 2(x - 2) (e"' - 3) 

J'( x )=O when x=2 or e"'=3 

x = 2 or ln3 

49 We integrate by parts with u = arccos x 
/ -1 

v' = 1 

u=---
v'l - x 2 

V=X 

J arccos x dx = J 1 arccos x dx 

J - x 
= xarccosx - ~ dx 

vl- x 2 

2 dw 
Let w = 1 - x - = -2x 

' dx 

J arccosx dx = xarccosx - J Jw ( ~ ~:) dx 

= xarccosx - ~ J w- ~ dw 
1 

= x arccos x - ~ (2w 2) + c 

= x arccos x -~ + c 

50 L 1 
du . 

et u = + cos x, dx = - sm x 

51 

m 

When x = 0, u = 2. When x = :g:, u = 1. 

1]- sinx dx -1]- .!:_ (-du) dx 
1 + cos x -

0 
u dx 

By the cosine rule, 

= -11 2:.du 
2 u 

= 12 2:.du 
1 u 

= [ln lul) ~ 
=ln 2- lnl 

= ln2 

132 = x 2 + y2 
- 2x y cos(120°) 

169 = x 2 + y2 + xy 

dx 1 dt = 2 msec-



dx dy dx dy 
2x dt + 2y dt + dt y + x dt = O 

dx dy 
:. (2x + y) dt + (x + 2y) dt = 0 

Particular case: x = 7 

.. . 169 = 72 + y2 + 7y 

.. . y 2 + 7y - 120 = 0 
(y - S)(y + 15) = 0 

:. y = 8 or - 15 

:. y = 8 {y > O} 

22(2) + 23 ddyt = 0 and so dy = _ii 
dt 23 

at that instant, the ladder is moving down the wall at 

~ msec- 1 

du 1 
52 Let u = arctan x, --

dx 1 + x 2 · 

J arctan x d J du d J d 
1 + x2 x = u dx x = u u 

53 Let x = 2sinB, ~~ = 2cosB. 

J v:r=x2dx 

= f V 4 - 4 sin2 B 2 cos B dB 

= J 2J1 - sin2 B2cosBdB 

= 4J cos2 BdB 

= 4 JG + ~cos 28) dB 

= 4 ( ~B + ~sin 28) + c 

= 28+sin28+c 

= 28 + 2sinBcosB + c 

u2 
=-+c 

2 

= Harctanx)2 + c 

= 2arcsin (~) + 2 (~) ( ~) + c 

= 2arcsin (~) + ~xJ4-x2 + c 

SOLUTIONS TO EXAMINATION PRACTICE SET 1 

3 

a L (2r + 2r) = (2 + 2) + (4 + 4) + (6 + 8) = 26 
r=l 

n 

b L (2r+r) 
r=l 

= 2 + 21 + 4 + 22 + 6 + 23 + 8 + 24 + .... + 2n + 2n 

= (2 + 4 + 6 + 8 + .... + 2n) + (2 + 22 + 24 + .... + 2n) 

n 2(2n - 1) 
= 2(2+2n) + 2-1 

'--.,,.-' ..._,__..., 
arithmetic sum geometric sum 

= n(n + 1) + 2(2n - 1) 

2 loga vn = loga(23 32 ) ~ 

= loga(2~ 31
) 

= ~ loga 2 + loga 3 

= ~b+c 

m 

3 lf (cos2 x + tan2 x) dx 

6 

=if G+~cos(2x)+sec2 x-1) dx 
6 

=if (~ cos(2x) + sec
2 

x - ~) dx 
6 

lt 

= [~ sin(2x) +tan x - ~x] ~ 
6 

= ~ sin en + tan ( i) - i - ~ sin ( i) - tan ( i) + f2 

= i ( 1) + v'3 - ~ - i ( 1) - ~ + f2 
=J3-.l_.2!:. v'3 12 

4 a y 

x=3-y2 3 .... /y=x 
.. ·· 

3 x 

b The reflection x = 3 - y2 is not a function since, for 
some values of x, there are two corresponding values of y. 

For example, when x = 0, y = -v'3 or v'3. Therefore, 
the reflection is not the inverse of y = f ( x). 

c For the function y = - x 2 + 3, x ( 0, the inverse 

function is x = -y2 + 3, y ( 0 

:. y 2 = 3-x 

y= - J3-x {since y(O} 

_.... . ....-y=x 

3 
x 

5 f(x) = 2x3 
- x 2 

- 8x - 5 

6 

f(-1) = 0 hence (x + 1) is a factor. 

:. 2x3 
- x2 

- Sx - 5 = (x + 1)(2x2 +ax - 5) 

Equating coefficients of x2
, -1 = 2 + a 

So, 2x3 
- x 2 

- 8x - 5 

= (x + 1)(2x2 -3x -5) 

= (x + l)(x + 1)(2x - 5) 

= (x + 1)2 (2x - 5) 

a= -3 

f(x) > 0 if 2x - 5 > 0, x-:/= -1 

{since (x + 1)2 > 0 for all x-:/= -1} 

:. f(x) > 0 if x > ~-

2)3cm 

sine= 2 ::{3 = 1 
:. B = i 

Area= ~r2 28 - ~r2 sin(28) 

= l x r 2 
( 

2
" - sin 2

" ) 2 3 3 

= 8 (2; -1) cm
2 

= (1~" - 4v'3) cm
2 
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7 

8 

p By the sine rule: 
sin a sin() 

3cm 7cm 7 3 
sina _ J3 
-7- -14 

Q 
() sin ~ = fl x 7 = ./3 . . ~ 14 2 

R 
:. a= 60° or 120° 

3 cos 2B + 2 = 7 sin B 
3(1 - 2sin2 ll) + 2 - 7 sinB = 0 

3 - 6 sin2 
() + 2 - 7 sin() = 0 

:. 6sin2 B+7sinB-5=0 
(2sinB - 1)(3sin() + 5) = 0 

:. sin()=~ or-~ 

But -1 < sin () < 1 for all (). 
. 0 1 :. sm = 2 

9 Let arcsin (~)=a and arccos (~) = b 

cosb = ~ :. sin a=~ and 

L} £J5 
4 

cos a=~ and 

Now cos ( arcsin ~ + arccos ~) 

=cos( a+ b) 

= cosacosb- sinasinb 

=1xa_2x~ 
5 3 5 3 

8 - 3y'5 
15 

---7 ----+ ---7 ----+ 

2 

sinb = vl5 
3 

10 OX is perpendicular to OY if OX • OY = O 

: . ( 
3
; ) • ( 1 !: 3µ ) = 0 
1 2µ-1 

3µ 2 + 2(1 - 3µ) + (2µ - 1) = 0 

:. 3µ2 
- 4µ + 1 = 0 

(3µ - l)(µ - 1) = 0 

µ=~or µ=l 

11 Let u=x+2 

du 
:. dx = 1 

and x=u-2 

J J:: 2 dx 

= J ( u - 2)
2 

du dx 
y'u dx 

J u
2 - 4u+4 = 1 du 

U2 

=Ju~ - 4u~ + 4u- ~ du 

u~ 4u~ 4u! 
= -s- - - 3-+-1-+ c 

2 2 2 

13 

14 

15 

= ~(x +2) ~ - ~(x+2)~ +8vfx+2+ c 

1i Let P(x) = xn + ax2 
- 6. 

Using the remainder theorem, 

P(l) = - 3 => 1 +a - 6 = -3 
:. a= 2 
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Also P( -3) = -15 

( -3f + 2( -3) 2 
- 6 = -15 

< -3r + 2 x 9 - 6 = -15 

:. (-3f = -27 and so n = 3 
:. P(x)=x3 +2x 2 -6 

b 
a f :x >-+a+--

x+ c 
f has a vertical asymptote x = -2, so c = 2. 
f also has a horizontal asymptote y = 3. As x becomes 
large, f tends to 3. So, a = 3. 
Since the graph passes through (2, 4) , 

b 
4=a+--

2+ c 
b 

4=3+-
4 

b=4 

4 
So, f : x r-t 3 + -- and a = 3, b = 4, c - 2. 

x +2 

b Domain off is x E JR, x # -2. 

Range off is y E JR, y # 3. 

c f is y = 3 + -
4

- so f-1 is x = 3 + _
4

_ 
x+2 y+2 

x-3= -
4

-
y+2 

4 
y+2=-

x -3 

:. r 1 (x) = - 4
- - 2 

x-3 

Domain of f-1 is x E JE., x # 3. 

Range of r 1 is y E JR, y # -2. 

J
1
k 3J10 - x dx = 38 

t(10-x)~dx=¥ 

[

_L (10 - x) ~] k _ ~ 
-1 3 - 3 

2 1 

-~ ((lo-k)~ -9~ ) = ¥ 
(10-k)~ -27=-19 

(10-k) ~= 8 
2 

10- k = 83 = 4 

:. k = 6 

.6ABC and ABD are equilateral 

. CBD = 120° = 2"c . . 3 

Thus, total area = 2 x shaded area 

Area of segment = ~ ( r 2 
() - r 2 sin B) 

required area= r 2
() - r

2 sinll 

= 62 
( 

2
; - sin ( 2;)) 

= 36 ( 
2
; - ( 1)) 

= 247f - 18v'3 cm2 

c 

D 



16 y = kx2 
- 3x + (k + 2) cuts the x-axis in two distinct points 

if D. > 0. 

Now D. = 9 - 4k(k + 2) 

= 9-4k2 -8k 

= - ( 4k
2 + 8k - 9) 

. -8 ± )~64---4-(4-)(---9) -8 ± V268 
So, D. = 0 if k = 

8 
= 

8 

Thus D. has sign diagram: 

So, it cuts the x-axis in two distinct points if 

-1 - ~ffi < k < -1 + ~v'Ll. k ::f: 0. 

= -1 ± ~v'i3 

17 Since 1 - 2i is a zero of 2z3 
- 9z2 + 20z - 25, 1 + 2i is 

also a zero. 

18 

These two zeros have a sum of 2 and a product of 1 + 4 = 5 

and so come from the quadratic factor z2 - 2z + 5. 

Thus, 2z3 
- 9z2 + 20z - 25 = (z2 - 2z + 5)(2z - 5) 

: . the other zeros are z = ~ and z = 1 + 2i. 

Writing the system of equations in augmented matrix form 

[! 
-2 k 

~] 0 4 
1 1 

[~ 
0 4 

~] 
R1--> R2 

-2 k R2--> R1 
1 1 

[~ 
0 4 

~] -2 k-8 R2---> R2 - 2R1 
1 1-4k R3---> R3 - kR1 

[~ 
0 4 

~] 1 1-4k R2 __, R3 
-2 k-8 R3---> R2 

~ [~ 
0 4 

~ l R3 ---> R3 + 2R2 
1 1-4k 
0 -7k-6 

and this has a non-zero solution if 
-7k - 6 = 0 or k = -¥. 

19 a sin(A + B) = sinAcosB + cosAsinB 
sin(A - B) = sinAcosB - cosAsinB 

:. sin(A + B) + sin(A- B) = 2sinAcosB 

b f(x) = sin5xcos2x 

= ~ (2 sin 5x cos 2x) 

= ~(sin 7x +sin 3x) 

~sin 7x 
t 

+ ~ sin3x 
t 

period 2; = ~~ period 2; = 1-t; 
sin rx repeats after ~~, i;;' 1~;'' 2:;, .... 

sin 3x repeats after 1i;' , 2~;', 4;;', .... 

LCM of 6 and 14 is 42 :. period= 4i;' = 21!' 

c J sin5xcos2xdx 

= J G sin 7x + ~ sin 3x) dx 

= H .}-) (-cos 7x) +HU (-cos 3x) + c 

=-ti cos7x - t cos3x + c 

20 

d 1'f sin 5x cos 2x dx 

= [-ti cos 7x - t cos 3x] ! 
=-ti cos (7;) - t cos7r +ft cos O + i cos O 

= --fs + i +ft+ i 
-ll - 84 

dB -1 rev 
dt 101!' s 

5cm 

e is decreasing 
at this instant 

1c - 1 
107!' s = -5 s 

P AB = % {angle at centre theorem} 

A= ~(AP)(PB) 

A = ~ [ 10 cos ( % ) ] [ 10 sin ( % ) ] 

A= 50sin (%)cos(~) 

A= 25sinB 

dA dB 
- = 25 cose -
dt dt 

Particular case: 

When ~ = ~, e- 271' 
- 3 

:. :~ = 25cos (2;) (-~) = -5 (-~) = 2.5 

:. at this instant the area is increasing at 2.5 cm2 per second. 

21 Let 
dx 

x = sin u, du = cos u 

a 

b 

1 ~ 

1
2

~dx=1
6 

Vl - sin2 u cosudu 

-a 

ff; 2 
=Jo cos u du 

= 1 f; (~ + ~ cos2u) du 

= [lu + l sin2u] f; 
2 4 0 

= ~ + ~ sin ( ~) - 0 - 0 

-L+l .J3 - 12 4 2 

=L+~ 
12 8 

y 

x a 

Area, A=2a~ A 2 = 4a2(1 - a2) 

= 4a2 - 4a4 

dA 3 dA 8a(l - 2a2) 
2A- = 8a -16a => dt 2A da 

dA 4a(l + v'2a)(l - v'2a) 
dt A 
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23 

24 

25 

dA h . d" dt as sign iagram: 
+ I + /"L'\,-

But a > 0, so we consider the local maximum at a = ~. 

: . a = ~ when the area is a maximum. 

C Amax = 2 X ~ X J (1 - ~) = ~ /W = 1 unit2 

The possible outcomes 
when two dice are rolled 6 

are shown on the grid: 5 

There are 5 outcomes 4 

where a 4 is scored. 3 

Assuming fair dice are 
2 
1 

used, the probability of 

this occurence is _15_ 1 2 
36. 

By the sine rule, 

sin2B sine 
a b 

2 sine cos e sine 
a b 

a 
:. cose = 2b .... (1) 

By the cosine rule, 

b2 = a 2 + 22 - 2(a)(2) cos e 
2 2 (a) b =a + 4 - 4a 

2
b {using (1)} 

b2 = a2 + 4 - 2a2 
b 

:. b3 =a2 b+4b-2a2 

b3 
- 4b = a2 (b - 2) 

:. b(b2 
- 4) = a2 (b- 2) 

b(b + 2)(b - 2) = a2 (b - 2) 

3 

:. b(b+ 2) = a 2 {p.v. b =/=- 2} 

4 5 6 
Diel 

:. a= Jb(b + 2) 
In the special case when b = 2 
the triangle is isosceles and 

e + e + w = rno 0 

:. e = 45° and w = 90° 
: . the triangle is right angled. 

/) e 
2 

In this case, a2 = 22 + 22 = 8 = 2 x (2 + 2) 

So, again we find a= Jb(b + 2). 

SOLUTIONS TO EXAMINATION PRACTICE SET 2 

2 

3 

a ~ < r < 1 so the series converges. 
u2=u1r=6 and 8=49 

~=49 
1-r 

6 - = 49(1 - r) 
r 

6 = 49r - 49r2 

49r2 - 49r + 6 = 0 

(7r - 1)(7r - 6) = 0 

r =~or* 
But ~ < r < 1, so r = * 

b u1r = 6 so u1 (~) = 6 and hence u 1 = 7. 

So, Un= u1rn-l = 7 (*)n-l. 

a With no restrictions, there are 8! = 40 320 different 
orderings. 

b The mathematics books can be in one block in 3! ways. 

This block plus the other 5 blocks can be ordered in 6! 
ways. 

total number is 3!6! = 4320 ways. 

c I 3 I I I I I I I 2 I 
/ '\ 

3 Ma books other 6 books other 2 Ma books 
there are 3 x 2 x 6! = 4320 ways. 

a Perimeter 

=2r+l 

= 2 x 7 + 7 ( 53 x 1;0) 
~ 20.5 cm 

b Area 

= ~r2 e 
= ~ x 7

2 
x ( 53 x 1;0) 

~ 22.7 cm2 

4 For (2x
2 + ;.)9 Tr+l = (;) (2x

2
)
9
-r Gr 

= (;) 29-r x18-2r x -r 

= (;) 29-r x18-3r 

So, if we let r = 6, T7 = (~) 23 x 0 

So, the constant term is ( ~) x 8 = 672. 

2 4+x 
5 x y = 4 + x ==?- y = -- providing x =/=- 0 x2 

4+x 
The graph of y = --2- and y = ex - 3x + 1 is shown. 

x 

"\\''·. y ,.,···' - y = 4; x 
·. •---• y = ex - 3x + 1 

---T-----~-_o_.8_7_8~4_.o_5_,_,_~·---r- ____________ _ 
........ ' 

'·--------- : (1.83, 1.74) 

x 
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6 arccos( sin 3x + cos 2x) is defined where 

-1 ( sin 3x + cos 2x ( 1. 

7 

The graph of y = sin 3x + cos 2x is obtained using 
technology: 

x = 0, 0. 709 ( x ( 1.16, 1.98 ( x ( 2.43, 
7r ( x ( 27r 

x 

fl--" late 
4 clear< y ~--on time 

~ . l__.. Jate 

P(Raining I Late) 

P(Raining n Late) 

P(Late) 

l x l 
- 5 5 
-1xl + l x l 

5 6 5 5 

5 ram <5 
%-- on time 

9 
19 

8 X "'B(7, p) 

If P(X = 4) = 0.25 then (:) p4 (1 - p) 3 = 0.25 

Using technology p ~ 0.464 or 0.674 

9 Since the vectors are perpendicular 

(.Ai+ j - .Ak) • (3i - 4j + k) = 0 

: . 3.A - 4 - .A = 0 or .A = 2 

The vector 2i + j - 2k has length ../22 + 12 + 22 = 3 
A vector of unit length parallel to 2i + j - 2k 

is ~i + ij - ~k. 

10 We assume the number of students in the school is large enough 
to use the Binomial distribution. 
If X is the number of students who travel by bike, then 

X"'B(7,~) and P(X=4)=G)(~)4 (~) 3 

~ 0.0850 

11 Let X be the number of fish not suitable for sale in 20 chosen 
from the box. As these are selected from a box of 1000 (a large 
number), we assume that X"' B(20, 0.037). 

a If all are suitable for sale, then X = 0. 

P(X = 0) = (20°) (0.037)0 (0.963) 20 

~ 0.470 

b P(x = 1) = en (0 .037) (0 .963) 19 

~ 0.362 

12 For (ax+ 3) 5 , Tr+l = (;) (ax) 5-r3r = (;) a5 - r3rx5-r 

.'. the coefficient of x 4 is ( i) a 4 31
. 

For (ax + 3) 7 , Tr+l = (;) (ax) 1-r3r = (;) a1 -r3rx 7-r 

.'. the coefficient of x 5 is (~) a 5 32
. 

Thus (i) a 4 31 = (;) a 5 32 and so 15a4 = 21 x 9a5 

15 5 
as a=/= 0, a= 21 x 9 = 63· 

13 a (go f)(4) = g (!(4)) 

= g (4!5) 
= g (~) 
= 3 (i) 

1 
3 

b g is y = 3x 

g-1 is given by x = 3y 

-le ) x :. g x = 3 

c Domain of g - 1 is x E JR. 

14 f(x) = ax3 + bx 2 +ex+ d 

J'(x) = 3ax2 + 2bx + c 

Now f (O) = 1, f' (0) = 0 

f(-2)=-2, J'(-2)=0 

Using f (0) = 1 we have d = 1. 

Using J' (0) = 0 we have 3a(O) + 2b(O) + c = 0. 

So, c = 0, d = 1 

f( - 2) = - 2 :. a(-8) + b(4) + 0(-2) + 1 = -2 

:. -8a+4b+l=-2 

j'(- 2)=0 

.'. - 8a + 4b = -3 .... (1) 

3a(4) + 2b(-2) + 0 = 0 

:. 12a - 4b = 0 

: . b = 3a .... (2) 

Substituting (2) into (1), - Sa+ 12a = - 3 

:. 4a = -3 
· a = - 2 and so b = - 2. . . 4 4 

Thus a=-%, b=-~ , c=O, d=l. 

15 a Let X be the measured speed of a car travelling at 

16 

17 

60 kmh- 1
. 

The error in reading the speed is E = X - 60. 

So, X = 60+E. 

b Since E "'N(O, a 2
) X,...., N(60, a 2

) 

P(X ~ 65) = 0.01 

:. P(X ( 65) = 0.99 

p ( x: 60 ( 65: 60) = 0.99 

p ( z ( ~) = 0.99 

Since a + b + c = 0 

a x (a+b+c) = 0 

~ ~ 2.33 
(J' 

(J' ~ 2.15 

: . a x b + a x c = 0 {since a x a = 0} 

:. a x b = - (a x c) .... (1) 

Also (a + b + c) x c = 0 

: . a x c + b x c = 0 {since c x c = 0} 

b x c = -(a x c) .... (2) 

From (1) and (2), a x b = b x c 

1P ( x 3 + x) dx = ¥, p>O 

[ 4 2r x x - 15 -+- . -4 2 - 4 
0 

4 2 
E-+E--o=.!§. 
4 2 4 

.. p4 + 2p2 = 15 

p4 + 2p2 
- 15 = 0 

.. (p2 + 5)(p2 
- 3) = 0 

.. p2 = -5 or 3 

But p is real and positive, so p = v'3. 

18 (fog)(x)=f(g(x))=f(3x-2)=x+2 {given} 

and f (9x - 8) = f (3(3x - 2) - 2) 
= f (3y - 2) {letting y = 3x - 2} 

=y+2 

=3x 
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19 Let X be the diameter of a disc, then X,...., N(73, 1.12
) 

Hence, P(X > 75) ~ 0.0345. 

20 P(A U B) = P(A) + P(B) - P(A n B) 
Since A and B are independent P(A n B ) = P(A) x P(B) 

Hence, letting P(B) = p, 0.75 = 0.35 + p - 0.35p 

So, 0.65p = 0.40 

:. p= ~ = -& 

21 Let X be the number of blonde children. Then X ,...., B (5, t ). 

a E(X) = np = 5 x t = % 

22 

Expected number of blonde children is % . 

b P(X = 3) c P(X > 3) 

= (~) (t )3 (~)2 
R:I 0.0214 

y 

= 1-P(X ~ 3) 

~ l - 0.998 16 

~ 0.00184 

1 
y=-~-

v'4 - x 2 

a Area= 11 

~ dx = [arcsin (i) J: 
= arcsin ( ~) - arcsin(O) 

= {f-0 

= -if units2 

( 1 
b Volume = 7r} 

0 4 
_ x 2 dx 

~ 0.863 units3 {using technology} 

For the exact value 
1 A B 

let --=--+--
4- x 2 2 + x 2- x 

A(2 - x) + B (2 + x) = 1 

If x = 2, 4B = 1 : . B = 1 
If x = -2, 4A = 1 :. A= 1 

volume= 7r 11 

( x ! 2 + 2 ~ x) dx 

= 171" [ln Ix+ 21 - ln 12 - xi]~ 

= :[ (ln3- lnl - ln2 + ln2) 

7rln3 . 3 
= -

4
- umts 

23 a ¥+t+f:I+f.!+t+y=l 

b E(X) 

¥+y= l 

:. y = t 

=l x¥+2xt+3xf4+4xf.4+5xt+6xt 

= f.!(4+4+9+4+10+12) 

=* 
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Var(X) 

= E(X2
) - (E(X)) 2 

= 1 2 (~) +22 (~) +32 (f4) + 4\f4) +52 (~) +62 (~) 

- (*)2 
- 629 
- 196 

c If the die is tossed many times we expect the mean value 

24 a 

of the tosses to be -M with standard deviation of 

cos( A + B) - cos(A - B) 
= cosAcosB - sinAsinB 

- (cosAcosB + sinAsinB) 

= -2sinAsinB 

1629 v 196· 

b Pn is "sinx + sin3x + sin5x + .... + sin(2n - l)x. 
. 2 sin nx,, 

=---
sinx 

Proof: (By the principle of mathematical induction) 

(1) If n = 1, LHS = sinx 

sin2 x . 
RHS = -- = s1nx 

sinx 
Pi is true. 

(2) If Pk is hue then 
sin x + sin3x + sin5x + .... + sin(2k - l)x 

sin2 kx 
sin x 

sin x + sin3x + .... + sin(2k - l)x 

+ sin(2k + l) x 

sin2 kx 
= -. - + sin(2k + l)x 

Sln X 

sin2 kx +sin(2k + l)xsinx 
sinx 

sin2 kx + ( - ~) [cos(2k + 2)x - cos 2kx] 

sinx 

sin2 kx - ! cos 2(k + l) x +~cos 2kx 

sin x 

~ - ! cos2kx - ! cos2(k + l )x + ! cos2kx 

sin x 

~ - ! cos2(k + l)x 
sin x 

sin2 (k + l )x 
sinx 

{ sin2 e = ! - ! cos 28} 

Thus F.:+1 is true whenever Pk is true and P1 is true. 

:. Pn istrueforall nEZ+. 
{Principle of mathematical induction} 

25 a AB = ( T } AC = ( ~~ } and 

b 

--+--+ i j k 
AB x AC= -2 0 1 

-1 -3 3 

= (0 + 3)i - (-6 + l )j + (6)k 

= 3i + 5j + 6k or ( ~ ) 
By definition, A and B lie on the plane ABC. 
For A(3, 0, 2), 2(3) - 1(0) + 4(2) = 14 
so A lies on the plane 2x - y + 4z = 14. 



/ 

Similarly for B(l, 0, 3), 2(1) - 1(0) + 4(3) = 14, 
so B lies on the plane 2x - y + 4z = 14. 
So A and B lie on both planes. Thus A and B are 
points on the river. 

ii AB= ( ~1
2

) Since A(3, 0, 2) lies on the line, 
an equation is 

,~ m +> (:') ~ C:':) 
Ill BC = ( ~3 ) and BC • AB = ( ~3 ) • ( T ) 

=0 
__, ----> 

So BC is perpendicular to AB. 
Hence B is the closest point on the river to C. 

Iv The shortest distance is IBCI = J12 + (-3)2 + 22 

= Ji4 units 

SOLUTIONS TO EXAMINATION PRACTICE SET 3 

a f is y = x2 + 4x, -oo < x,,:; -2 

so f- 1 is x = y2 + 4y, -oo < y ( -2 

: . y
2 + 4y - x = 0 

- .4±v'l6+4x 2 ± ~ y= :::::- v<±+x 
2 

But y ( -2, so y = -2 - \/'4 + x 

b (gof)(-3)=g(f(-3)) 

B 

= g ( ( -3)2 + 4( -3)) 
= g(-3) 
= ,,/,.....3---2(---3) 

= v'3 + 6 = 3 

By the sine rule, 
sin28 sine 
-5-=-3-

3c~ 
A e C 

5cm 

3sin28 = 5sin8 

6sin8cos8 = 5sin8 

sin8(6cos8 - 5) = 0 

as sine =I= 0, cos e = ~ 

Let BAC = a 0 then a + 38 = 7r 

sin()= ,/IT 
6 

:. a= 7r - 38 

sin a= sin( 7r - 38) 

= sin 7r cos 38 - cos 7r sin 38 

= ( 0) cos 38 - ( -1) sin 31:1 
= sin38 

= sin(28 + 8) 
= sin 28 cos e + cos 28 sin 1:1 

= 2 sine cos2 e + ( cos2 e - sin2 8) sine 

- 2 x ,/IT x 22 + (22 - l!) x .LI! - 6 36 36 36 6 

= fyv'ii 
area= ~ x 3 x 5 x fyvTI = ~yTI units2 

3 A tree diagram shows 
the situation. 1 

shopl shop2 

4 

5 

<6 L i 

6 L 
s N~ 
6 -PN 

6 

Probability she leaves it in shop 1 given it is missing is 

P(shop 1 and missing) i 6 

= P(missing) = 3% + ~ = TI 

cot2A = ~ 
tan2A = i 

_2_ta_n_A,,--- = .§. 

1- tan2 A 3 

:. 6tanA = 5 - 5tan2 A 

5tan2 A+ 6tanA- 5 = 0 

Thus 
-6 ± J36 - 4(5)(-5) 

tanA = 
10 

-6±-Ji36 
10 

-3 ± v'34 
5 

-3-v-'34 
But A is obtuse, so tan A = 

5 
. 

cot A = ( _3 ~ v'34) ( =:: :,) 
-15 + 5y'34 

9-34 

-15 + 5\/'34 
-25 

=~-iV34 

a y = mx + 16 will meet the parabola y = x 2 + 25 

where mx + 16 = x 2 + 25 

:. x 2 
- mx + 9 = 0 

The line will be a tangent if A = 0 

m2 -4 x 9 = 0 

: . m 2 = 36 
m=±6 

b f(x) = x2 + (2 - k)x + k2 

f (x) > 0 for all x if A < 0 

Now A= (2 - k) 2 
- 4k2 

= 4 - 4k + k 2 
- 4k2 

= -(3k2 + 4k - 4) 
= -(3k - 2)(k + 2) 

So, A has sign diagram: + 
-2 

So, A < 0 if k < -2 or k > ~-

2 
3 

k 

6 log3 ( 4x2 
- 5x - 6) = 1 + 2 log3 x 

For this to be a valid equation in real numbers, we must have 
(4x + 3)(x - 2) > 0 and x > 0. 

Sign diagram of the quadratic is: 

x < -~ or x > 2. But x > 0, so x > 2. 
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log3 (4x2 
- 5x - 6) = 1+2log3 (x) 

log3 (4x2 
- 5x - 6) = log3 (3) + log3 (x2

) 

log3 (4x2 
- 5x - 6) = log3 (3x2

) 

: . 4x2 
- 5x - 6 = 3x2 

:. x 2 -5x - 6 = 0 

:. (x + l)(x - 6) = 0 

:. x = -1 or 6 

But x > 2 . ·. x = 6 is the only solution. 

7 1! b dx = (arcsinx] ; 

= arcsin(~) - arcsin(O) 

= ~ -0 

=~ 

8 v = t 3 
- 3t2 + 2t 

=t(t2 -3t+2) 
= t(t - l)(t - 2) 

9 

So, v = 0 at t = 0, 1, 2 s 

Sign diagram of v: + I 
1 

reverses direction at t = 1, t = 2 

t4 3t3 2t2 

s=4-3+2+c 

s = 1t4 
- t 3 + t2 + c metres 

s(O) = c 

s(l) = 1 - 1+1 + c = c + ~ 

s(2) = 4 - 8 + 4 + c = c 

s(3) = ¥ - 27 + 9 + c = 21 + c 

c c+1 c+ 21 

Total distance travelled= i + i + 2i 

=2~mor2.75m 

But 

cos()+ sin()= v'2, 
(cos()+ sin ()) 2 = 2 

cos2 
() + 2 sin () cos () + sin2 

() = 2 

: . 1 + sin W = 2 

sin 217 = 1 

But 0 ~ 2() ~ 47f, so W = ~ ' 5
; 

... () = ~' 5: 
B = 5

4" gives cos B +sin () = -h 
:. B= ~ 

Hint: Squaring equations can produce incorrect solutions so 
all solutions must be checked. ' 

10 f( x) = e"' lnx 

f'(x) = e" In x (11n x+x (~)) 
x In x (l = e nx+l) 

Since x ln x > 0 c: 11 '( e 1or a x , f x ) is zero only when ln x = -1. 

: . J'(x) = 0 when x = e-1 

So, the x -coordinate of the stationary point is ~ . 
e 
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12 2 - i is a solution 

13 

14 

15 

. ·. 2 + i is also a solution {theorem on real polynomials} 

These have sum = 4 and product = 5 and so come from the 

factor z 2 
- 4z + 5. 

Thus z3 
- 6z 2 + 13z - 10 = (z2 

- 4z + 5)(z - 2) 

: . the other solutions are 2 + i and 2. 

a Domain= {x Ix~ 5}. Range= {y /y ~ O}. 

b Domain= {x j x ER}. Range= {y I 0 ~ y ~ 0.5}. 

a Jl+ xdx 
4+x2 

=f-4 1 2 dx+j~dx +x 4+x 

= ~ arctan (:'.) + ~ J ~2 dx 
2 4+x 

= ~ arctan G) + ~ ln 14 + x
2 I + c 

= ~ arctan ( ~) + ~ ln ( 4 + x
2

) + c 

{ 4 + x 2 > 0 for all x} 

b We integrate by parts with u = ln x 

I 1 

I 2 
v = x 

x 3 
v=-

b 

u = -
x 

J 2 x
3

lnx J x 2 

x lnxdx = -
3
- - 3dx 

x 3 ln x x 3 

=---1-+ c 
3 3 3 

x 3 ln x x 3 

=-3--9+ c 

a Consider sin(arcsina + arcsinb) 

Let arcsin a = () , arcsin b = </> 

sin()= a and sin </> = b 

sin( arcsin a + arcsin b) = sin( 8 + ¢) 

3 

= sin fJ cos~+ cos B sin ~ 

= a(~)+(~)b 
=a~+b~ 

acm 

() 

3cm 

, . 
' ' 



16 

17 

So, 

By the cosine rule, 
42+52-a2 

cosB = 
4 

41- a 2 

40 
20- a 2 

16 
and 

Thus 

2x x5 
42+22-a2 

cosB = 2 x 4 x 2 

41 - a 2 

40 
20- a 2 

16 
82 - 2a2 

= 100 - 5a2 

:. 3a2 = 18 

:. a 2 = 6 

:. a=V6 {as a>O} 

ln --(
x

2
+1) 

(
x2 + 1) 3x + 1 

f(x) = log3 3x + 1 = ln3 

f(x) = -
1

1 
[ln(x2 + 1) - ln(3x + 1)] 

n3 

I 1 [ 2X 3 ] 
f ( x) = ln 3 x2 + 1 - 3x + 1 

f' (x) = 0 when 
2x 

x 2 +1 
3 

3x+ 1 

: . 6x2 + 2x = 3x2 + 3 

.... (1) 

.... (2) 

3x2 + 2x - 3 = 0 

-2±)4-4(3)(-3) 
x = -----'------

-2 ± .J40 
x= 

6 

6 

-1 ± v'lo 
3 

x2 +1 
But for f(x) to exist, -- must be> 0. 

3x+ 1 

As x2 + 1 > 0 for all x then 3x + 1 > 0 

-1 + v'lo 
Consequently, x = --

3
--

x > -~ 

ylo -1 
So, only one stationary point exists and it is at x = --

3
--

a L1 meets the plane 2x + y - z = 2 

when 2(3>- - 4) + (>- + 2) - (2>- - 1) = 2 

5>.- 5 = 2 :. >- = t 
... x = ~., y = ¥, z = t 

So, they meet at Ci,¥, tl· 
b The lines meet if 

(3>- - 4) = (>- + 2) - 5 = -(2>- - 1) - 1 
2 2 

From the first equation 2(3>- - 4) = A - 3 

:. 6>- - 8 = >.- 3 

:. >- = 1 

Substituting A = 1 in the equation for L2 we have 

(3 - 4) = (1 + 2) - 5 = -(2 - 1) - 1 
2 2 

-1= -1 = -1 

As this checks, the point x = -1, y = 3, z = 1 lies 
on both lines. 

c L1 has direction ( ~) . L2 has direction ( J 
2

) . 

As ( -1, 3, 1) is a point on both lines, the equation of 
the plane that contains both L1 and Lz is 

18 

or (~) x ( i2) 

=I~ 
j 

~21 1 
2 

=I~ 21· 1321·13 llk -2 l - 1 -2 J + 1 2 

= (-2 - 4)i - (-6 - 2)j + (6 - l)k 

= -6i + 8j + 5k 

: . the equation is 

which is 

-6x +Sy+ 5z = -6(-1) + 8(3) + 5(1) 
-6x + 8y + 5z = 35. 

y 

x 

V = 7r i"t x
2 

dy 

6 

= 7r l"t cos2 y dy 

6 

= 7r l"t ~ +~cos 2y dy 
6 

[
1 l·2]"t = 7r 2Y + 4 Sill y 1L 

6 

= 7r ( % + ~ sin (2;) 
7r 1 . (7r)) -12 - 4sm 3 

7r2 • 3 
= 12 umts 

19 Vertical asymptote is x = -1. 

Horizontal asymptote is y = 3. 

y=3 

x=-l 

2 
Note that the graphs of 3 + -

x + l 
coincide for all y ~ 0. 

y 

+ l 
l 

2 
-v=3+-

x+l 

-.--~ v=l3+-2-I 
x+l 

and 13+-
2
-1 

x+l 

l 

············· .... ··-,_-·--·---------------) ------- ------------·-··-·-··-··················-- --- ___ y__=3 

y = ~ "I--F-=~====="'r;;;~~~--~-=-=-=·-=-=-=--=--=--=-=-=·-=-=-o-..+ 
x 

20 

X=-i X=-l 

2 
-v=3+-

x+l 

y= 1 
2 3 +x+l 

a cos x +sin x cos x + sin2 x cos x + .. . . is geometric with 
u1 = cosx, r = sinx. 

Nowas 0<x<%, O<sinx<l, 

S --~ -_ cosx So, the series converges and 
1- r l - sinx 

m Mathematics HL - Exam Preparation & Practice Guide (3'd edition) 



b If s = V3, cosx = V3 
1 - sinx 

cos
2 x = 3 

1- 2sinx + sin2 x 
2 . 3 . 2 : . cos x = 3 - 6 sm x + sm x 

3sin2 x - 6sinx + 3 = 1 - sin2 x 

4 sin 2 x - 6 sin x + 2 = 0 

2 sin2 x - 3 sin x + 1 = 0 

(2sinx - l)(sinx - 1) = 0 

:. sinx = ~ or 1 

But 0 < sin x < 1 { 0 < x < % } 
So, sin x = ~ and so x = ~ 

cosx 
I 1 a LHS = 1 - sin x 

( 
cos x ) ( 1 + sin x ) 

= 1 - sin x 1 + sin x 
cosx + sinxcosx 

1 - sin2 x 
cosx + sinxcosx 

cos2 x 
1 sinx 

=--+-
cosx cosx 

= sec x + tan x which is the RHS 

du 
b Let u = 1 - sin x, dx = - cos x . 

---dx=- . x J cosx J -cosx d 
· · 1 - sin x 1 - sm x 

= -1~ du dx 
udx 

=-J ;du 

= -lnluJ +c 

=-ln(l-sinx)+c {sinx<l} 

c From a, 

J secx + tanx dx = J 1 ~o:i:x dx 

Jsecxdx = J cos.x dx -f tanxdx 
1-smx 

d Area 

= 1* secxdx .. 

J sinx = -ln(l - sinx) - -- dx 
cosx 

/

-sin x = - ln(l - sinx) + -- dx 
cosx 

= InJcosxl - ln(l - sinx) + c 

- ln ( cosx ) + c 
- · 1 - sinx 

{as cos x > 0 for 0 < x < ~} 
= ln(secx + tanx) + c {from a} 

= (1n(secx +tan x) J ! 
4 

= ln(2 + V3) - ln(v'2 + 1) 1 

(
2+V3) . 2 = ln 1 + v'2 umts 

7r 

6 
7r x 
3 
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22 3x2 
- 2y2 = 10 

6x -4y ~~ = 0 

Now when x = 2, 3(4) - 2y2 = 10 

:. 2y
2 = 2 

: . y = -1 {since y < 0} 

At (2, -1), 6(2)-4(-1) ~~ =0 

. 4 dy = -12 
dx 

dy = -3 
dx 

the tangent has equation y - (-1) = -3(x - 2) 

y + 1=-3x+6 

:. y = -3x + 5 

23 a Since f is a 
density function 
the area between 
graph and the 
x-axis is 1. 

1 
3 

y 

Y=112(6-x) 

Since area from Oto 2 is i + i = ~, we have to find 
a so that the area between the graph and the x-axis for 

2 ~ x ~a is~-

f a .l.. (6 - x) dx = ~ 
2 12 

: . J
2
a (6 - x) dx = 6 

[6x - x22[ = 6 

. . ( 6a - ~
2

) - (12 - 2) = 6 

a2 
-- +6a-16 = 0 

2 

. . a 2 
- 12a + 32 = 0 

(a-4)(a-8)=0 
a=4 or 8 

But if a = 8, the graph lies below the x-axis. 
So, a = 4 is the only solution. 

b The median value of X is the point m for which 

P(X ~ m) = P(X ~ m) = ~ 
From the above discussion m = 2, 

24 6x2 + 4xy + 2y2 = 3 .... (1) 

dy dy 
12x + 4y + 1x dx + 4y dx = 0 

dy 4 (4x+4y) - = -12x- y 
dx 

dy -3x-y 
dx x+y 

dy = 0 when y = -3x 
dx 

Substituting into (I), 6x2 + 4x(-3x) + 2(-3x) 2 = 3 

6x
2 

- 12x2 + 18x2 = 3 

: . l2x2 = 3 
x2 = .! 

4 

:. x = ±~ 
When x = ~, y = - ~ and when x = - ~, y = £. 
:. the points are ( ~, -~) and (-~, ~). 



25 

a In 6.0DB: 

OD OD 
• cos /3 = OB = l 

:. OD= cosf3 

BD BD 
• sinf3 = - = -

OB 1 

:. BD = sinf3 

OD 
b In 6.0DC, cos a = OC, 

c 
DC 

tan a= OD 

so OC = OD 
cos a 

OC = cosf3 
cos a 

:. DC= OD tan a= cos(3tana 

:. BC= DC - BD = cosf3tana - sinf3 

d By the sine rule in 6.0BC, 

sin( a - (3) sin ( ~ - a) 
BC 1 

sin(a - (3) =BC sin(~ - a) 

=BC cos a 

P(l, 0) 
x 

{from a} 

= (cos f3 tan a - sin (3) cos a {from c} 

= (cos f3 sin °' - sin !3) cos a 
cos a 

= cos f3 sin a - sin f3 cos a 

= sinacosf3- cosasinf3 

e sinl5° = sin(45° - 30°) 

= sin 45° cos 30° - cos 45° sin 30° {from d} 

y 

4 

SOLUTIONS TO EXAMINATION PRACTICE SET 4 

a 3 + 8 + 13 + .. .. is arithmetic with u1 = 3 and d = 5 

Thus 
n 

Sn= 2[2u1 + (n - l)d] 

n 
='2[6+5(n-1)] 

n 
= 

2
[5n+ 1] 

n(5n + 1) 
2 

b For Sn > 1000, n(5n + 1) > 2000 
Using technology, n > 19.9 

and so the smallest integer n is n = 20. 

m 

2 (1 + ax)n 

3 

4 

5 

== ln + (~) ln-l(ax) + (;) ln-2 (ax) 2 + .... 
n(n - 1) 2 2 

=l+nax+ 
2 

ax+ .... 

Thus na = 35 and n(n - l) a2 = 525 
2 

(n2 
- n)a2 = 1050 

:. n 2 a2 
- a(na) = 1050 

1225 - 35a = 1050 

:. 35a = 175 

:. a= 5 and n = 7 

AB= v62 + 82 = v'TiiO = 10 cm 
: . AO = OB = 5 cm 

52 + 52 - 62 
Bth . 1 0 -11-..L y e cosme ru e, cos = 

2 
x 

5 
x 

5 
- 50 - 2s 

So, sin0=11 ~ 25 
25 24 

e 
7 

area of segment= ~r2 
( 0 - sin 0) 

= ~ x 25 (arccos (~) - ~) 

R> 4.09 cm2 

a Since i + ¥ + k = 1, 

k=l-(i+¥)=!s 
0 2 
7 12 

2s 2s 

7 
Jl.. 
28 

b Mean µ = 0 x -:Js + 2 x ~ + 7 x -ls=~= 3-fs, 

median is 2, mode is 2 

c Variance 0"
2 = 02 (-:Js) + 22 (~) + 72 (!s) _ (~) 2 

R> 7.810 

a 

and standard deviation (YR> v7.810 ~ 2.795 

If y = sinx then 

When x = % , y = ~ and 

:~ = cosx 

dy = ...2 
dx 2 

the normal has gradient - }s, and the equation of the 

normal is y - ~ = - }s ( x - % ) . 
b The normal meets the x-axis when y = 0 

:. -~ = - }s (x - %) 
x-2!:=...2 

6 4 

. x=V3+2!: . . 4 6 

the coordinates are ( '} + %, 0). 

6 As f ( ) = ax + 2 
x x2 + 1' 

J'(x) = a(x
2 + 1) - (ax+ 2)2x 

(x2 + 1)2 

ax2 + a - 2ax2 
- 4x 

(x2 + 1)2 

-ax2 -4x +a 
(x2 + 1)2 
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Now f ( x) has stationary points where j' ( x) = 0 

:. -ax2 -4x+a=O 

:. ax2 + 4x - a= 0 

This equation has real solutions when ti. = 16 - 4( a) (-a) ;;:, O 

:. 16 + 4a2 ~ 0 
and this is true for all a E R. 

7 a y 

1
4 

-0 lx2 
Area = 

0 

xe · dx 

. ? du 
2 Let u = -0.lx~, dx = -0. x. 

When x = O, u = 0. When x = 4, u = -1.6. 

So, area= 1\u (-5 ~~) dx 

5 r-i.6 u d 
= - Jo e u 

= -5 [euJ;;-1.6 

= -5e- l. 6 + 5e0 

= 5 - 5e-l. 6 units2 

14 2 14 x2e-o.2x2 dx b Volume = 1T 

0 

Y dx = 1T 

0 

>:::: 14.1 units3 {using technology} 

8 a = 3t2 
- 2t + 1 

3t3 2t2 

Now v = J a dt = 3 - 2 + t + c 

v = t 3 
- t

2 + t + c 
But v(O) = 5, so 5 = c 

Thus v=t3 -t2 +t+5ms-l 
t4 t3 t2 

Now s = J v dt = 4 - 3 + 2 + 5t + d 

But s(O) = 0, so d = 0 
t4 t3 t2 

s = - - -+-+5t 
4 3 2 

9 Let arcsin (~) = 8 

:. sin&=~ 

and so cos()=~ 

Now sin 2 ( arcsin ~) = sin 2B 

~3 

10 
------; 

a BA 
------; ------; 

=BO+OA 
=-b+a 

4 

= 2 sin 8 cos {J 

= 2 a) Ct) 
= 24 

25 

----;> ~ ~ ~ 

ii OD = OB +BC+ CD 

= b+2a+ki3A 

= b + 2a + k( -b +a) 
=(1-k)b+(2+k)a 

b If 00 is perpendicular to AB then 00 • AB = O 

:. [(2 + k)a + (1 - k)b] •[a - b] = O 

(2 + k)ae a - (2 + k)a • b 

+ (1 - k)b •a - (1 - k)b • b = 0 

Mathematics HL - Exam Preparation & Practice Guide (3"' edition) ID 

But a • b = lal lbl cos(60°) = ~Jal lbl 

:. (2 + k) /al
2 

- ~(1+2k) lal lb l - (1- k) lbl 2 = 0 

But lbl = 3 Ja l 

(2 + k) Jal 2 
- ~(1+2k)3 lal 2 

- (1- k)9 lal 2 = 0 

(2 + k - ~ - 3k - 9 + 9k) lal
2 = 0 

:. (-¥ + 7k) Jal
2 

= 0 

-¥ + 7k = 0 or k = H 

11 y = ln(x2 
- 3) has 

dy 2x 
and 

dx = x 2 - 3 
d2y 

dx2 

2(x2 
- 3) - 2x(2x) 
(x2 - 3)2 

2x2 
- 6 - 4x2 

(x2 - 3)2 

-2x2 - 6 

d2y + (dy)2 
dx2 dx 

-2x2 
- 6 4x2 

= (x2 - 3)2 + (x2 - 3)2 

2x2 - 6 
- (x2 - 3)2 

= (x2 - 3)2 
_ 2(x2 

- 3) 
- (x2 - 3)2 

2 
= x 2 -3 

ex2 

12 f (x) = ex - 1 

a The vertical asymptotes occur when ex - 1 = 0 
:. e"' = 1 

.' . x = 0 

the vertical asymptote is x = 0 

b From technology: 

c 

the maximum turning point is (-0.604, -3.18), 

the minimum turning point is (0.864, 1.54). 

y 
2 

ex 
f(x)=-

e"'-1 

x 

1 3 a is perpendicular to b if a • b = 0 

(-2i + pj - k) • (i + 3(p + 4)j + (2p - 5)k) = 0 
.' . -2 + p(3p + 12) - (2p - 5) = 0 

.'. 3p2 + lOp + 3 = 0 

(3p+ l)(p+3)-= 0 

. " p = - ~ or p = -3 

14 Applying the binomial theorem to (2x2 _ 2) 12 

2 5x ' 
Tr+i = (~2) (~x2)12-r ( ~~r 

= (~2) (~)12-r X24- 2r (-~) -r X-r 

= en ( -1 )- r ( ~ r2-2r x24-3r 

The term independent of x will have 24 - 3r = O 

:. r = 8 

So, the constant term is ( ~2) ( -1 )- 8 ( ~) - 4 = ( ~2) ( ~) 4 
- 1584 -125 

-- -- - ~ 



15 a Since f is a density function b E(X) 

1
2 

(~+ c)dx =l 

[ ~: + r.xJ: = 1 

~ + 2c = 1 

. c = ~ 

Thus, f(x) = i(x + 3) 

c E(X2
) = J0

2 
x

2 
i(x + 3) dx 

= ~ fo2 (x3 + 3x2) dx 

= l [x4 + 3x3]2 
8 4 3 

0 

=i(12-0)=~ 

= J0

2 
xi(x+3)dx 

= i J0

2 
(x2 + 3x) dx 

= .! [x3 + 3x2] 2 
8 3 2 0 

= iC~ + 6) - o 
=H 

Thus CT
2 = E [ex - µ) 2

] = E(X2
) - µ 2 

CT
2 = ~ - (H) 2 ~ o.32639 

.'. CT~ 0.571 

16 ..:.. = ( 5 - 3i) ( b - 2i) 
w b + 2i b- 2i 

17 

Sb - 6 + (-3b - lO)i 

b2 + 4 

= ( 5b -6) (-3b-10). 
b2 +4 + b2 +4 i 

z (-3b - 10) --So, :-;;; is real when b2 + 4 0 

.'. b=-¥ 

Thus r (2 + 275rr) = 100 180 

100 
.'. T = ( 27571') ~ 14.7066 

2 + 180 

area= ~r2 0 

The perimeter 

= 2r + T ( 275 X l;O) 
= T (2 + 2

;;;) 

~ ~(14.7066) 2 (2::n 
~ 519 cm2 

18 Jsin3 xdx =Jsin2 xsinxdx 

Let 

= J(l - cos2 x) sinxdx 

= J sin x - J cos2 x sin x dx 

du . 
U = COSX, dx = - Sln X 

j sin
3 

x dx = - cos x - j u 2 
( - ~~) dx 

= - cosx + J u 2 du 

u3 
= -cosx+- +c 

3 

= - cos x + % cos3 
x + c 

19 

20 

a Let X be the number of correct answers. X ~ B(30, i ). 
P(X = 20) ii P(X ;?! 15) 

= (30) (1)20 (.1)10 = 1- P(X,:;; 14) 20 5 5 ~ 1 - 0.999 76 
= 3.4 x 10- 8 

~o 

Iii P(X ,:;; 25) ~ 0.9999 ~ 1 

b Now X ~ B(30, 0.85). 

P(X = 20) II 

= (;g) (0.85) 20 (0.15) 10 

~ 0.00672 

a 35 
30 t!J:(;:<l':1_(;:1:1C)' 
251--------··--· ·-------------------·-f:,• 
20 
15 
10 

5 

00 10 20 

b 20 ~ t < 30 min 

c 

30 

32 
22 
9 
7 

µ = L, f x = 2700 = 27 
n 100 

:. mean ~ 27 min 

40 

~ 0.00024 

P(X ;?! 15) 

= 1 - P(X,:;; 14) 

= 1 - 1.14 x 10- 6 

~1 

50 60 

285 
25 800 
35 770 
45 405 
55 385 

L,Jx = 2700 

standard deviation ~ 13.4 min {technology} 

21 The information 
is displayed in 
the tree diagram. 

0.052 F 

I~N 

a P(an item is faulty) 

~F 
II~ 

0.957 N 

= 0.34 x 0.052 + 0.66 x 0.043 = 0.046 06 

b Let II be the event of machine II, F be the event of a 
faulty item. 

P(II I F) = P(II n F) 
P(F) 

0.66 x 0.043 
0.04606 

~ 0.616 

22 a Let X be the weight, then X ~ N(120, 1.0632
). 

Hence, P(X < 118) ~ 0.029 95 

So, 2.995% of the bags are rejected. 

b We now have X ~ N(120, CT
2

) . 

Since P(X < 118) = 0.06, 

p( X -CT 120 < 118 ~ 120) = 0.06 
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u 

P(Z < ~2 ) =0.06 

-2 
: . - ~ -1.555 

(! 

: . (! ~ 1.286 

c X is now rv N(µ, 1.2862
). 

d 

Since P(X < 118) = 0.03, 

(
x - µ 118- µ) 

p l.2S6 < l.2S6 = 0·03 

P (z llS - µ) = o.o3 
< 1.2S6 

llS - µ ~ -1.SSOS 
1.286 

µ ~ 120.42 

x y weight 

Since P(x !( X !( y) = 0.70, by symmetry, 

P(X !( x) = P(X ? y) = 0.15. 

But X rv N(120.42, 1.2862
). 

For P(X !( x) = 0.15, x ~ 119.09 

Using the symmetry, x + y = 120.42 
2 

y ~ 240.84 - 119.09 

~ 121.75 

a f(O) = =~ = 1 
:. they-intercept is ~

When y = 0, x - 2 = 0 

:. x = 2 

: . the x-intercept is 2. 

b J'(x) = l(x
2 

+ex - 6) - (x - 2)(2x + c) 
(x2 +ex - 6) 2 

x 2 + ex - 6 - 2x2 + 4x - ex + 2c 
(x 2 +ex - 6) 2 

- x 2 + 4x + 2c - 6 
(x2 + ex - 6) 2 

c It has at least one stationary point when 

-x2 + 4x + 2c - 6 = 0 has real roots 

:. ~ ? 0 

16-4(-1)(2c-6)? 0 

16 +Sc - 24? 0 

: . Sc ? S and so c ? 1. 

d When c=O, f'( x) = -x
2

+ 4x- 5 
(x2 - 6)2 

Using technology, f"(x) = 0 when x ~ 0.893 

:. there is a point of inflection at (O.S93, 0.213) . 

· · · dx=- dx x -2 111 
2x -4 

x 2 - 4x - 6 2 _ 1 x 2 - 4x - 6 

= ~ [ln lx2 
- 4x - 61] ~ 1 

= ~ (ln9- lnl] 

= ~ ln3
2 

=ln3 
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24 a 

x 

y=cosx 

dy . . ( ) - = - Slll X = - Slll U at u, COS U 
dx 

tangent has equation 

y - cosu = -sinu(x - u) 
:. y=(-sinu)x+ usinu+cosu 

b The tangent cuts the x-axis when y = 0 

(sinu)x = usin u + cosu 

:. x = u + cotu 

A is at (u + cotu, 0) 
The tangent cuts the y-axis when x = 0 

: . y = u sin u + cos u 
:. Bisat (0,usinu+cosu). 

c Area= ~(AO)(OB) 

= ~ (u + c~s u ) ( u sin u + cos u) 
smu 

1 (usinu+cosu) ( . ) =2 . us1nu+cosu 
s1nu 

(usinu + cosu) 2 
. 2 = · · umts 

2sinu 

d Using technology: 

So, the area is 
minimised when 
u ~ O.S60. 

area 

~ 
(0.860, 1.12) 

P is ~ (0.860, 0.652). 

25 ill Let (} be the acute angle between the lines, then 

l(i
1

) • ( ~1 )I =V1+4+1V4+1+lcosB 

: . 12 - 2 - ll = ../6../6cosB 

: . cosB=~ andso (}~80.4° 

b A vector perpendicular to both lines is 

j k 
1 2 -1 
2 -1 1 

= (2 - l)i- (1 - -2)j + (-1-4)k 

= i- 3j - 5k 

u 

c Since (2, -3, 1) is a point on the line, an equation is 

x - 3y - 5z = 2 - 3(-3) - 5(1) 

x - 3y - 5z = 6 



il ~ ( ~l ) + µ ( ~l) -( ( ~3) +A ( }l ) ) 
= (-;1_-2~~~ ) 

. -2+>-+µ 

c AB is parallel to n if ( -;1--2~ ~ ~) = k ( !3) 
-2 +>-+µ -5 

This gives the three equations -A+ 2µ - k = 1 

-2>. - µ + 3k = -3 
>. + µ,+ 5k = 2 

This has unique solution 

AB = (~) >. = 1, µ = 1, k = 0, and 

The distance between the lines L and M is zero. 

3 ~ - 2 X 7x =1 
7x 

6 - 2 X (7x)2 = 7x 

:. 2(7x)2 + 7x - 6 = 0 

Let 7x = m, so 2m 2 + m - 6 = 0 

:. (2m - 3)(m + 2) """0 

:. m = ~ or -2 

Thus 7x = ~ { 7x > 0 for all x} 

Hence 
log ii 

x = --2 or log7 ~· log7 

4 a y = (x - 3)e2
x , 

. . ~~ = le2
x + (x - 3)e

2
x (2) 

= e2
x (1 + 2x - 6) 

= e2x(2x - 5) 

So, dy = 0 when 2x - 5 = 0 .. 
dx 

x- .§. - 2 

So, the lines Land M intersect at the point (3, -1, 0). :. when x = ~ we have a stationary point. 

SOLUTIONS TO EXAMINATION PRACTICE SET 5 

2 

a (a+2i)(b - i) = 17+7i 

ab + 2 = 1 7 and 2b - a = 7 

. . ab = 15 and 2b - a = 7 

.. . (2b - 7)b = 15 

. . . 2b2 
- 7b - 15 = 0 

... (2b + 3)(b - 5) = 0 

:. b = -~ or 5 

When b = -~, a= - 10, and when b = 5, a= 3. 

So, a = 3, b = 5 or a = - 10, b = - ~. 

b (p +qi) 2 = - 3 +6i v'6 

. . p 2 
- q2 + 2pqi = - 3 + 6v'6i 

: . p2 
- q2 = -3 and pq = 3v'6 

2 54 . 
p - -+ 3=0 p2 

... p
4 + 3p2 

- 54 = 0 

... (p2 + 9)(p2 
- 6) = 0 

{ 
. 3v'6} usrng q = P 

and so p 2 = -9 or 6 

But p is real and > 0 : . p = V6 
So, p = J6, q = 3. 

2sin (x + ~) = sinx 

2 [sin x cos ~ + cos x sin ~] = sin x 

2 sin x x v.} + 2 cos x x ~ = sin x 

: . .J3sin x + cos x = sinx 

sinx(.J3 -1) = -cosx 

sin x -1 
. . cos x .J3 - 1 

tan x = (vi~ i) ( ~: ~) 
-v'3- 1 

3- 1 

= - H1 + .J3) 

5 

b f(x) = x 2ex 

has J'(x) = 2xex + x 2ex = ex(2x + x2
) 

and f 11 (x) = ex (2x +x2 )+ex(2+2x) 

= ex (x 2 + 4x + 2) 

The graph of y = f ( x) is concave down when f 11 ( x) < 0 

:. x
2 

+4x + 2 < 0 

x 2 + 4x + 2 has critical values' 

-4 ± Jrn - 4(1)(2) = -4 ± 2.;2 = _2 ± J2 
2 2 

and has sign diagram: + + 
---'----~-- x 

-2 - ,/2 -2 +,/2 

:. f(x) is concave down for x E ]-2 - ./2, -2 + ./2[. 

a x2 -1 ~ 0 

b 1- x2 > 0 

c x cl 0 

x 2 ~ 1 

x 2 < 1 

d x -'- - 2 and 2x - 3 >- 0 
r x+2 ~ 

2x-3h . di 
x + 

2 
as sign agram: 

x ~ -1 or x ~ 1 

-1<x<1 

+ i -
---'------':-3--x 

-2 2 

+ 

G(x) takes on real values if x < -2 or x ~ ~ · 

6 g(x) = 2x2 
- 3x + sin x 

7 

f is a reflection of g in the x-axis. 

:. f(x) = -g(x) = - 2x2 + 3x - sinx 

h is a reflection of g in the y-axis. 

h(x) = g(-x) 
= 2(-x) 2 

- 3(- x) + sin(-x) 

= 2x2 + 3x - sin x 

sin A=~ cosB = ~ 

L} d'Jvs 
J7 2 

cos A - ../7 - 4 sinB - vs - 3 
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9 

sin(A- B) = sinAcosB - cosAsinB 

=~xa_V7 x v15 
4 3 4 3 

6 - .v'35 
12 

c \ .''· ,~<t· 

~· 3cm 2cm 

60° A 
B 5cm 

(kv3) 2 = 22 + 52 
- 2 x 2 x 5 x cos60° {cosine rule} 

3k2 = 4 + 25 - 10 

... 3k2 = 19 
. k2 = .!2 . . 3 

k=/¥ {as k > O} 

x 3 y2 
- xy + y = 4 

When x = 1, y2 
- y + y = 4 

.'. il =4 
:. y=2 {as y>O} 

So, the point of contact is. (1, 2). 

Now 3x
2 y2 + x

3 
( 2y :~) - ( ly + x :~) + :~ = O 

dy ( dy) dy 
: . at (1, 2), 12 + 4 dx - 2 + dx + dx = 0 

the tangent has equation 

10+4:~=0 
dy 5 
dx = - 2 

y-2=-~(x-1) 

2y-4= -5x+5 

:. 5x + 2y = 9 

du 
1 0 Let u = x - 3, dx = 1. 

j xvx=3dx= jcu+3)vu :~ dx 

= J(u~ -f"3u~) du 

u~ 3u~ 
= -5-+-3- +c 

2 2 

= ~(x-3)% + 2(x-3)~ +c 

1 1 We integrate by parts with u = arcsin x v' = 1 

Let 

/ 1 
u = v'l - x 2 

V=X 

J arcsin x dx = J 1 arcsin x dx 

= x arcsin x - J vb dx 
1- x 2 

2 dw 
w = 1 - x , - = -2x 

dx 

Jarcsinxdx=xarcsin x - J w-~ (_:2 ~:) dx 

= x arcsin x + ~ J w-~ dw 

1 
w':i 

= x arcsin x + ~ - 1- + c 
2 

= xarcsin x + ~ +c 
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12 When t = 0, s = 3e2
(o) 

=3 

So, the initial displacemei1£is s = 3 metres. 

ds = 3(2e2t) 
dt 

= 2(3e2t) 

= 2s 
So, v = 2s 

tanx - 1 
13 tanx- --

tanx + 1 

tan x (tan x + 1) - (tanx - 1) 
tanx + 1 

14 

15 

-

Let 

tan2 x + tanx - tanx + 1 
tanx + 1 

sec2 x 
tanx + 1 

tanx- x = x I tan x - 1 d J sec
2 

x d 
, tanx+l tan x +l 

du 2 u = tan x + 1, dx = sec x 

J tan x - tan x - 1 dx = J .!. du dx 
tanx + 1 u dx 

= J ~du 
= ln lu l + c 

lL 

14 

(tanx- tanx-l) dx= [1nltanx+ll]lL
0

4 

0 tanx + 1 

sinx =cos (x + ?f) 

=ln2-lnl 

= ln2 

sin x = cos x cos i - sin x sin i 
sinx = cosx a) - sin x x :If. 

sin x ( 1 + 1) = ~ cos x 

3cm 

sinx ~ 
COSX 1 + v'3 

2 

1 

2+ ./3 

tanx= C +l./3) G=~) 

B 

B 

2- ./3 
1 

=2-v'3 

5cm 

C ..__ __ -=------~A 
7cm 

32 + 52 - 72 
a cos B = -----

2 x 3 x 5 

= -;~5 
1 

-2 



b 

16 

sinB = v'3 
2 

and area = ~ x 3 x 5 x sin B 

=.!2.xv'3 
2 2 

= ¥v'3 cm
2 

sinrv - v'3 
I - 7 

cos 21 = 1 - 2 sin2 I 

=1-2(:fg) 
=1-JL=~ 49 49 

17 x = 8y - 7 - y2 meets x - 2y + 2 = 0 where 

8y - 7 - y 2 = 2y - 2 

y 2 
- 6y + 5 = 0 

:. (y - l)(y - 5) = 0 

:. y = 1 or 5 

When y = 1, x = 2(1) - 2 = 0 

When y = 5, x = 2(5) - 2 = 8 

:. they meet at (0, 1) and at (8, 5) 

y 

x=8y- 7-y2 

x 

Area= 15 

((8y - 7 - y 2
) - (2y - 2)) dy 

= 15 (-y2 + 6y - 5) dy 

= [ -t + 6;2 - 5y r 
= ( - 1

;
5 + 75 - 25) - ( - i + 3 - 5) 

= ¥ units2 

x-2y+2=0 

18 s = 4e0·2t - e0·3t + 10 m 

19 

a s(O) = 4 - 1+10 = 13 m right of 0. 

b v(t) = ~: = 0.8e0·2t - 0.3e0·3t ms-1 

:. v(O) = 0.8 - 0.3 = 0.5 ms- 1 

c It is at rest when v(t) = 0 

0.8eo.2t - 0.3e0.3t = 0 

:. 0.8eo.2t = 0.3eo.3t 

eo.3t 0.8 

eD.2t 0.3 

eO.lt = ~ 

O.lt=ln(~) 

t= lOln(~) s 

a (cos8 + isin8) 5 

=(c+is)5 where c=cos8 and s=sin8 

= c5 +5c4 (is)+10c3(is) 2 + 10c2(is)3 + 5c(is)4 

+ (is )5 

= [c5 -10c3s2 + 5cs4
] + i [5c4 s -10c2s3 + s5

] 

But (cos8+isin8)5 = (cis8) 5 

= cis 58 {De Moivre} 

= cos 58 + i sin 58 

20 

m 

Equating imaginary parts, 

sin58 = 5c4 s - 10c2s3 + 8
5 

= 5s(l - s2)2 - 10s3(1 - s2) + s5 

= 5s(l - 2s2 + s4
) - 10s3 + 10s5 + s 5 

= 16s5 
- 20s3 + 5s 

= 16sin5 8 - 20sin3 8 + 5sin8 

b If 8 = 36°, 58 = 180° 

a 

b 

sin 36° is a solution of 

16s5 
- 20s3 + 5s =sin 180° = 0 

s(16s4 
- 20s2 + 5) = 0 

16s4 -20s2 +5=0, as s=/=O 

2 20 ± ./400 - 4(16)(5) 
s = ---'-------'---'---'-

2 20 ± y8o 
s =---

32 

82 = 10 ± 2v5 
16 

32 

:. s=±Vl0±2Y5 
4 

So, sin36° = iVlO - 2y'5. 

D 
a 
2 

A c 

Let ABC= 8. 
Using the cosine rule in 6ABD and 6ABC: 

c2+(~r-m2 
cos 8 = ------

2ac 

2 a2 2 
c+--m 

4 a2 + c2 
- b2 

ac 2ac 

2 ( c
2 + : - m

2
) = a2 + c2 

- b
2 

. a2 
2c

2 + 2 - 2m2 = a 2 + c2 
- b

2 

4c2 + a2 
- 4m2 = 2a2 + 2c2 

- 2b2 

:. 4m2 = 2c2 + 2b2 - a2 

:. m 2 = i(2c2 + 2b2 - a 2) 

If x=b=c, 

m2 = i(4x2 - a2) 

:. 4m2 = 4x2 
- a2 

4x2 
- a2 

:. m2=---
4 

B 

~ A x C 

: . m = ~ V 4x2 - a2 

and area= ~(a)(m) 

{since m > O} 

= la x 1V4x2 - a2 
2 2 

= :!'.. V 4x2 - a 2 units2 

4 
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21 tana= jg, n<a< 3
; 

x 

So, 

. 3 
Slil a = - yf14 

- V5 cos a - -ViA 

sin2a = 2sinacosa 

Volume 

_ 3VS 
- -7-

1{- 2 
=n 

0 

ydx 

=n 11t (1+2tanx+tan2 x)dx 

l t ( 2 -Biux) = n sec x - 2--- dx 
O COSX 

= n [tan x - 2 ln I cos xi]! 

= n [(1- 2ln~)- (O-o)J 

1 

= n(l - 2(lnT>)) 

= n(l + ln 2) units3 

23 a The number of ways the seats can be chosen is 4! = 24. 

b The order must be AABB or BBAA. 
: . the total number of possibilities is 2 x 2 x 2 = 8. 

c The number of ways Adam and Ben can sit next to one 
another is 2 x 3! = 12 

P(Adam sits next to Den) = ~ = ~ 

24 a If r = (-2t+ 2)i + tj + (3t + l )k then 

r • ( ~) = ( ~:t~+12) • ( ~) 
= (-4t + 4) + t + (3t + 1) 

=5 

b If r • ( ~ ) = 3, 

and hence £ 1 lies in the plane. 

then (-
2
tt + 

2 
) • ( ! ) = 3 

3t + 1 1 

(-2t + 2) +kt+ (3t + 1) = 3 

t(l+k)=O 

:. k = -1 

c The line L1 lies in the plane - 2x + py + 2z = q 

if -2(-2t+ 2) +p(t) + 2(3t+ 1) = q 
.. . 4t - 4 + pt + 6t + 2 = q 

:. (10+p)t=q+2 

the line L1 lies in the plane -2x + py + 2z = q 

if p = -10 and q = -2. 

The system of equations 2x +y +z=5 
x -y +z =3 

-2x - lOy + 2z = -2 

has an infinite number of solutions since the line 
£ 1 : (- 2t + 2)i + tj + (3t + l)k lies in each of the 
3 planes. 
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25 a Pn is "cosB + cos3B + .... + cos(2n - l)B 
sin 2nB . + 
--. -(}- , Sill (} =/= O" for all n E Z . 
2slll 

Proof: (By the principle of mathematical induction) 

(1) If n= 1, LHS = cosB and 

RHS = sin2B = 2sinBcosB =cos(} 
2 sin(} 2 sine 

LHS = RHS 

P1 is true. 

(2) If Pk is true, 
sin(2kB) 

cos(}+ cos3B + .... + cos(2k - l)B = 
2 

. (} 
Sill 

:. cosB + cos3B + .... + cos(2k - l)B + cos(2k + l)B 

= sin 2kB (2k l)B 
2 

. (} + cos + 
Sln 

sin(2kB) + 2sinBcos(2k + l)B 

2sinB 

But 2 sin A cos B =sin( A+ B) + sin(A - B) 

:. 2sinBcos(2k + l)B 

=sin (B + (2k + l)B) +sin (B - (2k + l)B) 

=sin ((2k + 2)B) + sin(-2kB) 

= sin2(k + l)B - sin(2kB) 

:. cosB + cos3B + .... + cos(2k - l )B + cos(2k + l)B 

sin(2kB) + sin2(k + l)B- sin(2kB) 

sin2(k + l)B 
2 sin(} 

2 sin(} 

Thus Pk+1 is true whenever Pk is true and Pi is true. 

: . Pn is true for all n E z+ 
{Principle of mathematical induction} 

b (cosB + isinB)3 

= cos3 
(} + 3cos2 B(isinB) + 3cosB(isinB)2 + (isinB)3 

= cos3 e + i3 cos2 
(} sin e - 3 cos (} sin 2 

(} - i sin 3 
(} 

= [cos3 B - 3 cosB sin2 BJ + i [3 cos2 B sinB - sin3 BJ 

c cos 3B + i sin 38 

= cis3B 

= (cisB) 3 {De Moivre} 

= (cosB+isinB) 3 

= [cos3 B - 3 cos B sin2 BJ + i [3 cos2 B sin B - sin3 e] 

Equating real parts, 

cos 3() = cos3 
(} - 3 cos e sin2 e 

= cos3 B - 3 cos B(l - cos2 B) 
= 4 cos3 

(} - 3 cos(} 

d From a with n = 2, 

sin4B 
cosB + cos3B = ,--

2 
. (} 

Sill 

sin 48 = 2 sin B( cos(} +cos 3B) 

= 2 sin B( 4 cos3 
(} - 2 cos B) 

= 8 sin(} cos3 
(} - 4sinB cos(} 

e i~ sin6B 1~ -.-{) dB = (cos 8 + cos 3B + cos 58) dB 
2smu JI. 

6 6 

= [sin (} + ~ sin 38 + t sin 5() J : 
6 

= (1 - ~ + i) - (~+~+-fa) 
1 

- 15 



SOLUTIONS TO EXAMINATION PRACTICE SET 6 

lnJ2+ln2+lnVS+ .... 
1 3 

=ln22 +ln2+ln22 + ... . 

= ~ln2+ln2+ tln2+ ... . 

= ln2 [~ + 1 + t + .... ] 

The arithmetic series has u1 = ~, d = ~

Sn= ln2 (%[2u1 + (n - l)d) 

= ln2 (%[1 + (n - lHJ) 
S100 = ln2 (50[1 + ~]) 

= ln 2 ( 50 x 1 ~1 ) 

= 2525ln2 

2 y = ax2 meets y = x where ax2 = x 
1 

:. x(ax - 1) = 0 and so x = 0 or -
a 

l i 2 
y Area= 

0 

(x - ax ) dx 

1 

= [ ~2 - a~3r 
=-1 ___ 1 __ 0 

x 2a2 3a2 
1 . 2 

= 
6

a 2 umts 

3 We integrate by parts with u = x2 I X v = e 

u' = 2x v =ex 

.'. J x 2 ex dx = exx2 
- J 2xe"' dx 

We again integrate by parts, now with u = 2x 

u' =2 

J x 2 ex dx = e"'x2 
- [2xex - J 2ex dx] 

= ex x2 
- 2xex + 2ex + c 

4 ln(x2 + 9) - 2 = ln Ix+ 51 

We graph y = ln(x2 + 9) - 2 and 

I X 
v = e 
v = ex 

y = ln Ix+ 51 on the same set of axes. 

y 

x 
10.1 U-2.75 

\!! 
; 
i 

t 
_. y=ln(x2 +9)-2 

•-------~ y=lnlx+5I 

x ~ -2.75 or 10.1 

5 Y cv B(n, p) has mean= np = 3, and 

standard deviation= Jnp(l - p) = ~-

Thus, np(l - p) = t .'. 3(1 - p) = t 1 - p = ~ 

Hence, p = i and n = 12, and so Y cv B(12, i). 
So, P(Y ,s;; 4) ~ 0.842. 

6 a 2t - 1 
v= -- ms 

4 + t 2 

s = J v dt = J 4 !\2 dt 

:. s = ln J4 + t2J + c 

Since 4+t2 > 0 forallt, s=ln(4 + t2 )+ c. 

But s(O) = - 3, so ln4 + c = -3. 

c=-3 - ln4 

So, s=ln(4+t2)'-3-ln4 

s=lnc
2

:
4
)-3 

b a= dv = 2(4 + t
2

) - 2t(2t) = 8 - 2t
2 

ms_ 2 

dt (4 + t2)2 (4 + t2)2 

7 The curves meet when 
-l x2 lx2 

e 2 = e2 - 1 

8 

9 

x2 l x2 { .l x2 
e - e 2 - 1 = 0 multiply by e 2 } 

2 { 1 x2 } y - y - 1 = 0 letting y = e 2 

.'. y= 
1 ± .Ji""'+4 

2 

1 ± v'5 
2 

1 + v'5 {as ex> O} 

x = ± 2ln (1 +
2
v'5) 

x ~ 0.981 {O ,s;; x ,s;; 1.5} 

a f will not be defined when J 4x - x3 
J = 0 

:. (4 - x)2 x = 0 

:. (2 - x)(2 +x)x = 0 

b 

.'. x = 2, 0, -2 

But -2 is not in the given domain, so f is not defined at 
x = 0 or 2. So, h and k are 0 and 2. 

x 

there are 4 zeros 

c The zeros of f(x) occur if l4x - x3 I = 1 

4x - x 3 = 1 if x ~ -1.861, -0.254, or 2.115 

4x - x3 = -1 if x ~ -2.115 or 1.861 

for -1 < x < 2.5 zeros occur at 
x ~ -0.254, 0.254, 1.861, 2.115 

27Tc 
Hour hand moves at 1 rev/12 hours= 

12 
h = ich- 1

. 

2?Tc 
Minute hand moves at 1 rev /1 hour = - = 2?Tc h - 1 

. 
1 h 
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10 

11 

12 

dB= 2!: _ 271" = _117t-ch-l 
dt 6 6 

Now by the cosine rule 

x2 = 22 + 32 
- 2 x 2 x 3 x cos e 

: . x2 = 13 - 12 cos e 
dx . dB 

2x dt = -12(-smB) dt 

dx . dB 
x-=6s1nB-

dt dt 
Particular case: At 4 pm, B = 2

; 

and x2 = 13 - 12(-~) = 19 

V:i9 dx = 6 X y'3 X (- lbr) 
dt 2 6 

dx = - ll7rv"3 mh-1 ~ -6.87 mh-1 
dt 2yl9 

the distance is decreasing at 6.87 mh-1. 

y 

Using technology, b ~ 1.653 

Area~ 11.653 

(~ - 4(x - 1)4
) dx ~ 3.27 units2 

0 l+x 

a The yield grows like compound interest at 3% per annum. 

We let the yield at end of n years be 

Y(n) = 200 (1+ 1~0 r-
1 . 

To double the yield we need n such that 

400 = 200 (1 + l~Or-l 

2 = (1 + l~Or-1 
(n-l)ln(l+ 1 ~0 ) =ln2 

ln2 
:. n = ln(l.03) + 1 ~ 24.45 

So, it takes 24 years for the yield to double. 

b The total yield at the end of the 8th year will be 
1778 tonnes. 

Area= 15 

~r2 B = 15 

r 2 B = 30 .... (1) 

Perimeter= 16 

:. 2r +re= 16 .... (2) 

2r+r en= 16 

30 
2r+- = 16 

r 

2r2 + 30 = 16r 

r 2 
- 8r + 15 = 0 

D 

:. (r - 3)(r - 5) = 0 and so r = 3 or 5. 

When r = 3, 

When r = 5, 

So, r = 3, B = 3r or r = 5, B = 1.2c. 
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13 A 

lOcm A8cm 

BZ____SC 
xcm 

Area = ~ x 10 x 8 x sine = 23 

:. 40sin8 = 23 and so sinB = ¥o 
But cos2 B + sin2 B = 1 

. 2 8 1 23 11 .. cos = -40=40 

:. case= ±[ii 
Now x 2 = 82 + 102 

- 2 x 8 x 10 x cos B 

x
2 

= 164- 160 ( ±foo) 
:. x ~ 7.73 or 16.38 

:. BC= 7.73 cm or 16.38 cm 

14 If a and f3 are the roots of x2 
- kx + 4 = 0 

then a + f3 = k and af3 = 4 

a a 2 + (32 =(a+ (3) 2 
- 2af3 = k2 

- 2(4) = k2 
- 8 

1 1 
b If the roots are ~ and 

73
, then 

1 1 
sum of roots = ~ + 73 

f3 + Q'. k 

af3 4 

product of roots = ( ~) ( ~) 
1 1 

af3 4 

Equation could be a [ x2 
- ~x + :1-J = 0, a i= 0. 

15 Consider this 
tree diagram: 

1 

1 
<6-

Fair ~-

One 

Not one 

One 

Not one 

16 

< 1 
2 

1 

Weighted < 2 -
1-
2 

a P(One) = P(Fair n One or Weighted n One) 

=~xi+~x~=i 

b P(Wi . h d I 0 ) = P(Weighted n One) 
erg te ne P(One) 

~ x ~ 
-1-

3 
2n 

(1 + x) 2
n = 2:: (2;) xk and 

k=O 

(1+15x
2
r = :t (7) (15x2

)
1 

l=O 

3 
4 

The terms involving x2 occur when k = 2 and l = 1. 

If the coefficients of x 2 are equal, then 

(2;) = (~) (15)
1 

(2n)(2n - 1) 
2

! = n x 15 

2n - 1=15 {as n i= O} 
:. n = 8 

17 Let X be the net weight of ajar, then X '""N(475, 7.52
). 

:. P(X < 460) ~ 0.0228 

So, about 2.28% of the jars have weight less than 460 g. 

--------s •• 



18 A normal to the first plane is 

., ~ ( ~1) x ( ~1) ~I: ~: ~I 
=l=i ~Ii - Ii ~lj+li =ilk 

= (-2+ l)i- (4- l)j + (-2+ l)k 

= -i- 3j-k 

A normal to the second plane is 

=I~ !lli-1~ !llj+I~ ~lk 
= (-1-0)i- (-1- 2)j + (0-2)k 

= -i+ 3j- 2k 

cosfJ= ln1•n2I 
ln1l ln2I 

ll-9+21 

v'l + 9 + 1 v'l + 9 + 4 
6 

and so (J ~ 61.1° 
vlllv'JA 

19 If Y ~ Po(m), then E(Y) = Var(Y) = m 

:. m 2 = 2m+3 

20 

:. m 2 -2m-3 = 0 

:. (m-3)(m+l)=O 

:. m = 3 or -1 
But m > 0, so m = 3. 

P(Y ? 3) = 1 - P(Y ~ 2) 
~ 1- 0.423 

~ 0.577 

a f(x) = sin2x + sin4x, 0 ~ x ~ 7r ~ 
= sin 2x + 2 sin 2x cos 2x ' 
=sin2x(1 +2cos2x) O: ·· 

. . f (x) = 0 when ' 
: 1 

or cos2x = -~ sin2x = 0 

: . 2x = k7r or 2x = 2
; or~ 

x == 0, ~' ~' 2
;' 7f 

Using technology, the graph is 
y 

x 

·-2 

b When x = 0, y = ; (0) = 0 and f (0) = 0 + 0 = 0. 

When x = -'i, y = ~ ( -'i) = 1 and 

f (-'i) =sin(~)+ sin(7r) = 1+0 = 1 

: . y = ; x meets y = f ( x) at the origin and at ( i, 1). 

c Shaded area= if (f (x) - ;x) dx 

= 1 fr (sin 2x + sin 4x - ; x) dx 

[ 
. 2] fr 

= - .! cos 2x - .! cos 4x - .i .::.._ 
2 4 .,,. 2 

0 

= -~ (O) - i(-1) - ~ ( ~:) + ~(1) + t(l) + 0 

=t-i+~+t 
= (1 - i) units

2 

21 Let M =students with American passport 

S = students with Australian passport 

22 

n(U) =45 

Total number of students is 45 = 8 + 25 + 15 - n(M n S) 
:. n(Mn S) = 3 

So there are 3 students who hold both American and Australian 
passports. 

a P(student holds both passports) = :fs = /5 

b P(student has neither passport) = ;fg-

c P(student has exactly one passport) = ¥s 

B(6,1,1) c 

/. .7 
A(2,-1,3) D (7, 5,6) 

AB x AD = I : ~ ~21 
= I ~ -;2 / i - I : -;2 / j + I : ~ I k 

= 18i - 22j + 14k 
----; ---; 

Area of parallelogram = I AB x AD I 

= J182 + (-22) 2 + 142 units2 

= vf 1004 units2 

~ 31. 7 units2 

23 Let X be the lengths of the fish, so X ~ N(m, 0.122
). 

P(X ? 13) = 0.2 

(x -m 13-m) 
p D.12 ? ().12 = 0.2 

p (z >- 13 - m) = 0.2 
~ 0.12 

p (z < 13 - m) = 0 8 
"' 0.12 . 

l 3 -m ~ 0.842 
0.12 
:. m ~ 13 - 0.12 x 0.842 

:. m ~ 12.9 

The mean length of fish is about 12.9 cm. 
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24 

25 

a Mean score µ = 1
2°; = 4.36 

b Variance 2 l::xr2 
2 (}" =---µ 

n 

= 579 - 4.362 
25 

~ 4.15 

L2: r = ( t ) + µ ( ~
4

) = ( l ~ ~~ ) 
-1 2 -1+2µ 

b If the lines intersect, then for some .A and µ 

1 + 2.A = 3 - 4µ .... (1) 

3 + 3.A = ~ + ~ µ .... (2) 

1 + 2.A = -1 + 2µ .... (3) 

Using (1) and (3) we have 2.A + 4µ = 2 

2.A-2µ= -2 

From (1) - (3), 6µ = 4 or µ = ~ 
From(l), .A=l-2µ=1-2(~)=-~ 

But, for (2), 3 + 3.A = 3 + 3(-~) = 2 

and ~ + ~ µ = ~ + ~ ( ~) = ~ 
So, equation (2) is not satisfied. 

Hence, the lines do not intersect. 

.... (1) 

.... (3) 

Si"" m ~a ( n •re Mt Pfil•llol, ilie line< = 
not parallel. 

c A normal to the plane is (T) 

d 

Since the point (1, 3, 1) lies on the line Li, the plane 

(T)·G)~(f)·(D 
-4x + ~y + 2z = ~ which is 8x - 3y - 4z = 5 

is perpendicular to L2 and intersects £ 1. 

A vector perpendicular to both lines is 

(Dx(I)~li4 
j 
3 
.£ 
2 

=It 
21. -12 2 I -4 21. I 2 2 J + -4 

= (6 - 3)i - (4 + 8)j + (3 + 12)k 
= 3i - 12j + 15k 

= 3(i - 4j + 5k) 

i1 
ilk 

e Let X be a typical point on line L1 and Yon line L2. 

From d, this is perpendicular to both lines if there is a k 

such that 

( 

2 - 4µ - 2.A ) ( 1 ) 
-~ + ~µ - 3.A = k -4 

-2+2µ-2.A 5 
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This gives the 3 equations 4µ + 2.A + k = 2 

~µ-3.A+4k=~ 
2µ - 2.A - 5k = 2 

Using technology, this system has the solution k = -fi:. 

So, the distance between the lines is 1-fi: ( ~4 ) I 
= v'42 units 21 

SOLUTIONS TO EXAMINATION PRACTICE SET 7 

2 

3 

a Let z = x + iy, x, y E JR'. 

b 

:. (x + iy) 2 = 2(x - iy) 

: . x 2 
- y 2 + 2xyi = 2x - 2yi 

x2 
- y

2 = 2x and 2xy = - 2y 
:. 2y(x + 1) = 0 

y = 0 or x = -1 

As z is non-real, y -j. 0 and so x = -1 

Hence, 1 - y 2 = -2 

:. y2 = 3 

:. y = ±v'3 
Thus, z = -1 + iv'3 or -1 - iv'3 

lzl < 2 lz - 1 - ii 

J x2 + 4 < 2 Ix+ 2i - 1 - ii 

Jx2 +4<2J(x-1) 2 +1 

:. x2 +4<4(x2 -2x+2) 

: . x
2 + 4 < 4x

2 
- 8x + 8 

3x
2 

- 8x + 4 > 0 

(3x - 2)(x - 2) > 0 

:. x E ]-oo, ~[ U ]2, oo[ 
___ +____,1~ _ __,_! _+ __ x 
• 2 2 

3 

log6 (x + 3) = 1 - log6 (x - 2) 
log6 (x + 3) + log6 (x - 2) = 1 

log6 [(x + 3)(x - 2)] = 1 
(x + 3)(x - 2) = 61 

:. x 2 + x - 6 = 6 

:. x 2 + x - 12 = 0 

:. (x+4)(x-3)=0 

:. x = -4 or 3 

But x + 3 > 0 and x - 2 > 0 

,,2 
y = xe 

x>2 

Hence, x = 3 

dy 2 x2 
dx = le-x +xe- (-2x) 

= e-x
2 

(1 - 2x2
) 

dy = 0 when x 2 = l x - ± 1 
dx 2 - v'2 

Wh 
1 1 _.!. 

en x = v'2' y = v'2e 2 

In 1 _.!. 
When x = -v.:, y = - v'2e 2. 

: . the stationary points are ( ~, 0-e) and ( - ~, - 0-e). 
4 a We have a geometric series where 

u1 - u2 = 9 and S = ~ = 81 
1-r 

Thus u1 - u1r = 9 and u1 = 81(1 - r) 

u1(1-r)=9 and u1=8l(l-r) 



9 
1 

_ r = 81(1- r) 

(l-r)2=i 

. . 1 - r = ±i and so r = ~ or % 

But -1 < r < 1, so r = % . 

b U1 = 81(1 - r) = 81 X i = 27 

So, the first term is 27. 

5 a g(x) b g(g(2)) 

6 

7 

8 

So, 

=f(f(x)) 

- f c ~ 2) 
x 

x-2 
_x __ 2 
x-2 

x 
x - 2(x - 2) 

x 

-x+4 

3 

= g (-22
+4) 

= g(l) 

15 

1 

-1+4 
1 
3 

tanA = ~ and tanB =ft 

(A B) 
tanA + tanB 

tan + = 
1- tanAtanB 

~3 + _18c 
---"-c~=v'--~ X .1§. 
1 - ( ~) (ft) 45 

60+24 
45 - 32 
84 
TI 

v'2sinx = tanx, 0 ('. x ('. 2n 
IA . sinx 

VL.SlnX = --
COSX 

v'2sinxcosx = sinx 

v'2sinxcosx - sinx = 0 

sinx(v'2cosx - 1) = 0 

sin x = 0 or cos x = h 
. . x = 0, ~' 71", 

7;_r' 271" 

a axb=li 

j 
1 
1 

= I i -;3 1 i - I ~ -;

3
1 j + I ~ i I k 

= (2 + 3)i - (2 + O)j + (1 - O)k 

= ( ~2) 
b a x b is perpendicular to both a and b. 

lax bl= J52+(-2)2+12 = V30 
A vector perpendicular to a and b of length 5 units is 

ax+ b 
9 f(x)=x2-5x+7 

We are given f (3) = 5 so 3a+ b = 5 
9 - 15 + 7 

Now 

:. 3a+b=5 .... (1) 

j'(x) = a(x
2 

- 5x + 7) - (ax+ b)(2x - 5) 
(x2 - 5x + 7) 2 

ax2 - 5ax + 7 a - 2ax2 
- 2bx + 5ax + 5b 

(x2 - 5x + 7) 2 

-ax2 - 2bx + 7a + 5b 
(x2 - 5x + 7) 2 

But j'(3)=0 so -9a-6b+7a+5b=O 
:. -2a- b = 0 

b = -2a .... (2) 

Substituting (2) into (1 ), 3a - 2a = 5 

:. a= 5 and so b = -10 

10 a Displacement s = A cos 2t + B sin 2t metres 

:. velocity v=-2Asin2t+2Bcos2tms-1 

acceleration a = -4A cos 2t - 4B sin 2t m s-2 

= -4(Acos2t + Bsin2t) ms-2 

= -4s ms-2 

b At time t = 0, s = 5 m and v = 0 ms- 1 

: . A cos 0 + B sin 0 = 5 

:. A=5 

and - 2A sin 0 + 2B cos 0 = 0 

:. B=O 

c Using b, s = 5cos2t m 

and v = -10sin2t ms- 1 

The particle has displacement 3 m when 5 cos 2t = 3 

cos2t = ~ 

Since t > 0, sin 2t > 0, 

so sin 2t = J~l---(-~-)-2 = ~ 

the velocity is -10 x ~ = -8 ms- 1
. 

1 1 y2 + 2y - 3x = 0 meets 2x - y - 1 = 0 where 

y 2 + 2y - 3 ( y ; 
1 

) = 0 

2y2 + 4y - 3y - 3 = 0 

... 2y2 +y- 3 = 0 

(2y + 3)(y - 1) = 0 
3 :. y = - 2 or 1 

When y = - ~, x = - ~ 
2 
+ 

1 
= - ~ 

When y = 1, x = 
1 

+ 
1 

= 1 
2 

2x-y- l=O 

x 
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12 

= 11 (h + ~ - h2 - ~y) dy 
-! 

=11 (~-iy2-h)dy 
- ! 

[ 
1 1 3 1 2] 1 = 2Y - 9Y - uY -~ 

= (~ - i - 12) - (-~ + ~ - iB) 
125 . 2 = 144 umts 

5x + 15 

(x+2)(x+3) 

_5_ >- _2_ 
x +2 "" x+3 

5 2 
----- ~ O 
x+2 x+3 

2(x + 2) >-
0 

(x+2)(x+3) "" 
5x + 15 - 2x - 4 >-

0 
(x+2)(x + 3) "" 

3x + 11 >- 0 
(x + 2)(x + 3) "" 

+ + Sign diagram: 
---~----- x -¥- - 3 -2 

Inequality is satisfied if -¥- ::;;; x < -3 or x > -2. 

13 tan 75° = tan(45° + 30°) 

tan 45° +tan 30° 
1 - tan 45° tan 30° 

1+~ v'3 - x -
- 1 - (1) )J vl3 

v'3+1 

vl3-1 

vl3+1 vl3+1 =---x---
VJ-1 VJ+l 
4 + 2v'3 

2 

=2+vl3 

14 a The two lines meet if ( 
3
4: ~t ) = (-;: i;>- ) 

1 5+3>. 

3 + 4t = -1+12>. .... (1) 

4 + t = 7 + 6>. .... (2) 
1=5+3>. .. .. (3) 

From (3), A=-~ 

From (2), 4 + t = 7 + 6 ( - ~) = 7 - 8 

... t = -5 

These values check in equation (1). 

So, the point ( -17, -1, 1) lies on both lines. 

b A normal to both lines is 

j k I 1 0 
6 3 

= (3 - O)i - (12 - O)j + (24 - 12)k 

= 3i - 12j + 12k 

= 3(i - 4j + 4k) 
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Since (-17, -1, 1) lies on this plane, an equation is 

x -4y + 4z = - 17 - 4( - 1) +4(1) 

: . x - 4y + 4z = - 9 

1 5 We integrate by parts with u = arctan x 

16 

17 

18 

u' 
1 

J x arctan x dx 

= x
2 

arctanx -/ x
2 
(-

1
-) dx 

2 2 1 + x 2 

= -arctanx - .! -- dx x2 J x2 
2 2 1 + x 2 

x
2 

1 J 1 + x 2 
- 1 = - arctan x - 2 2 

dx 
2 l+ x 

= x
2

2 

arctanx .! J (1 - -
1
-) dx 

2 1 + x2 

x2 
= 2 arctanx - ~ (x - arctanx) + c 

x2 
= 2 arctanx - ~x + ~ arctanx + c 

log(x2y3
) =a 

log(x2
) + log(y3

) = a 

2logx + 3logy =a .... (1) 
x 

log-= b 
y 

logx - logy= b .... (2) 

(1) + 3 x (2) gives 5logx =a+ 3b 

(1)- 2 x (2) gives 5logy =a- 2b 

logx =a+ 3b 
5 

a-2b 
logy= -

5
-

2 cos e + 2 sec e = 5, 0 ::;;; e ::;;; Jr 

2 
2cos8+--

8
-5=0 

cos 
. . 2 cos2 e - 5 cos e + 2 = 0 

(2cos8 - l)(cose - 2) = 0 

cose =~or 2 

cose = ~ {as - 1 ::;;; cose ::;;; 1} 

:. B=i {o ::;;; e ::;;;;r} 

y= -2asin(%x) 

y = a sin bx + c has y-intercept c, period 2
(; , 

and amplitude a. 

y 

2 . ( b ) h . 0 . d 2Jr 4,.. y = - asm 2 x as y-mtercept , per10 b = T• 

and amplitude 2a. 2 

19 y = Aekt 

dy = Akekt and d
2
y = Ak2ekt 

dt dt2 

d2 y dy 
But dt2 + 3 dt + 2y = 0 



Ak2 ekt + 3Akekt + 2Aekt = 0 

:. Aekt(k2 + 3k + 2) = 0 

:. k2 +3k+2=0 {since ekt > 0} 

(k + l)(k + 2) = 0 and so k = -1 or -2 

20 If y2 = 3 - xy then 2y dy = 0 - (1y + x dy) 
dx dx 

21 

dy dy 
2Y dx = -y - x dx 

( x + 2y) ~~ = -y 

dy __:::Jf__ 
dx x + 2y 

-y 3 If a tangent has gradient -i, then x + 2y - 4 

Substituting into y2 = 3 - xy gives 

9:2 = 3 - x (-~x) 
9x2 3x2 

4= 3 + 2 
9x2 

= 12 + 6x2 

3x2 = 12 

: . x 2 = 4 and so x = ±2 

4y = 3(x + 2y) 

:. 4y = 3x + 6y 

-2y = 3x 

3x 
:. y = -2 

the points are (2, -3) and ( -2, 3). 

Ar:J'S\B 

~ 
P(A) = P(A n B) + P(A n B') {disjoint sets} 

=0.7 

and P(A n B) = P(A)P(B) {A and Bare independent} 

· P(B) = 0.3 = l 
. . 0.7 7 

P(A U B) = P(A) + P(B) - P(A n B) 

22 sin A=-~, 0 <A< 3
; so A is in quadrant 3. 

tanA = Js 
Now t 2A - 2 tanA 

an - 1- tan2 A 

23 a 

4 

tan2A = V5 
4 l-5 

4 

= f = )5 x 5 = 4J5 
5 

i9 z =re 
zn = (re;ef 
~ rneinO 

= rn (cos(nB) + isin(nB)) 
= rn(cosnB + isinnB) 

b 1 + i has ll +ii = v'fTI = v'2 

:. l+i=v'2(~+~i) 
= v'2cis (fl 

1 - i has ll - ii = v'fTI = v'2 

:. 1-i=v'2(~-~i) 
= v'2 cis (-:i) 

ii (l+if+(l-i)n 

= [ v'2 cis ( i)] n + [ v'2 cis ( - i)] n 

= 2~ cis ( n4"') + 2~ cis ( - n4"') {De Moivre} 

= 2~ (cos !!:I!.+ isin n7r +cos !!:2!. - isin !!1!:) 4 4 4 4 

= 2~ x 2cos (n4"') 

= 2~+1 COS ( n4"') 

iii If (1 +if + (1 - if = 64 

then 2~+l COS n7r - 26 
4-

cos !!:2!. = 26-l-~ 
4 

n7r 2s-:!!. cos 4 = 2 

But the LHS = ± ~, 0, ±1 

Also, 25- ~ > 0 for all n, so cos~"' > 0 
So, the only values of n where the equation might be 
true is when 

25-~ = T! or 2° 

n 1 5 - - = - 2 or 0 
2 
n ¥ or 5 
2 

n = 10 or 11 

If n = 10, cos 5
; = 2° 

cos~=l 

:. 0 = 1 false 

If n = 11, cos 1 ~"' = 2-! 

. cos 3 71' -
1 

.. 4-v'2 

:. -~ = ~ false 

So, no integer solutions exist. 

y 
y=cos2 x 

Area= Io~ cos2 x dx 

=Io~(~+~ cos2x) dx 

= [~+~sin2xJ: 
= ~ + isin7r-(O+O) 

7r • 2 = 4 umts 

7r x 
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b J cosn xdx = J cosn- l x cosxdx 

We integrate by parts with 

u = cosn-l x v' = cosx 

u' = (n - 1) cosn- 2 x( - sinx) v = sinx 

J cosn x dx 

= cosn- l x sinx - j(n - 1) cosn- 2 x(- sinx) (sinx) dx 

= cosn- l xsinx + (n - 1) J cosn-2 x sin2 xdx 

= cosn-l xsinx + (n - 1) J cosn- 2 x (l - cos2 x) dx 

= cosn- l x sinx + (n - 1) J cosn-2 x d~ 

- (n - 1) J cosn x dx 

(1 + n - 1) J cosn x dx 

= cosn- l x sinx + (n - 1) J cosn- 2 xdx 

n J cosn x dx = cosn- l x sinx + (n - 1) J cosn-2 x dx 

J n d 1 . n-1 n - 1 J n 2 d 
COS X X = - Sln X COS X + -- COS - X X 

n n 

c Volume = 7f J0~ y2 dx = 7r J
0
'i cos4 x dx 

Now J cos4 x dx = ~ sin x cos
3 

x + 1 J cos2 x dx 

r'i cos4 x dx= [l sinxcos3 x]'i + 2 f~ cos2 xdx Jo 4 o 4 Jo 

= i(O) - (0) + 1 x ~ 
37r 
16 

volume = 7r x 3
rr = 3

"
2 

units3 
16 16 

25 a oM = ~(a+ b) 

b oM • AB = Ha + b) • (b - a) 
= ~(a•b-a•a+b•b-b•a) 
= ~ ( - lal

2 
+ lbl

2
) 

Since l:,.OAB is equilateral, la l2 = lbl 2 and 
----7 --+ 
OM•AB =0 

----7 __, 

:. OM is perpendicular to AB. 

c lb - al is the length of side [AB]. Since l:,.OAB is 

equilateral, all sides are equal and lb - al = lal. 

d 

b • (b - 2a) = b • (b - a) - b • a 

= lb! lb - a l cos 60° - !bl !al cos 60° 

= lal
2 ~ - la!

2 ~ 
= 0 

A 

2 Using the binomial theorem, ( x + ~) 
9 

has general term 

3 

Tr+1 = (; ) x9-r (x-1r = (;) x9 - 2r 

a 9 - 2r = -1 if 2r = 10 or r = 5 

: . coefficient of .!. is (;) = 126 
x 

b 9 - 2r = -2 if 2r = 11 or r = ¥ 
1 

But r is an integer, so the coefficient of is 0. 
x2 

t 
a Wt =Woe- 5000 

If Wt= ~Wo then ~Wo = Wo e- so'oa 

· l = e-scfoo . . 2 

In(~) = - 50t00 

: . t = - 5000 In(~) ~ 3465 years 

b To fall to 0.13 of its original value 
t 

O.OOlWo = Woe-'5000 
t 

: . 0.001 = e - 5ITTiO 

ln(0.001) = - 5C:00 

:. t = - 5000 x ln(0.001) ~ 34500 years 

c After 1000 years W t =Woe-~ = Woe- 0
·
2 

Weight loss is Wo - W0e-0·2 = Wo(l - e- 0·2) 

h . h 1 . Wo(l ,-;,oe-0.2) x lOOcrto t e percent we1g t oss is vv 
1 

n 

~ 18.13 

4 The situation can be 
represented by a tree 
diagram. 

0.05.- F 
A< 

0
_4/ 0.95-...N 

5 

P(a component is faulty) 

0.03.- F 
25-B< 

0.97-...N 

0.35"-... 0.04.- F 
c< 

0.96 -...N 

= 0.4 x 0.05 + 0.25 x 0.03 + 0.35 x 0.04 = 0.041 

y 
y=eO.lx 

Using technology, a~ 1.821, b ~ 17.43 

01-r--__,~B and area~ 21.1 units~. 

b - 2a 

SOLUTIONS TO EXAMINATION PRACTICE SET 8 

u1 = 500, d = 50, arithmetic 

a U30 

= U1 + 29d 

= 500 + 29 x 50 

= 500 x 1450 

= 1950 metres 

b U1 + U2 + U 3 + .... + U30 

= 830 

= ~ (2u1 + (30 - l)d) 

= 15(1000 + 29 x 50) 

= 36 750 metres 
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6 a AB = ( ~i} AC= ( ~) 

and AB. AC = ( ~ ~) • ( ~ ) = -10 - 2 + 12 = o 
--+ __, 

So, AB is perpendicular to AC. 

b Bl = ( 16} sc = ( i4 ). 
If we let B be the angle ABC, then 

(1
6

) • (i
4

) =v'4 +1+ 36v'49+9 +16 cosB 



or 

14 + 3 + 24 = v'4iv74cosB 

41 
cosB = r:;-:; r;:;-;; 

v41v74 

:. e = arccos ( ~~) ~ 41.9° 

B(l, 0, 4) 

From a, BAC = 90° 

so tan ABC= v52 
+ 

22 
+ 

22 
= (ii 

.j(-2)2+(- 1)2+62 V41 
tan ABC :::;:;j 0.8971 and so A.Be~ 41.9° 

7 a In 2010, u 1 = 4000, r = 1.06. In 2020, n = 11. 

un = u1r 
10 

= 4000 x 1.0610 

~ 7160 

About 7160 people are expected to visit the island. 

b Total number of people 

= U1 + U2 + U3 + .. .. + U10 + U11 

= 811 

4000 x (1.0611 
- 1) 

1.06 - 1 

~ 59 886.57 

the total charge = 59 886.57 x $5 

~ $299000 

8 a f is defined providing x > 0, x+3 > 0 and x 2 -9 > 0. 
: . x > 0, x > -3 and x < - 3 or x > 3. 
The three conditions are satisfied if x > 3. 
Domain of f is x E ~, x > 3. 

b lnx + ln(x + 3) - ln(x2 - 9) = ln ( x;~ ~ ~)) 

c f is y = ln (-x-) 
x-3 

_ ln ( x(x + 3) ) 
- (x - 3)(x + 3) 

= In (x: 3) 

... rl is given by x = ln ( y ~ 3) 
y x 

--=e 
y-3 

:. y = (y - 3)e"' 

.·. y = yex - 3e"' 

y(l - e"') = -3e"' 

3e"' 
.". y =ex - 1 

So, r 1 (x) = ~-
e"' -1 

du 
9 Let u = 1 - x, dx = -1. 

J x 2
VI="Xdx 

= j(l - u) 2 JU( - du) 

= J -(1 - 2u + u2 )u! du 

J 
1 3 .0. = ( -u 2 + 2u 2 - u 2 ) du 

10 If 1 + ai is a zero of x 2 + ax + 5, then so is 1 - ai. 

These have sum 2 and product 1 + a2 and so come from the 

quadratic equation x 2 
- 2x + (1 + a2

) = O 

Comparing coefficients, a= -2 and 1 + a2 = 5 
So, the solution is a= -2. 

11 Since -2 and 3 are x-intercepts, the polynomial has factors 
(x + 2) and (x - 3) . 

The polynomial touches the x-axis at 1, so ( x - 1 )2 is a factor. 

So, f( x) = a(x + 2)(x - 3)(x -1) 2 

But f (0) = a(2)(-3) (1) = -12 and so a= 2 

Hence f( x) = 2(x + 2)(x - 3)(x - 1)2 

= 2(x2 - x - 6)(x2 
- 2x + 1) 

= 2x4 
- 6x3 

- 6x2 + 22x - 12 

12 A double is (1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6). 

:. P(double) = s96 = i· 
P(no double inn throws)= (~)Ci)0 (~)n = (~r. 

:. P(double inn throws)= 1 - (~r 

So, we need to find n such that 1 - (~r? 0.7 

.". (~)n ~ 0.3 

log(~)n ~ log(0.3) 

nlog(~) ~ log(0.3) 

log(0.3) 
n ? s 

log( 6 ) 

n? 6.6 

So, the pair of dice must be rolled at least 7 times. 

13 Each of the nine tickets can be allocated in 2 ways, 
either to one student, or the other. 

There are 29 ways of allocating 9 tickets if there are no 
restrictions. 
There are 2 ways in which one student has no tickets allocated. 

Total number of ways of allocating 9 tickets so that each student 

has a least 1 ticket is 29 
- 2 = 510 ways. 

14 P(IZl~a)=P(-a ~Z ~a) 

= 1- 2P(Z :(-a) 

1 - 2P(Z ~-a) = 0.72 

:. 2P(Z ~ -a)= 0.28 

:. P(Z ~ -a) = 0.14 

But Z rv N(O, 12
) 

: . -a~ -1.0803 
.". a~ 1.08 
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15 x2 + x ln y - y = 3 

16 

. . 2x + 1 ln y + x - - - - = 0 (1) dy dy 
y dx dx 

x dy dy 
2x + ln y + - - - - = 0 

y dx dx 

dy dy 
So, at (2, 1), 4+0+2 dx - dx = 0 

dy 
:. dx = - 4 

So, the equation is y - 1 = -4(x - 2) 

:. y = - 4x+9 

52 + 102 - 32 61 
Using the cosine rule: cos a = 

2 
x 

5 
x 

10 
= 100 

102 + 32 - 52 139 

cos (3 = 2 x 10 x 8 = 160 

Thus, in radians, a::::: 0.9147 and (3::::: 0.5181 

: . 2a ::::: 1.829 and 2/3 ::::: 1.036 

Using area of segment= tr2(fJ- sinfJ), 

total area 

= t x 52 x (2a - sin2a) + t x 82 x (2/3- sin2/3) 

= ¥- (1.829 - sin 1.829) + 32(1.036 - sin 1.036) 

::::: 16.4 cm2 

17 v = et cos 2t 

18 

a Distance travelled in first 5 seconds= l
0

5 lvl dt 
= l

0

5 
letcos2t l dt 

b Using technology, this distance ::::: 108 m. 

r=2i-j +2k 

t - r = Oi + 3j - 3k 

s - r = i + Oj + Ok 

s=3i-j +2k 

The area of the triangle is t I ( t - rlx-(s - r) I 

Now 

I
. . k I 

(t - r) x (s - r) = ~ ~ -3 
1 0 0 

= (0 - O)i - (0 + 3).i + (0 - 3)k 
= Oi- 3j - 3k 

the area of the triangle= ~ J o2 + (-3)2 + (-3)2 

Mathematics HL - Exam Preparation & Prodice Guide (3'd edition) 

19 Graph of f ( x) is shown. 

.. 
x 

a Since f is a probability density function, 

J~= f(x) dx = 1 

l: (2 - 5x) dx = 1 

[2x -
5~

2

J: = 1 

0 - ( 2k -
5~

2 

) = 1 

... ~k2 
- 2k = 1 

5k2 - 4k - 2 = 0 

4 ± J16 - 4(5)(-2) 4 ± v'56 
k= 10 = 10 

4 -v'56 
But k < 0 so k = 10 ::::: - 0.348 33 ::::: -0.348 

b The mean µ = l: x(2 - 5x) dx 

= l:(2x - 5x2
) dx 

= [2x
2 

_ 5x
3

] 

0 

2 3 k 

- §.k3 - k2 -3 

::::: ~(-0.348 33)3 
- (-0.348 33) 2 

::::: -0.192 

20 a Let X be the number of mistakes the typist makes in 1500 
words. Since the typist makes an average of m = 6 errors 
per 1500 words we assume that X ,.__, Po(6). 

Hence, P(X ~ 5) ::::: 0.446 

b P(X ,;::: 5 Ix> 1) = P(X ~ 5 n x ;:;:, I) 
"' /' P(X ;:;:, 1) 

21 a 

P(l ~ X ~ 5) 
P(X ;:;:, 1) 

P(X ~ 5) - P(X = 0) 
1-P(X = 0) 

0.445 680 - 0.002 479 
1- 0.002479 

::::: 0.444 

---+ ---+ 
and AB• AC =--=10 + (-2) + 12 = 0 

---+ ---+ 
So, AB is perpendicular to AC. 

---+ ---+ 
b A vector n normal to the plane is given by n = AB x AC 

I 
i j k I 

ll= -;2 -;1 ~ 

= (-2 - 12)i- (-4 - 30)j + (-4 + 5)k 
= -14i + 34j + k 



The equation of the plane is : 

-l4x + 34y + z = -56 + 68 - 1 

-l4x+34y+ z =ll 

The distance from (8, 1, 0) to the plane is 

l-14 x 8 + 34 x 1+1 x 0 - 111 2 42 . 
~---=====;::----- f:;:j • urnts. 

)142 + 342 + 12 

An equation of a line through A and B is 

d D (8, 11, -5) 

Let X be a point on the line through A and B. 

From c, DX= ( il) +A ( ~~) -( ~~) 
= (~4:~1A) 

DX. AB= (-=-
4
9-:=_ 2{) • ( =~) 

4+ 6A 6 

= 8 + 4A + 9 + A + 24 + 36A 

= 41 +41A 

DX is perpendicular to AB if 41+41A = 0 : . A = -1 

So, DX = ( =; ) and !DX! = v14 + 64 + 4 
-2 = V72 

The distance from D to the line is ffi units. 

1 · 2 sin2 x a f ( x) = esm x X 2 sin x cos x = sin 2x e 

b When J'(x) = 0, sin2x = 0 

:. 2x = 0 + br 

: . x = k% 
:. x = 0, 2j , Jr 

Sign diagram of f'(x): 

local minimwn at (0, 1) and (Jr, 1) 
local maximwn at (2j, e) . 

ff s in2 x . . sin2 x c f ( x) = 2 cos 2xe + sm 2x sm 2xe 

= e s in
2 

x[2 cos 2x + sin2 2x) 

d At x = 3; , sinx = 72, sin2x = -1 

f'(x) = - 1e! = -ve 
the tangent at ( 3; ' ve) has equation 

y - .;e = -ve ( x - 3
:) 

3Jryfe 
y = -vex+ ve + -

4
-

e The tangent cuts the x-axis when y = 0 

3Jryfe 
o= - vex+ve+-

4
-

o = - x + 1 + 3
; 

x = 1 + 3
; 

y 

1 

. 2 
y= e•m x 

y=l 

a=O 1 2 3j 
ib= Jr 

Using technology, 

x 

area = J; ( e•in
2 

x - 1) dx f:;:j 2.37 units2 

23 X "' N(90, 0"
2

). 

Now P(X < 88) = 0.289 25 

p ( x : 90 < 88 : 90) = 0.28925 

p ( z < -:,
2

) = 0.289 25 

: . -~ f:;:j -0.5556 
(]" 

:. (]" f:;:j 3.60 

So, X "' N(90, 3.602
). 

Hence P(90 < X < 92) f:;:j 0.210 

About 21.0% of the scores lie between 90 and 92. 

24 a Pnis: "fr3 =n
2
(n+l)2",nEZ+ 

r= l 4 
Proof: (By the principle of mathematical induction) 

(1) If n=l, LHS=13 = 1, 

RHS = 12 x 22 = 1 
4 

P1 is true. 
(2) If Pk is true, 

k 2 (k + 1)2 

13 + 23 + 33 + ... . + k3 = 4 

13 + 23 + 33 + .... + k3 +(k + 1)3 

= k2(k + 1)2 + (k + 1)3 
4 

k 2 (k + 1)2 + 4(k + 1)3 

4 

(k + 1)2 [k2 +4(k+1)) 

4 

(k + 1)2(k + 2) 2 

4 

(k + 1)2 ([k + 1] + 1)2 

4 

Thus Pk+1 is true whenever Pk is true, and Pi 
is true. 

Pn is true for n E z+ 
{Principle of mathematical induction} 
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n 

b :Z.::::r=1+2+3+ .... +n 
r =l 

which is arithmetic with u1 = 1, d = 1. 
n n I>= - [2u1 + (n - l)d] 

r = l 2 
n 

= "2 [2+n-1] 

n(n + 1) 
2 

So, 
r =l 

n2(n + 1)2 n 
-~~- = I:; r 3 {from a I} 

4 

25 The following tree diagram shows what is happening. 

R: alarm rings S: alarm does not ring 
T: arrives for training N: does not arrive for training 

i_.-rT 
<15 

13 
15--..... N 

a P(T) = 1
9
0 x ~ + fo x ft = ;~~ 

( ) 
1 13 

b P(S I N) = P s n N = w x 15 - ~ 
P(N) fa x i + -fo x ft 71 

SOLUTIONS TO EXAMINATION PRACTICE SET 9 

a 

b 

(a+3i)(b-i) = 13+i 

[ab+ 3] + (3b - a]i = 13 + i 

ab + 3 = 13 and 3b - a = 1 

ab = 10 and 3b - a = 1 

3b-
10 = 1 
b 

3b2 -10 = b 

3b2 
- b-10 = 0 

... (3b + 5)(b - 2) = 0 

b = -~ or 2 

But b E Z, so b = 2 

a=5 

lz + 1 +ii = 2 lz - 2 - ii 

15 + ai + 1 +ii = 215 + ai - 2 - ii 

: . 16 +(a+ l)il = 2 13 +(a - l)i j 

:. J36 +(a+ 1)2 = 2.Jg +(a - 1)2 

:. 36+(a+1)
2

=4[9+(a-1)
2

] 

36 + a2 + 2a + 1 = 36 + 4a2 
- 8a + 4 

:. 3a2 
- lOa + 3 = 0 

:. (3a - l)(a - 3) = 0 and so a=~ or 3 

But a E Z, so a = 3 
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2 a Let the arithmetic sequence have first term u1 and common 
difference d. 

sum of even terms 

= U2 + U4 + Us + Us + .... + U30 

= U1 + d + U3 + d + U5 + d + .... + U29 + d 
= sum of odd terms+ 15d 

: . 15d = 8 and so · d = fg 
n 

b S,. = "2 [2u1 + (n - l)d] 

= !:!'. [2u 8(n -1)] 
2 1 + 15 

= n ( u1 + 4(nl~ 1)) 

3 Area = J
0

2 
xv 4 - x 2 dx Y y=x~ 

du 
Let u = 4 - x2

, dx = -2x. 

When x = 0, u = 4. 

When x = 2, u = 0. 

:. area = 12 

v'u (-~ ~~) dx 

= J,0 _l.u~ du 
4 2 

= ~ fo4 u~ du 

= ~ [UI!.~]4 = ~ [u~r 
2 0 ° 

8 . 2 = 3 umts 

4 f : x >---> y'x, g : x >---> 1 - sin x 

Domain of f is all x ) 0. 

2 x 

Domain of fog= f(g( x )) is all x such that g(x) ) 0. 

1-sinx)O 

: . sin x ~ 1 which is true for all x E JR. 
: . the domain of f o g is { x I x E JR}. 

As f 0 g = v l - sin x, range of f 0 g is {y I 0 ~ y ~ v"2}. 

5 The graphs meet where 2 Ix - 31 = Ix+ 71 

:. 4(x - 3) 2 
- (x + 7) 2 = 0 

(2x - 6 + x + 7) (2x - 6 - x - 7) = 0 

: . (3x + 1) (x - 13) = 0 

· x = -~ or 13 

We sketch y = 2 Ix - 31 and y = Ix+ 71-
y 

y=21x -3I 

y=/x+7/ 
~-............ 

.......... ,--
-7 13 x 

2 Ix - 31 ~ Ix+ 71 when the graph of y = 2 Ix - 31 is below 

the graph of y = Ix+ 7j. 

This is between A and B. So, -i ~ x ~ 13. 



6 a 

7 

-1)+~ 

b Local minimum of y = J(x - 1) + ~ is (1, ~). 

Local maximum of y = f( x - 1) + ~ is (2, 2) . 

sin(~ - 13) cos(~+ 13) csc(rr - 213) 

= cos e x ( - sin B) x . ( 
1 

2l3) 
Sln 7r -

= - cos 13sin13 x . 
1
2

a 
Sln u 

= - sin 13 cos 13 x . ~ 
13 2sm cos 

8 J sin3 xcos3 xdx 

= J sin3 x (1 - sin2 x) cos x dx 

= j(sin3 x - sin5 x) cosx dx 

= J ( u3 
- u 5

) du {letting u = sin x, 

u4 u6 
= - - -+c 

4 6 
1·4 1· 6 + =4smx- 6 s1n x c 

du 
dx = cosx} 

9 a When x = -2, 3(- 2) 2 + 2(-2)y-y2 = 7 

... 12 - 4y - y2 = 7 

... y2 +4y- 5 = 0 

.. . (y - l)(y + 5) = 0 

:. y = 1 or -5 

the points are (-2, 1) and (-2, -5). 

b Now 6x + [ 2y + 2x ~; J - 2y ~; = 0 

· 6x + 2y + (2x - 2y) ~~ = 0 

dy 
At (-2, 1), -12+2+ (- 6) - = 0 

dx 

. 6 dy = -10 
dx 
dy 

· · dx 

the tangent has gradient - ~ and the normal has 

gradient~ 

the equation of the normal is y - 1 ~(x + 2) , 

which is 5y - 5 = 3x + 6 

or 3x - 5y = -11. 

Or at (-2 -5) dy = ll. = ll , , dx o s 

the normal has gradient - fr 
the normal is y + 5 = -:fr(x + 2) 

which is 3x + lly = -61 

10 a IP + qi= V(P + q) • (p + q) = Y25 = 5 

b (p + q) • (p + q) = p • p + p • q + q • p + q • q 

= IPl
2 

+ 2(p. q) + lql
2 

c 

25 = 25 + 2(p • q) 

and p • q = 0 

{given} 

Note that since p • q = 0, p and q are perpendicular. 

11 lwl = lzl, argw = ~ , arg z = ~ 

a arg(wz)=argw+argz=%+i=% 

b w + z = R cis ( ~) + R cis ( ~) 

.. ··· 

13+13=30 

:. arg(w+z) = (30+13) 0 =45° = .;f 

12 f is defined for all x : . domain is all x E JR 

If x ) 2, Ix - 21- 4 Ix + ll 
= (x - 2) - 4(x + 1) 
= -3x - 6 

If -1 :( x :( 2, Ix - 21- 4 Ix+ ll 
= - (x - 2) - 4(x + 1) 

= -5x - 2 

If x :( - 1, Ix - 21- 4 Ix + ll 
= -(x - 2) - 4(- (x + 1]) 
= 3x+6 

y 

f has a maximum value of 3 which occurs when x = -1. 
So, range of f is y :( 3. 

13 Since xy = 2, y = ~ provided x =/=- 0. 
x 

The graphs meet where 

x
3 + (;)3 = g 

3 8 
... x +3=9 

x 

:. x
6 + 8 = 9x

3 

x 6 
- 9x3 + 8 = 0 
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Letting x 3 = z, z2 
- 9z + 8 = 0 

(z - 8)(z - 1) = 0 

:. z =8orl 

:. x 3 = 8 or 1 

:.x=2or l 

So, x = 2, y = 1 or x = 1, y = 2. 

14 The equation 6x2 + px + q = 0 has roots 2 and - ~. 

The sum of the roots = ~ 

· _!!. = .§. and so p = -9 .. 6 2 . 

The product of the roots is -1 

<:!. = -1 and so q= -6. 
6 

15 t an,B = %, 7r < ,B < 3
; 

2 tan rn) 
Now tan,B = ------'-.::....;_-

1 - tan2 (~) 
2t 2 

1- t2 3 
{letting t = tan(~)} 

But 

:. 3t = 1 - t2 
t 2 + 3t- 1 = 0 

t = _-_3 ±----'-y_9_-_4_(1_)(_-_1) 
2 

-3± V13 
t=----

2 
2!: < Q < 37r 
2 2 4 

~ lies in quadrant 2 and so tan ( q) is negative. 

(Ii) -3 -V13 tan 2 = 
2 

16 Graph is y =a sin bx+ c 

y(O) = c = 1 

. d 27r 
peno = b = 7r so b = 2 

amplitude = lal = 3 so a = 3. 

a a= 3 b b = 2 

17 y = ;r, 2 ln (:2 ) = x2 
lnx-

2 

:. y=-2x2 lnx {x>O} 

So dy = -4xlnx - 2x2 (.!.) 
' dx x 

= -4xlnx - 2x 

and d
2

y = -41nx - 4x (!.) - 2 
dx2 x 

= -4lnx - 6 

c c = 1 

d2y 
So, dx2 = 0 when lnx = -~ 

_;.!. 
x = e 2 

The sign diagram for d
2

y
2 

is: 
dx 

+ :· .... '.''•! '<i':i-• ---e--'-~---_.~ x 

0 

the point of inflection has x-coordinate e-~ 
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18 a 

19 

A 

As BD : DC = 1 : 3, BD = ~, DC = 3
4
a 

Using the cosine rule: 

In 6ABC, b2 = c2 + a 2 
- 2ac cos 60° 

b2 = c2 + a 2 
- ac .... (!) 

In 6ABD, b
2 

= c
2 + ( ~) 

2 

- 2c ( ~) cos 60° 

2 2 a2 ac 
b = c + - - - .... (2) 

16 4 
b Using (1) and (2), 

2 2 2 a 2 ac 
c +a -ac=c +---

16 4 

16a2 
- 16ac = a2 

- 4ac 

15a2 
- 12ac = 0 

3a(5a - 4c) = 0 

J' (x) 

:. 5a = 4c 

a= ~c 

=Jim f(x + h) - f(x) 
h-O h 

= Jim 3(x + h)2 + 5(x + h) - 2 - (3x
2 + 5x - 2) 

h- o h 

= Jim 3x2 + 6xh + 3h2 + 5x + 5h - 2 - 3x
2 

- 5x + 2 
h-o h 

= lim 6xh + 3h
2 + 5h 

h-o h 

= Jim 6x + 5 + 3h 
h.-o 

= 6x+5 

20 We integrate by parts with u = ex 
u' = ex 

I . 
V = SlilX 

.V = -COSX 

21 

Jex sin x dx = -ex cos x - J -ex cos x dx 

=-ex cosx +Jex cosx dx 

We again integrate by parts, now with u = ex 
I x u = e 

I v = cosx 

v = sinx 

. ·. J ex sin x dx = -ex cos x + ex sin x - J ex sin x dx + c' 

: . 2 Jex sinxdx = ex(sinx - cosx) + c' 

J ex sinxdx = ~ex(sinx - cosx) + c 

a If a and b are perpendicular then a • b = 0 

-t + 2(1 + t) - 2(2t) = 0 

-t + 2 + 2t - 4t = 0 

:. -3t + 2 = 0 and so t = % 

b The vectors are parallel if 
-t 1 + t 2t 
1 2 -2 

-2t = 1 + t 
:. t = -~ 



2 sin2 x - sin x - 2 sin x cos x + cos x = 0 

sinx(2sinx - 1) - cosx(2sinx - 1) = 0 

:. (2sinx - l)(sinx - cosx) = 0 

sinx = ~ or sinx = cosx 

sin x = ~ or tan x = 1 

--+ --+ 

1 
2 

Since BC = AD, position vector of D is 

(
; ) + (~2) = ( ~) and the coordinates ofD 
-4 2 -2 are (7, 1, -2). 

Th .d . f[BC]. (4+10 4+2 -2+0) e mi pomt o 1s -
2
-, -

2
-, -

2
- , 

so the coordinates ofX are (7, 3, -1). 

B (4,4, J;! (7,
3
,/ C (10, 2, 0) 

A (1, 3, -4) D (7, 1, -2) 

The ratio AY : YX = 2 : 1, so position vector of Y is 

The coordinates ofY are (5, 3, -2). 

b BY=(~=! )=(~1) 
-2 - -2 0 

24 a 

Br) = ( ~ = : ) = ( ~3 ) 
-2 - -2 0 

Since BY = ~ BD, BY and BD are parallel 

B, Y, and Dare collinear. 

1 - iv'3 has f 1 - iv'3f = v'f+3 = 2 

1 - iv'3 = 2 u- i~) 
= 2 cis (-i) 

1-i has ll-il=V1TI=v'2 

(1 - iv'3) 11 

ii (1 - i)18 

1 - i = v'2 (_l._ - _l._i) v'2 v'2 

= hcis (-~) 

[2 cis (-i)] 11 

[ v'2 cis ( - ~) ]18 

211 cis (-1..f-) 
29 cis (- 9;) 

- 22 cis (- ll7r - - 971") - 3 2 

= 4cis (9; - 1;7r) 

= 4cis (5;) 

b 

= 4 cos ( 5;) + 4 sin ( 5; ) i 

=4(-~) +4(~)i 
= -2V3+2i 

z 5 = V3- i has IVS - ii= V3+1" = 2 

z5 
- 2 (v'3 - li) - 2 2 

= 2 cis (-%) 
= 2 cis ( -% + k27r) , k E Z 

z = 2 t cis ( - % : k
2
7r) , k E Z {De Moivre} 

z = lf2 cis ( -fo) , lf2 cis (1J;) , lf2 cis (2{;) , 
{12 cis ( - 2

;; ) , lf2 cis ( - 1
;; ) . 

J' (x) 

(ex+ e-x)(ex + e-x) - (ex - e-x)(ex - e-x) 
(ex+ e-x)2 

(ex + e-x)2 - (ex - e-x)2 

(ex+e-x)2 

- (ex+ e-x +ex - e-x)(ex + e-x - ex+ e-x) 
- (ex+ e-x)2 

(2ex)(2e-x) 
(ex+e-x)2 

4 
which is never zero. 

So, no stationary points exist. 

b J'(x)=4(ex+e-x)- 2 

J"(x) = -8(ex + e-x)- 3 (ex - e-x) 

-8(ex - e-x) 
(ex+ e-x)3 

c The integral j ex - e -x dx has the form 
eX + e-X 

j j(~; dx where j(x) =ex+ e-x. 

1ln3 ex-e-x dx= [lnfex+e-x1Jln3 
o ex+ e-x o 

=ln(3+~)-ln(l+l) 

= ln (¥) ln2 

= ln (~) 

SOLUTIONS TO EXAMINATION PRACTICE SET 10 

Growth is geometric with u1 = 1250 and r = 1.03 

We need to find n such that Un > 2000. 

:. u1rn-l > 2000 

125o(i.03r-1 > 2000 

.-. (i.03r- 1 > i.6 

log(l.o3r- 1 > log(l.6) 

n _ 1 > log(l.6) 
· · log(l.03) 

log(l.6) 
1 .. n>l ( )+ og 1.03 
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n > 16.9 
n = 17, 18, 19, .... 

u 1 corresponds to year 2005. 

u11 corresponds to year 2021. 
So, the population will first exceed 2000 in the year 2021. 

2 Normal has vector ( J
1

) and line has vector ( l~). 
If () is the acute angle between the normal and the line, then 

00,e~ IUJ (~;)j 
v4+4+ 1-v1+4+1 

:. () :::0 82.18° 

1 

3y'6 

The angle between the plane and the line is 

90° - 82.18° :::o 7.82°. 

3 a There are 4 odd digits. 
There are 4 odd digits to select from at the start, leaving 
3 odd digits to end. 

7 a Using the midpoint of each time interval, the mean time 

- 2=ft 
t = L,J :::0 50.25 

. 2=f(t-t)2 

b The vanance s,; = L f :::o 519.94 

Hence, Sn = V519.94 :::o 22.80 

B a Total number of ways of selecting 5 from 12 is ( 1
5
2

). 

If no men are selected, there are G) ways of selecting 

5 women. ( 7 ) 

The probability of selecting 5 women is ( 1:2 ) :::o 0.0265. 

b Number of ways of selecting 3 women and 2 men is 

G) G)· 
So, the probability of selecting 3 women and 2 men is 

(~) (~) 
(1:) :::0 0.442. 

This leaves 5 digits from which to select the remaining 3. 9 
As order matters, this can be done in 5 x 4 x 3 ways. 

Total number is 4 x 3 x (5 x 4 x 3) = 720 ways. 

b Starting with an even digit, the number of arrangements 
can be represented in the diagram: 

Starting with an odd digit we have 

Total is 72. 

Total number of 
ways is 144. 

Total number of ways of alternating is 72 + 144 = 216. 

4 P(A U B) = P(A) + P(B) - P(A n B) 
But P(A n B) = P(A) P(B) {A and B independent} 

So, 0.8 = 0.27 + P(B) - 0.27 P(B) 

:. 0.53 = (1 - 0.27) P(B) 

P(B) = g:~; 
:::0 0.726 

5 f(x) = cos2x - sin2x, 0 :S; x :S; Jr 

a f(O) = 1, f(n) = 1 

6 

b Using technology, the maximum value is V2 when 

X= 1;. 

Hence 

lax bl= lal lbl sin() 

sin()= l12j - 5kl = vl2
2 

+ 5
2 

= Q 
4 x 5 20 20 

and () :::o 40.54° or 139.46° 

a• b = lal lbl cos() 

:::o 4 x 5 x cos(40.54°) :::o 15.2 

or a• b :::o 4 x 5 x cos(139.46°) :::o -15.2 
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d() 1 rev 2n° c -1 

dt =~=~=Jr s 

Area of L-OAB = ~(5)(8) sin() 

:. A= 20sin(J 
dA d() 

:. di= 20cose dt 

Particular case: 

B 

So, the area is increasing at 10n,/3 cm2 s-1
. 

10 a Jtan5 xdx 

= j(tan3 x)(tan2 x) dx 

= J tan3 x(sec2 x - 1) dx 

= J [tanx] 3 sec2 x dx - J tan3 x dx 

. du 2 Lettmg u = tan x, . dx = sec x, 

J tan5 xdx 

= J u
3 ~~ dx - J tanxtan

2 
x dx 

u4 
= 4 - J tanx(sec2 x - 1) dx 

= itan4 x- Jtanxsec2 xdx+ Jtanxdx 

= - tan x - u - dx - --- dx 1 4 J du J -sin x 
4 dx cosx 

1 4 u2 
= 4 tan x - 2 - ln I cos xi + c 

1 4 1 2 11 I = 4 tan x - 2 tan x - n cos x + c 



b We integrate by parts with u = ln x 

/ 1 
u = -

x 

I - 2 
v = x 

x- 1 
v=-

-1 

J _!__ ln xdx = _.!. ln x -f-.!. (.!.) dx 
x 2 x x x 

= _ lnx + J x - 2 dx 
x 

lnx x - 1 

=--+-+c 
x -1 

lnx 1 
=----+ c 

x x 

1 1 Since it is a probability distribution, 
00 

I:P(X = x) = L a(t)"' = 1 
x=O 

But 0 (1-)"' = ~ = _l_ = 1 
L.1 l-r 1-l 6 
x=O 7 

00 

So, since L a(~) "' =l, axt=l andso a=*· 
x =O 

12 a f(x)=x 3 +3x2 +bx + 4 

j' ( x) = 3x2 + 6x + b 

J"(x) = 6x + 6=6(x+1) 

So, J"(x)=O when x=-1. 

Now f(-1)=-1 + 3-b+4=6 - b 

.- . ( -1, 6 - b) is a point of inflection. 

b A stationary point occurs when J' ( x) = 0, 

J' ( -1) = 0 in this case. .- . 3 - 6 + b = 0 

... b = 3 

c No stationary points exist when 3x2 + 6x + b has no real 
roots. fl. < 0 when 36 - 4(3)(b) < 0 

... 12b > 36 

... b > 3 

13 a (f o g)(-4) b f is y = 2x - 3 

= f (g(-4)) 
= f (3(2 - (-4))) 
= !(18) 
= 2(18) - 3 

= 33 

so f- 1 is x = 2y - 3 

x + 3 = 2y 
x+3 

... y=-2-

rl(x)= x+3 
2 

r 1(2) = 2;3 = % 

14 Probability of not obtaining a score of 35 or more is t. 

15 

If X is the number out of 9 who do not obtain a score of 35 or 
more, X ~ B(9, t ). 
P(X = 3) = (~) (t) 3 (~) 6 ~ 0.176. 

Now 

tanA = i 

(A B) 
tan A+ tanB 

tan + = ------,----= 
1-tanAtanB 

-63 i +t .. 
16 1- ~t 

{letting t =tan B} 

-63 3+4t 
-=--

16 4 - 3t 

. . - 252 + 189t = 48 + 64t 

. . 125t = 300 

... t = ig~ = ¥ 

tJ12 
5 

cosB = -f3 

16 Pnis "f (r 2 + r)= n(n+l)(n+ 2),, forall nEZ+. 
r=l 3 

Proof: (By the principle of mathematical induction) 

(1) If n = 1, LHS = 12 + 1 = 2, RHS = (l)(
2

)(
3

) = 2 
3 

.-. P1 is true. 

(2) If Pk is tme, 

(l2+1)+(22 +2)+ .... +(k2 +k) = k(k+l)(k+2) 
3 

Now (12 +1)+(22 +2)+ .. .. +(k2+k) 

+((k+l)2+(k+l)) 

= k(k + l~(k + 2) + (k + 1)2 + k + 1 

k(k + l)(k + 2) 3(k + 1)2 + 3(k + 1) 
= 3 + 3 

(k + 1) [k(k + 2) + 3(k + 1) + 3] 
3 

(k + l)(k2 + 2k + 3k + 6) 
3 

(k + l)(k + 2)(k + 3) 
3 

(k + l)([k + 1] + l)([k + 1] + 2) 
3 

Thus Pk+l is true whenever Pk is true and P1 is true. 

.". Pn is true for all n E z+ 
{Principle of mathematical induction} 

17 If R is perpendicular to both P and Q, the normal n of R is 
perpendicular to the normal of P and Q. 

. . n is parallel to ( ~2) x ( ~3) 

=I~ ~~ ~I 
= I =~ ~ I i - I ~ ~ I j + I ~ =~ I k 

= ( -10 + 9)i - (30 - 3)j + ( -18 + 2)k 

= - i - 27j - 16k 

An equation of R is 

.-. -x - 27y - 16z = -104 

x + 27y + 16z = 104 

18 a Since P(X ~ 1) = O.Ql, 

P(X = 0) = 1 - 0.01 = 0.99 
0 - m 

But P(X = 0) = m ;, = e-m 

where m is the expected number of errors per page 

.". e-m = 0.99 

m = - ln(0.99) 

~ 0.0101 
1 -m 

b P(X = 1) = ~ = O.Ole- 0
·
01 ~ 0.00990 

1. 

We expect 750 x 0.009 90:::::: 7.4 pages with exactly 
1 mistake. 
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19 If z=rcisB, l<r < 2 

a - z = -rcisB = rcis(B +7r) 

b z = r cis (-B) 

c iz = r cis ( e + -I) 
d z 2 = r 2 cis (W), 

1 < r 2 < 4 

e vz = yrcis (~), 

l<vr < v'2 

20 Let X be the score for the mathematics test, so 

X ,...., N(64, (8.352)2). 

P(X ? 80) ~ 0.0277 

21 y= 10-xe"' 
Let P be at (u , 10 - ueu) 

and let A be the area of OAPB. 
A= u(lO - ueu) 

= lOu - u 2 eu 

y 

e 
2 

A x 

Using technology, the graph 
of A against u is: 

maximum area ~ 7.37 units2
• 

22 Using technology: 
y 

A 
(1.09, 7.37) 

~ 
u 

y=x2 -1 

(
x -1) y=xarccos -

2
- + 1 

b x 

Area = lb ( x arccos ( x ~ 1 ) + 1 - x 2 + 1) dx 

where a ~ -0.6330, b ~ 2.0227 

. ·. area ~ 4.84 units2 

23 f(x) = x2+1 
eX 

a As x --+ oo, e"' --+ oo more rapidly than x 2 + 1 --+ oo 

as x --+ oo, f( x ) --+ 0 (above). 

b J'(x) = 2xe"' - (x
2 

+ l)e"' 2x - x2 
- 1 

e2x e"' 

-(x - 1)2 

c J' ( x) = 0 when ( x - 1) 2 = 0 : . x = 1 

Sign diagram of J'(x ): 
---~---x 

1 

there is a stationary inflection point at (1, f(l)), 

which is ( 1, ~) . 
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d J"(x) = (2 - 2x)ex - (2x - x
2 

- l) e"' 
e 2x 

2 - 2x - 2x + x 2 + 1 
= 

e"' 

x 2 
- 4x + 3 

e"' 

e J"(x)=O when x 2 -4x +3=0 
(x -3)(x-1)=0 

x = 3 or 1 

Sign diagram of J" (x ): 
1 3 

h . . . fl . (3 10 ) t ere 1s a non-stationary m ect10n at , e3 

26 
f (0) :;;; 1 and f (5) = 5 ~ 0.175 

e 

y 

1 ( 1, ~) 

1 2 3 4 5 x 

24 a x = 6 + 2 cos ( ~~ t + i) 
Tide is highest when cos ( ~~ t + i) = 1 

~~t + i = k27r 

~~t = -i + k27r 

47rt = - 2 ~71' + k501l" 

t = -N + k¥, k = o, 1, 2, 3, 4, .... 

When k = 1, t = -N + ¥ = \ 2
2
5 

: . t = 10 hours 25 minutes 

: . the first high tide is at 10:25 pm September l. 

. 27r 25 
b penod = -:t;" = 2 

25 

there is 12~ hours between high tides. 

c If x=5.5, 6+2cos(~~t+i) =5.5 

: . 2cos (~~t + i) = -0.5 

... cos (~~t+ i) = - 0.25 

3:00 pm on September 2 is t = 27 

So, we seek the solution when t is first > 27. 

Using technology, t ~ 31.788 

1 

So, the first time is 31 h 47 min after 12:00 midday 
September l. This is 7:47 pm on September 2. 

25 a 

~~~----.-:=,,,,,,... ....... z 
- 3 -2 -1 0 1 2 3 

---,..--.,-----.-------r--.----,----,,----..z 
22 29 36 43 50 57 64 



b Let a be the greatest age at death in region A 

. . P(X ,,:;; a) = 0.09 

a 43 x 

a~ 33.6 

The greatest age is about 33 years and 7 months. 

c Let b be the lowest age at death in region B 

P(X ~ b) = 0.11 

P(X ,,:;; b) = 0.89 

~ 
43 b x 

.. b ~ 51.6 

So, the lowest age is about 51 years and 7 months. 

d Since the total area is 1, the shaded region has area 
1 - (0.09 + 0.11) = 0.80. 

SOLUTIONS TO EXAMINATION PRACTICE SET 11 

a -8=8(-1)=8cis7r 

b z3 = -8 

:. z3 =8cis(7r+k27r), kEZ 

z = 2 cis ( 7r + 
3
k

2
7r) {De Moivre} 

z = 2cis2f, 2cis7r, 2cis ( 5
3") {k = 0, 1, 2} 

z=2(~+~i), 2(-1), 2(~-~i) 
z = 1 + iv'3, - 2, 1 - iv'3 

2 f is y = v'5 - 2x, x ,,:;; ~ 

so f - 1 is x = .J5="2Y 
:. x 2 = 5 - 2y 

5 -x2 

... y=-2-

So, ri(5) = 5 -i52) = -10 

3 Stretching f( x) vertically by a factor of 2 gives 2f(x). 

Compressing 2f( x ) horizontally by a factor of 2 gives 
2f(2x) . 

A translation of ~ horizontally gives 2 f ( 2 ( x - ~)) 

= 2f(2x - 1). 

A translation of -3 vertically gives 2f(2x - 1) - 3. 

So, since f( x ) = x + 2, 2f(2x - 1) - 3 

= 2 [(2x - 1) + 2] - 3 

= 2(2x + 1) - 3 
= 4x-1 

a f(x)=2x 3 -9x2 + 30x-13 

f ( ~) = 2 ( ~) 3 
- 9 ( ~) 2 + 30 ( ~) - 13 = 0 

b So, 2x - 1 is a factor of f(x) 

:. f(x) = (2x - l )(x2 +ax + 13) 

Equating coefficients of x 2
, -9 = 2a - 1 

: . a= -4 

so f(x) = (2x - l) (x2 
- 4x + 13) 

Now x 2 
- 4x + 13 = 0 

if x = 4 ± VI6=52 
2 

x = 2 + 3i or 2 - 3i 

2x3 
- 9x2 + 30x - 13 

4 ± 6i 
2 

= (2x - 1) (x - (2 + 3i)) (x - (2 - 3i)) 

5 tan (A + ~) = 3 
tanA+ tan ~ ------,----"::- = 3 
1-tanA tan~ 

6 

tanA+ 1= 3 
1-tanA 

tan A+ 1 = 3 - 3 tan A 

:. 4tanA = 2 

: . tan A=~ 

2x+l = 5x-l 

log 2x+l =log 5x-l 

(x+l)log2= (x-l)log5 

log5 
x+l=(x - 1)

log 2 

x +l=(x -l)log2 5 

x + 1 = x log2 5 - log2 5 

x( l - log2 5) = -1 - log2 5 

1+log2 5 
X=---

log2 5 - 1 

7 sin(x+y)=O 

8 

: . x + y = k1r, k E Z 

which is a family of straight lines with gradient -1. 

-271" -71" 7r 271" 

f~a (3x2 
- 8x + 2) dx = 12a 

[ 3;3 - 8~2 + 2x [a = 12a 

(a3 
- 4a2 + 2a) - (-a3 

- 4a2 
- 2a) = 12a 

:. 2a3 + 4a = 12a 

:. 2a3 
- 8a = 0 

:. 2a(a2 
- 4) = 0 

2a(a + 2)(a - 2) = 0 

a= 0 or ±2 

a=2 {a>O} 
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9 a f(x) = 4xe-x , x;?: 0 

J'(x) = 4e-x +4xe-x(- 1) 

= 4e-x(l - x) 

.. J'(x) = 0 when x = 1 {as e-x > 0 for all x} 

J'(x) has sign diagram: +~
.. /1\ 

there is a local maximum at ( 1, ~) . 

b j"(x) = -4e-x(l- x) + 4e-x(-1) 

=4e-x(-l+x-1) 

= 4e-x(x - 2) 
j" ( x) = 0 when x = 2 

+ 

• x 

f" ( x) has sign diagram: ----~--• x 
2 

As the signs alternate, there is a point of inflection at 

(2, e~ ). 

10 1 - tan2 x + tan4 x - .... is geometric with 

11 

u1 =1 and r = -tan2 x. 

a It converges when -1 < r < 1 

:. -1 < - tan2 x < 1 

:. -1<tan2 x < 1 

: . 0 :( tan2 x < 1 {as a2 ;?: 0 for all real a} 
:. -1 < tanx < 1 

x E [O, "i[ or ] 3; , 5
;[ or J 7

; , 27r]. 

b S = --3!:.!:_ = 
1 

= -
1
- = cos2 x 

1-r l+tan2 x sec2 x 

Wh S 1 2 1 c en = 2 , cos x = 2 
. ± 1 .. cosx = 72 

However, none of these are in the convergent range, so the 

sum is never ~. 

In augmented form, we use row reduction: 

u 
-1 -1 

~] 1 1 
-1 - 1 

[i 
-1 -1 ku 3 3 R2 ---+ R2 - 2R1 
3 3 R s----> R3 - 4R1 

~ [~ 
-1 - 1 

k ~ J R s ----> R3 - R2 
3 3 
0 0 

a The system has an infinite number of solutions if k =4. 

b The system has no solutions if k # 4. 

12 Pn is "2n- l :( n!" for n E ::z+. 
Proof: (By the principle of mathematical induction) 

(1) If n = 1, 2n-l = 2° = 1 and 1! = 1 

as 1 :( 1 is a true statement, P1 is true. 

(2) Suppose Pk is true, so 2k- l :( kl or k! ;?: 2k-1. 
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Now (k + 1)! - 2k 

= (k + l)k! - 2k 

;?: (k + 1)2k-l - 2k 

;?: 2k-l (k + 1 - 2) 

;?: 2k- l(k -1) 

;?: 0 as 2k-l > 0 and k ;?: 1. 

This means (k + 1)! ;?: 2k or 2k :,;; (k + 1)! 

Thus Pk+1 is true whenever Pk is true and P1 is true. 

: . Pn is true for all n E ::z+ 

a Since 

b Since 

Since 

{Principle of mathematical induction} 

P(N) = ~. P(N') = 1 - ~ = % 

P(M IN)= P(MnN) = .:! 
P(N) 7 

and P(N) = ~. P(M n N) = ~ x % = fg · 

P(M IN')= P(MnN') = .l 
P(N') 6 

and P(N') = %, then P(M n N') = % x i = ft· 
P(M UN) = ~ + ft = ~ 

P[(M UN)'] = P(M' n N') = 1 - ~ = ~· 

14 a sin 2x + cos 2x = 1, 0 :( x :( 27!' 

2sinxcosx + 1- 2sin2 x = 1 

b 

: . 2 sin x cos x - 2 sin2 x = 0 

: . 2 sin x (cos x - sin x) = 0 
sin x = 0 or cosx = sin x 

sin x = 0 or tan x = 1 

x = 0, "i, 7l', 5
; , 27l' 

cos2x=-cosx, 

: . 2 cos2 x - 1 + cos x = 0 
(2cosx - l)(cosx + 1) = 0 

cos x=~or -1 

x == ~' 7r, s; 

du 
1 5 Let u = 1 - x, - = -1. 

dx 

J x
2 

_ J (1 - u)
2 

(1 - x)3 dx - - u3 
du dx 
dx 

= -! 1 - 2u + u
2 

du 
u3 

•

:f 
i : 1 

2 

u- 2 2u-1 
= - -_-

2 
+ -_-

1
- - ln lul + c 

1 2 
--- - -- - ln ll - xi + c 
2(1-x)2 1- x 



".: .... 

16 
x x 

y=--= 1 

v'x - 6 (x - 6)2 
a Let 

dy l(x - 6)! - x (!) (x - 6)-! 

· · dx (x - 6)1 

v'x - 6 x 
----== 

1 2v'X"='6 
(x - 6) 

2(x - 6) - x x - 12 
= " = 3 2(x- 6)2 2(x - 6)> 

b dy = O when x - 12 = 0 :. x = 12 
dx 

S. d' f dy . 1gn iagram o dx 1s: 
\- +I ·w 

. . x-coordinate of local minimum is 12. 

17 a 

b They-intercept of y = f( x) is f(O) = !· 
. f 1 . 1 2 

So, the y-mtercept o y = f( x) 1s f(O) = . 

c 

'J-JTt, 
1 1 ·· i · i·· 

a a 1 
18 a + b2 + b4 + . . . . is geometric with u1 = a and r = b2 • 

1 
a It converges when -1 < r < 1 : . -1 < b2 < 1 

But b2 > 0 for all b 
1 

0 <b2< 1 

... b
2 > 1 

. . b < -1 or b > 1 

u1 a b2 ab2 

b S=l-r=--1 x b2 =b2 -l 
1- -b2 

c 0.32 = ~ + ~ + ~ + .... 

= ~ (1 + ~ + ~ + .... ) 

32 ( 1 x 102 ) - 32 
= 100 102 - 1 - 99 

19 Volume 

= 11' 16 y2dx 

= 11' 16 

( 1 - ~ + 9x-
2

) dx 

=11' [x -6lnlxl+ 
9~~

1

J: 

y 

= 11' ((6- 6ln6- %) - (3- 6 ln 3 - 3)) 

= 11' (~ - 6ln6 + 6ln3) 

= 11' ( ~ + 6 ln( ! ) ) 
= 11' ( ~ - 6 ln 2) units3 

x-3 
y=-

x 

20 cos e + i sin e = cis e 

21 

cos e - i sine = cis ( -e) 

( 
71' •• .,,.)5 ( 71' + . . 71')3 cos 3 -ism 3 cos 4 ism 4 

( 
71' • • 71' )7 cos 12 - ism 12 

(cis(-~)]5 x (cis~J3 
[cis (-f2)J7 

cis (-Pf) x cis (Ef) 
cis (- i;) 

{De Moivre} 

- cis (-5-rr + 3-rr + 7-rr) 
- 3 4 12 

= cis (-~) 
1 v'3. 

=2 -2i 

a b x c = I i ~i ~1 I 
=l=i ~1 1i - 1 ; ~1 1j+1; =ilk 

= ( -3 - 1 )i - (1 + 2)j + ( -1 + 6)k 

= -4i- 3j + 5k 

b a x (b x c) = I ~ ~ 1 
-4 - 3 i1 

= I =~ ~ I i - I ! 4 ~ I j + I ! 4 =~ I k 

= (- 5 + 9)i - (10 + 12)j + (-6 - 4)k 

= 4i - 22j - lOk 

b(a • c) = (i - 3j - k)(4+ 1 + 3) 

= Si- 24j - 8k 

c(ae b) = (2i - j + k) (2 + 3 - 3) 

= 4i - 2j + 2k 

and b(a • c) - c(a • b) = 4i - 22j - lOk 
=ax (bx c) · 

H a w 6 = 64 = 64cis (O + k27r), k E Z 

w 6 = 26 cis (k27r), k E Z 

w = 2 cis ( k~-rr) , k E Z {De Moivre} 
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w = 2 cis 0, 2 cis ("I) , 2 cis (2;) , 
2 cis ( 3; ) , 2 cis ( 4;) , 2 cis ( 5;) 

w=±2, 2(~±~i), 2(-~±1i) 
w = ±2, 1 ± i./3, - 1 ± i./3 

b If (z + 1)6 = 64(z - 2) 6
, then C ~ ~) 6 

= 64 

z + 1 = ±2, z + 1 = 1 ± i./3, 
z-2 z-2 

or z + 1 = -1 ± i./3 
z -2 

Suppose 
z+l 
--=w 
z -2 

z + 1=wz-2w 

z(l-w)= - 2w-1 

2w+ 1 
Z=---

W-1 

If z+l _2 Z = §.l = 5 
z -2 - ' 

If z + 1 
- -2 z = =~ = 1 z -2 - ' 

If z + 1 - 1 . r;;3 - 2 + 2v'3i + 1 
2 

- + iv .J, z - . ;;:; 
z - iv3 

which simplifies to 2 - i ./3. 

If z + 1 = 1 - i./3 z = 2 - 2./3i + 1 
z - 2 , -i./3 

which simplifies to 2 + i ./3. 

If z + 1 = -1 + i./3 z = -2 + 2v'3i + 1 
z - 2 , iv'3 - 2 

which simplifies to ~(8 - 3./3i). 

If z + 1 = -1 - i./3 z = -2 - 2v'3i + 1 
z - 2 , -iv'3 - 2 

which simplifies to * (8 + 3./3i). 

z = 5, 1, 2 ± iv'3, *(8 ± 3v'3i). 

23 Pn is "If Un+2 =Un + Un+ 1, U1 = U2 = 1 

(¥r-(¥r,, 
then Un= J5 , nE z+ 

Proof: (By the principle of mathematical induction) 

(1) If n = 1, 

If n = 2, 

1+v's 1- v's 
U1 = - 2 - - -2-

J5 
1 +v5 -1+v5 

2y5 

= 
2J5 = 1 which is true. 
2v5 

Pi is true. 

u2 = 
(¥r-(¥r 

J5 
(1 + 2v'5 + 5) - (1 - 2v'5 + 5) 

4y5 

= 
4
v5 = 1 which is true. 

4y5 
P2 is true. 
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(2) Now suppose Pk and Pk+1 are true. 

(¥r-(¥f 

J5 
So, Uk= and 

(¥) k+l - (¥)k+l 

J5 
Now Uk+2 = U1<+1 + Uk 

(¥r+l - (¥r+l (¥r - (¥r 

v'5 + v'5 

(¥r [¥+1J-(¥r [¥+1J 

J5 

(¥r (¥)- (¥r (¥) 
J5 

We notice that 

and likewise ( 1- v's)
2 

= 3-v's 
2 2 . 

So, U1<+2 = 
(¥r (¥r-(¥r (¥r 

J5 
(¥)k+2 - (¥) k+2 

v'5 

Thus P1<+2 is true whenever Pk and Pk+1 are true and P1 
and P2 are true. 

:. Pn is true for all n E z+ 

a 

b 

{Principle of mathematical induction} 

A 

c 
By the cosine rule: 

x 2 = 402 + 502 - 2 x 40 x 50 cos e 
and x2 = 302 + 20

2 
- 2 x 30 x 20 cos 26l 

1600 + 2500 - 4000 cos e = 900 + 400 - 1200 cos w 
4100 - 4000 cos e = 1300 - 1200 cos w 
:. 41 - 40cose = 13 -12cos26l 

3cos26l - lOcose + 7 = 0 

3(2cos2 e - 1) - lO cose + 7 = 0 

6 cos2 e - 3 - 10 cos e + 7 = 0 

: . 6 cos2 e - 10 cos e + 4 = 0 

: . 3 cos2 e - 5 cos e + 2 = 0 
:. (3cose - 2)(cose -1) = 0 

: . cos e = ~ or 1 

Now cos e = 1 is impossible, so cos e = ~. 

cas e - 1 and sine - v's - 3 - 3 

sin 26l = 2 sin e cos e 
=2x.:& x 1 3 3 
_ 4v's 
- -9- 2 



Area= ~(40 x 50 x sinB) + ~(30 x 20 x sinW) 

= 1000 sin e + 300 sin w 

= 1000 ( ~) + 300 ( 
4r) 

= 1000 ( ~) + 100 ( 
4f5) 

= ~ (1000 + 400) 

= 1~00.J5 m2 

sinx 
U f (x) = Ii)' 0 < x < 27r 

cosx + v2 

a 

b 

J' (x) = cosx(cos x + vf2) - sinx(- sinx) 

(cos x + v'2) 2 

cos2 x + v'2 cos x + sin2 x 
(cos x + v'2) 2 

1 + v'2cosx 

(cos x + v'2) 2 

ii When J'(x) = 0, 1 + v'2cosx = 0 

cosx = _..l and so x = 3
" 

5
" v'2 4'4 

<I +~-\=J+fx 
l31f\ 57r 

0 4 4 21!" 

local maximum at ( 3" 1) 4, , 

local minimum at ( 5;, -1). 

( 
(-v'2 sin x )(cos x + y'2) 2 

) 

- (1 + v'2 cosx)2(cosx + v'2)(- sinx) 
J"(x) = ---'----------~-------'--

(cos x + v'2) 4 

c 

-v'2sinxcosx - 2sinx + 2sinx + 2v'2sinxcosx 

(cos x + v'2) 3 

y'2 sin x cos x 

(cos x + v'2) 3 

ii When J"(x) = 0, sinxcosx = 0 

:. sinx=O or cosx=O 

x == ~' ?r, 327r 

There are 
changes in 

signs of J" (x ): 
···•.1 + I - I 

2!: 1r 
0 2 + I - l.·······x 

37r • 

2 21!" 

there are points of inflection at ( ~, )2), (Jr, 0), 

(
37r 1 ) 2, - v'2 . 

3n 

d Area= f __ 4 
sinx dx 

}:!! cosx + y'2 
4 

3n 

= [-In I cosx + V21]; 
4 

= - ln I - )2 + V21 + ln I )2 + V21 

= -ln IV2- ~V21 + ln IV2 + ~V21 

= -ln(~V2) +ln(~V2) 

( ~v12) = ln ~y'2 

= ln3 units2 

SOLUTIONS TO EXAMINATION PRACTICE SET 12 

1 For (2- x) 8
, Tr+1 = (~) 28-r(-xr 

= (~) 28-r(-lrxr 

For (1+2x)(2 - x)8, the coefficient of x7 

= 1 x (~) 28-7(-1)7 + 2 (~) 28-6(-1)6 

= 8 x 2 x -1 + 2 x 28 x 4 

= 208 

2 Sequence is geometric, u1 - 100, r = 1.1 

3 

4 

a Un= u1rn-l :. Un= 100 x (1.1r-1 

b Sn= u1(rn -1) = 100((1.lt-1) 
r - 1 0.1 

Sn= 1000 ((l.lt - 1) 

c We want n such that Sn > 4000 

1000 ((1.1r - 1) > 4000 

(l.lt - 1 > 4 

:. (1.l)n > 5 

log(l.l)n > log5 

nlog(l.1) > log5 

log5 n>-
log 1.1 

n > 16.9 

n = 17, 18, 19, 20, .... 

The amount first exceeds $4000 on his 17th birthday. 

a 6 x 6 x 6 = 216 numbers 

b 6 x 5 x 4 = 120 numbers 

c The first digit is 4, 5, 6, or 7 

• if the first digit is 4 or 6 • if the first digit is 5 or 7 

I 2 I 4 I 2 I= 16 

t t 
4 or 6 other 2 evens 

: . total number is 40 

1214131=24 

t 
3 possible evens 

d We can choose 3 from 6 in (~) = 20 possible ways and 

there is one order (ascending) for each way. 

total number of ways = 20 

1
2 

1 1 
o l+uxdx=; 

[ 
1 ] 2 1 
- ln ll + uxl = -
u 0 u 

1 1 1 
- ln ll + 2ul - - ln 1 = -
u u u 

:. ln ll + 2ul = 1 
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ll + 2ul = e 
1+2u = ±e 
:. 2u = ±e-1 

e-1 
:. u= -

2
- or 

Consider u = - ( e ; 
1 

) . 

-e-1 
2 

The function -
1

-
1
- = 1 

is not defined 
+ux l-(e;l)x 

2 
when x= --. e+l 

2 
Since 0 < --

1 
< 2, the definite integral 

e + 

1
2 

1 
dx is therefore not defined. 

0 1-(e;l)x 
e -1 

Hence, the only value is u = -
2
-. 

5 a The line has direction ( i 
2 

) . 

6 

We label ( -1, 1, 1) on the line as point A, 
and (1, 3, -2) on the plane as point B. 

Then AB = ( ~3 ) and a normal to the plane is 

(1) (2) Ii j kl 2 x 2 = 1 2 -2 
-2 -3 2 2 -3 

= I ; =~ I i - I ; =~ I j + I ; ; I k 

= (-6 + 4)i - (-3 + 4)j + (2 - 4)k 

= -2i-j - 2k 

An equation of the plane is 

-2x - y - 2z = -1 

:. 2x+y+2z=l 

b Distance of plane to (0, 0, 0) is 

12(0) + 1(0) + 2(0) - ll = .!. unit 
v'22 + 12 + 22 3 

P( one of each colour) 

=-fsxf2+-fs x ~ 
- 72 
- 156 

;:::; 0.462 
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7 

8 

y=xarcsin(~-o.5), -l ~x~3 

y(-1) = -1 arcsin (-~) ;:::; 0.985 

y(3) = 3 arcsin(0.5) = % 
Using technology, Yrnin;:::; -0.190, where x;:::; 0.742. 

y 
7r 
2··························· 

(-1, 0.98G) 

If the depth of water is d cm 
r 10 1 
d=20=2 
r = ~d 

Let the volume of water be V cm3
. 

V = t7rr2
d 

. v - 1 (d2) d - 7r d3 . . - 37r 4 - 12 

dV = 2L x 3d2 dd 
dt 12 dt 

Particular case: d = 15 dV = 30 cm3 s- 1 

' dt 

dd 
30 = f2 x 3 x 15

2 
x dt 

dd 8 -1 
dt = 15-rr ems 

So, the depth is increasing at 1:-rr cms- 1 

9 As the probabilities add to 1, ¥+k+ x+fr=l 
6 + 7 + 21x + 2 = 21 

:. 2lx = 6 

A total of 6 after two rolls 
can only occur if we get 

4 and 2 or 3 and 3 
or 2 and 4 
with probability of occuring 

. x = ¥ 

=?r xk + ¥x¥ + kxfi 1 2 3 4 lstthrow 
64 

441 

10 The three vectors are coplanar if the normal to u and v is parallel 
to the normal to u and w (or v and w). 

u xv= I~ ~ !31 

and 

= I ; ~3 1 i - I ~ ~3 1 j + I ~ ; I k 

= (-6 - 6)i - (-6 - 3)j + ( 4 - 2)k 

=-12i+9j+2k 

I
. . k I 

UXW=; ~ 3 
1 2->.. >..+1 



= ((2>.. + 2) - (6 - 3>..)) i- ((2>.. + 2) - 3)j 

+ ((4- 2>..) - 2) k 

= (5>.. - 4)i + (1 - 2>..)j + (2 - 2>..)k 

5>.. - 4 1- 2>.. 
The vectors are parallel if -=12 = -

9
-

Using 1 - 2>.. = 2 - 2>.. = 1 - >.., 
9 2 

1- 2>.. = 9- 9>.. 

:. >.. = ~ 
and >.. = ~ checks in the other equation. 

2-2>.. 
2 

11 a U1 = 2S5, U10 = 213 

Now u 10 = u 1 + 9d :. 213 = 2S5 + 9d 

:. 9d = -72 

:. d = -S 

Thus, Un= 285 + (n - 1)(-8) 

= 285- Sn+ S 

= 293- 8n 

b Un > 0 for 293 - Sn > 0 

:. Sn< 293 

:. n < 36i 

So, 36 terms are positive. 

12 3(~)=(~) 

3 
n(n - 1) = n(n - l)(n - 2) 

·· 2xl 3x2xl 

9n(n - 1) = n(n - l)(n - 2) 

Since n ;;:, 3, n and n - 1 cannot be 0. 
: . 9 = n - 2 and so n = 11. 

13 Since 12 customers per hour arrive, 6 will arrive each ~ hour. 

14 

Let X = number of customers that arrive each ~ hour. 

65e-6 
So, X ~ Po(6) and P(X = 5) = -

5
,- ~ 0.161 

A 

A ~ 
B 7cm C 

By the sine rule, 
sin 2() sine 
-7-=-5-

5 sin 2() = 7 sin e 
lOsinOcose - 7sin0 = 0 

sinO(lOcose - 7) = 0 

cose = fo {as sine =I- O} 

:. e = arccos(0.7) ~ 45.6° 

15 C = owns a car 
0.52 c 

~M~C' 
~F<C 

0.73 C' 

a P(scudent does not have a car) 

= 0.5S x 0.4S + 0.42 x 0.73 

= 0.5S5 

, P(MnC') 
b P(MIC)= P(C') 

0.5S x 0.48 
0.585 

~ 0.476 

{using a} 

16 Pn is: "~(xex ) = (x + n)e"' ", n E z+ 
dxn 

Proof: (By the principle of mathematical induction) 

(1) If n = 1, d ( "') 1 x x - xe = e +xe 
dx 

= ex(x + 1) 

= (x + l)e"' P1 is true. 

dk 
(2) If Pk is true, dxk (xex ) = (x + k)e"' 

dk+l d x 
· --(xex) = -(x + k)ex =lex + (x + k)e 

· · dxk+ l dx 
=e"'(x+k+l) 
= ex(x + [k + 1]) 

Thus Pk+l is true whenever Pk is true, and Pi is true. 

:. Pn is true for all n E z+ 
{Principle of mathematical induction} 

17 a Joa xv'l - x 2 dx = 0.2 

b 

.. -~J0a(l-x2)!(-2x)dx=0.2 

[ 

2 ~]a . _l (l - x ) = 0.2 
. . 2 3 

2 0 

-~ [(1- x2 )~J: =0.2 

2 .1 (1 - a ) 2 - 1 = -0.6 

2 .1 
(1 - a ) 2 = 0.4 

1 - a2 = (0.4)~ 

:. a2 =1-(0.4)~ 

l a _ x_dx=l 
o x2+ 1 

2
1 la 2x --dx=l 

x 2 + 1 

· __ xdx=2 la 2 

o x2 +1 

[ln lx
2 + II)~= 2 

lnla
2
+1j=2 

a ~ 0.676, as a > 0 

a 2 +1=e2 {since a 2 +1>0} 

a= ±-Je2=1 
a = Je2=l {since a> O} 

18 Area of the parallelogram is la x bl where 

I

. . k I 
a x b = ; ~4 1 

2 1 -5 

= (20- l)i- (-15- 2)j + (3- -S)k 

= 19i - 17j + llk 

Area of parallelogram is y~l-92~+-1-i2~+-1-1c-.c2 ~ 27.8 units2 
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19 a v = 4t3 
- 9t2 + 2, t ? O 

a= 12t2 
- 18t ms-2 

b a = 6t(2t - 3) 

,,~ -w+· 
.0 ~ 

with sign diagram: 

. . . dv 
v IS a mm1mum where - = 0 

dt 

:. a= 0, t = ~ 

Vmin = 4 ( ¥) - 9 ( ~) + 2 

=¥-¥+2 
= -1/ ms- 1 

4t4 9t3 

c s = f v dt = - - - + 2t + c 
4 3 

= t
4 

- 3t3 + 2t + c 

But s(O) = -6 so c = - 6 

: . s = t 4 
- 3t3 + 2t - 6 m 

d s = 0 when t 3 (t - 3) + 2(t - 3) = 0 

(t - 3)(t3 + 2) = 0 

: . t = 3 or - lf2 
:. t=3 {as t?O} 

first passes through 0 when t = 3 s. 

e Total distance travelled in [O, 5] 

= fa51vl dt 

= f: I 4t3 
- 9t2 + 21 dt 

;:::; 2140 m {using technology} 

20 Let X be the score in the Biology exam. 

:. X rv N(56, 30.5122
) 

a P(X ? 72) ;:::; 0.30 

About 30% gained a score of "6" or better. 

b P(X ? 40);:::; 0.70 

About 70% passed the exam. 

c P(X ? 94) ;:::; 0.1065 

So 10. 65 % of students would gain a mark of 94 % or more, 
and Micah would just miss out on a score of 7, but he 
would get a score of 6. 

d Let E be the score in English then 

E rv N(63, 18.312
) and P(E ? 87) ;:::; 0.0950. 

So Micah scored better in English than in Biology. 

II Only 10% of the students receive a 7 in Biology. 
Let s be the mark required to get a 7 in English. 

P(E? s) = 0.1 and so P(E ::;; s) = 0.9 

ct > 
63 s E 

s;:::; 86.5 

A grade of 86.5% or better would get a 7 in English. 
Since Micah scored 87% in English, he would get 
a 7. 
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21 a f(x)=xn 

f(x+ h) 

= (x + h)7" 
= Xn + ( ~) Xn-1 h + (;) Xn- 2 h2 + .... 

.... + (n"'.'..2) x2hn - 2 + (n"'.'..1) xhn-1 + hn 

b J'(x) = lim f(x + h) - f( x ) 
h~o h 

( 
Xn + (~) Xn- l h~l(;) Xnn- 2h:) 

+ .... +nx h + h - x = lim ---'--~~~~~~~~~~~----'-
h~ a h 

- r (n) n-1 (n) n- 2h hn-1 
- h~ 1 x + 2 x + .... + 

= nxn-l + 0 + 0 + .... + 0 

n -1 =nx 

Volume = 7r fa" y2 dx 

= 7r fa" sin2 x dx 

= 7r f0" (~ - ~ cos2x) dx 

= 7r [ ~ x - i sin 2x] ~ 

=7r(~ -0-0 +0) 
7r2 • 3 = 2 umts 

23 f(x) = 2xsinx, g(x) = x, 0 ::;; x ::;; 27r 

a They meet when f(x ) = g(x) 

:. 2xsinx = x 

x(2sinx -1) = 0 

: . x = 0 or sin x = ~ 
:. x = 0, i, s; 

they meet at (0, 0) , ( i, i ), ( 5; , 
5
; ) . 

b !' ( x) = 2 sin x + 2x cos x and so we have stationary 
points where 2 sin x + 2x cos x = 0 

c Using technology we obtain the graph of 
y = 2 sin x + 2x cos x : 

d 

y y=f'(x) 
10 

5 4.91\ x 
7r 37r 27r - 5 2 2 

The stationary points are at A(O, 0), B(2.03, 3.64), 

C(4.91, -9.63) 

g(x) =x 

27r 
A x 

f(x) =2xsin x 

e We integrate by parts with U= 2X I . 
V = SlnX 

u' = 2 v = - cos x 

f 2x sinx dx = -2xcosx - f -2cosx dx 

= -2xcos x + 2sin x + c 



Total area 
2[ h 

= 16 

(g(x) - f(x)) dx + i 6 

(f(x) - g(x)) dx 
6 

i ¥ 
= 1 (x-2xsinx)dx + i (2xsinx-x)dx 

6 

[
x2 ] i "2 + 2xcos x - 2sinx 

0 

+ [- 2x cos x + 2 sin x - x: ] ~~ 
6 

= ;~ + i ( 1) - 1 - 0 

+ (-5;(- 4) + 1- 2~; 2 ) 

- (-G)(4) + 1 - ;~) 
_ £ + rrv'3 _ l + 5rrv'3 _ 25rr

2 + Kv'3 + rr2 

- 72 6 6 72 6 72 

= _ll7r2 + 17ry'3 - 1 units2 
72 6 

2.lt a Total number of students is 16. 

We can select 7 from 16 in (1.;') = 11440 ways. 

b The number of ways of selecting a committee with both 

Haakon and Josefine is ( 15
4

) = 2002. 

So, if they cannot both be on the committee the number 

of ways is ( 1;) - ( 
1
5
4

) = 9438. 

c If there are more boys than girls, the committee must be 
one of the following: 

For 4 boys 3 girls, the number is (: ) ( D . 
For 5 boys 2 girls, the number is (;) ( ;) . 

For 6 boys 1 girl, the number is ( ~ ) C) . 
For 7 boys 0 girls, the number is ( ~). 

Total is (~) (;) + (;) G) + (~) (D + (~) = 7680. 

25 a Let Ta be the maximum temperature in Adelaide so 

Ta rv N(33, 3.52
) . 

~ 
µ µ+u µ +2u 
33 40 

P(Ta ): 40) :::o 0.0228 

About 2.283 of January days in Adelaide will have 
temperatures above 40°C. 

b Let Tp be the minimum temperature in Prague then 

Tv rv N( -3.2, 4.92
) and P(Tv < -12) :::o 0.0363. 

.. 1 

-12 ~ 
~ 
µ-2u µ - u µ 

- 3.2 

b 

> 

c Adelaide was 2 standard deviations above the mean while 
Prague was about 1.80 standard deviations below the 
mean. Hence the temperature in Adelaide was more 
extreme. 

d P(Ta ): 46.4) :::o 6.444 x 10- 5 

Let b be the corresponding extreme temperature in Prague. 

:. P(Tv ~ b) = 6.444 x 10-5 

4 
b -3.2 

> 

b :::0 - 22.0 

So, it would have to be - 22.0°C in Prague. 

SOLUTIONS TO TRIAL EXAMINATION 1 

NO CALCULATOR 

SECTION A 

1 a 2:P(X=x)=l, 

2 

i + 2k + tk + ~ + ~k = 1 

~ + 2~k = 1 

:. ¥k= ~ 
:. k= ~ 

b P(O < X < 4) = P(X = 1, 2, or 3) 

= 2 (~) + H~) + ~ 
= -fs + z\+~ 

= * + ~ 

c E(X + 1) 

= E(X) +E(l) 

= E(X) + 1 

59 
78 

= o (~) + 1(2k) + 2 (~) + 3 (~) + 4 (
2
5k) + 1 

2k 8k 
= 2k + 5 + 1 + 5 + 1 

= 2 + 4k 

=2+4(~) 
= 2+ i¥ 
=2~ 

a a + (3 = - ~ and a{3 = - ~ 

1 1 f3+a - ~ 2 - + -=--=-=-
OI {3 a{J - ~ 3 

and 
1 

a{3 

1 1 
b All quadratic equations with roots and have the 

a (3 

form a(x2 
- ~x - i) = 0, a~ 0 

which is equivalent to 

a(3x2 
- 2x - 5) = 0, a~ 0. 
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3 

4 

5 

B a Using the sine mle, 

b 

(} 

5cm 

cos(} =~ 

sin(} - ./IT - 6 

c 

sin ABC = sin 2() 

sin 2() sin (} 
5 3 

2 sin fJ cos fJ sin fJ 
5 3 

6sin0cos(} = 5sin0 

sin0(6cos0 - 5) = 0 

:. sin0=0 or cosO= ~ 

But sin (} =/= 0 as this would 
imply (} = 0. 

cos(} = ~· 

= 2sinfJcosfJ 

= 2("'J1)(~) 
- 5./IT 
- ---i:-8 

13:; 21 I > 1, x =I= -2 

1 f:;2~ 1 > 1 {l~I =\~I} 
l3x - ll > Ix+ 21 {as Ix+ 21 is not negative} 

l3x - 11
2 

> Ix+ 21
2 

(3x - 1)2 > (x + 2) 2 
{ !al 2 = a2

} 

.'. (3x - 1)2 
- (x + 2) 2 > 0 

(3x - 1 + x + 2) (3x - 1 - x - 2) > 0 

(4x+1)(2x-3) > 0 

+ .. 
-2 

x < -i or x > %, x =/= -2 

H = weather is hot 

W = local team wins 

b P(H I W) = P(W I H)P(H) 
P(W) 

{Bayes theorem} 

=(1xJ:l x 1)~ 
8 5 16 5 

12 
12 + 27 
12 
39 
4 
TI 

6 a The graph touches the x-axis at - ~. 

:. (2x + 1)2 is a factor of f(x). 

The graph also cuts the x-axis at 1. 

:. (x - 1) is a factor also. 

Thus f(x) = k(2x + 1)2 (x - 1) , k =/= 0 
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But f(O) = -2, so k(1) 2 (-1) = -2 
.'. -k = -2 

.'. k = 2 

Thus f(x) = 2(2x + 1) 2 (x - 1) 

= 2(4x2 + 4x + l)(x - 1) 

=2(4x3 -3x -1) 

= 8x3 
- 6x - 2 

a= 8, b = 0, c = - 6, d = -2 

b g(x) = 2f(x -1) 
g(O) = 2f (-1) 

= 2[2(-1)2 (-2)] 
=2 x -4 

= -8 : . y-intercept is -8. 

c g(x) = 2f(x - 1) = 2[8(x - 1)3 
- 6(x - 1) - 2] 

= l6(x - 1)3 
- 12(x - 1) - 4 

g'(x) = 48(x -1) 2 -12 

g"(x) = 96(x -1) 
g"(x)=O when x=l 

Now g(l) = 2f(O) = - 4 

g(x) has point of inflection (1, -4). 

V = Jrr 2 h 

= Jrr2 (2r) 

= 2Jrr3 

dV = 6Jrr2 dr 
1 
2r 

······. j 
dt dt 

dV 
But when r = 5, dt = 5Jr 

....._r 
2 dr 

5Jr = 6Jr x 5 dt 

dr 1 -1 
dt = 30 ems 

at this instant. 

Now surface area, A= 2Jrr2 + 2Jrrh 

= 2Jrr2 + 2Jrr(2r) 

= 6Jrr2 

dA dr 
- = 12Jrr -
dt dt 

At the instant when r = 5, 
dA dt = 12Jr x 5 x -fo = 2Jr cm2 s- 1 

the area is increasing at 2Jr cm2 s- 1
. 

8 Let x=sec(} dx 
d(} = secOtanO 

J~dx 

J v'sec2 (} - 1 . 
= 2 sec (} sec (} tan (} d(} 

J tan(} 
= 2 sec (} sec (} tan (} d(} 

= 4 J tan2 0d(} 

= ~ f (sec2 0 - 1) d(} 

=~(tan(} - 0) + c 

x 
sec(}= l 

n~ 
1 

= ~ JxZ="l - ~ arctan ( JxZ="l) + c 



dn 
9 Pn is "if y = xe-x then dx~ 

for all n E z+. 
Proof: (By the principle of mathematical induction) 

(1) If n = 1, dy 1 - x + ( -x) dx = e x - e 

= (1 - x)e- x 

1- x 

= (-1) 1+1 (1- x) 
e x 

P1 is true. 
dky (-l)k+l(k-x) 

(2) If Pk is true, - - -'----'---'-----'-dxk - ex 

dk+
1
y = (-l)k+l [-le"' - (k - x)e"'] 

dxk+l (e"')2 

= (-l)k+l [ e"'( - 1 - k + x)] 
e2x 

=(-l)k+l [-(k::-x)] 

(-l)k+2([k + 1] - x) 
e"' 

Thus P1 is true, and Pk+l is true whenever Pk is true. 
: . Pn is true {Principle of mathematical induction} 

SECTION B 

10 a :Jm 

lzl =r 

1 

b Since XP is parallel to the :Re axis, OXP = 180° - () 

In LOXP, OP2 = r 2 + 12 - 2r x 1 x cos(180° - ()) 

= r 2 + 1 - 2r cos(180° - ()) 

= r 2 + 1 + 2r cos() 

OP= Jr2 + 2rcos() + 1 
---> 

c Suppose arg(z+ 1) = a. Locate Y so that YP = z and 
OXPY is a parallelogram. 

In LOYP, 
12 + op2 - r2 

cos a = 
2(1)(0P) 

{cosine rule} 

1 +? +2rcose+ 1-? 

2)r2 + 2rcos() + 1 

2 + 2rcose 

2)r2 + 2r cos()+ 1 

1 + rcosB 
)r2 + 2rcose + 1 

d If lz l = 1 then r = 1 
1 +cos() 

cos a= ---;::=::::==== 
)l + 2cos() + 1 

1 +cos() 

)2 + 2cos() 
1 + cos() 

v'2v1 + cosfJ 

= Jl + ~os() 

1 + (2cos2(%) -1) 

2 

Zcos2 (%) 

z 
=cos(%) {since% is acute} 

Thus a=% 

e When r = 1, OXPY is a rhombus and (OP) bisects XOY 

a=%· 

11 f(x)=k ln x, k > O, x> O. 
x 

1 k(~)x - klnx(l) 
a f (x) = 2 x 

k(l-ln x) 
x2 

J'(x) = 0 when lnx = 1, 

which is when x = e. 

Sign diagram for f' ( x): 

k 
Now f(e) = -

e 
. ·. there is a local maximum at 

[
- l(x2

) - (1- lnx)2x] 
b !" (x) = k ---"'"'----'---x4 

k[-x - 2x + 2xlnx] 
x4 

k(21nx - 3) 
x::s 

f"( x) = 0 when ln x = ~ 
3 

which is when x = e 2 

h . f . fl . . ( 3 3k ) t e pomt o m ect10n 1s at e2, ~ . 
2e2 

e2 

c If J k In x dx = 10 then 
1 x 

e2 

k J [in x]
1 
(;) dx = 10 

2 

k [[ln2x]2[ = 10 

[lne2]2 _ [ln,;i,?'" = 10 
2 ~ k 

2 = 10 
k 

k =5 

d We integrate by parts with u = (ln x )2 

I ( 1 1 u = 2 lnx) -
x 

J (ln x)2 dx 
x2 

= uv - J u'vdx 

= --(ln x) - -- x -- dx 1 2 J 2lnx 1 
x x x 

= -- (ln x) + 2 - dx 1 2 J Inx 
x x2 

I 1 
v =

x2 

1 
v = -

x 

Mathematics HL - Exam Preparation & Pradice Guide (3.i edition) 



e 

12 a 

b 

We again use integration by parts, this time with 
/ 1 

u = ln x v = -
x2 

I 1 
u = -

x 

J (lnx)2 dx 
x2 

1 
v = -

x 

= _.!_(lnx) 2 + 2 [-2. lnx -!-_.!._ dx] 
x x x 2 

1 2 2lnx J 1 = - - (ln x) - -- + 2 - dx 
x x x 2 

1 2 2lnx 2 = - -(ln x) - -- - - + c 
x x x 

y 

y=f(x) 

When k = 1, 

f(x) = lnx, 
x 

the local maximum is 

at (e, ~), 
2 2 

and f(e ) = 2· 
e 

The x-intercept is when 
ln x = 0, which is 
when x = 1 

the volume of the solid of revolution 
e2 

V = 7r 1 y2 
dx 

= 7r f,e2 (ln x )2 dx 
1 x2 

[ 
1 2 2ln x 2]e 

= 7r -- (ln x) - -- - -
x x x 1 

2 

= 7r [(--.! - _! - ~) - (0 + 0 - 2)] 
e2 e2 e2 

(2 10) . 3 = 7r - e2 umts 

Since the line 1s 
perpendicular to the 
plane, n is parallel to I 

: . 2k = -4, -k = 2, 

and k=a 

Thus a= k = -2 

II The line meets the plane when 

2(1 - 4>.) - (2 + 2>.) + (3 - 2>.) = 15 

. . 2 - 8>. - 2 - 2>. + 3 - 2>. = 15 

: . -12>.=12 

:. >. = - 1 

they meet at (5, 0, 5). 
-.; --+ ----7 ---)> ---4-

P A = PO+ OA = OA - OP 

( 
1- 4.A) ( 3 ) = 2 + 2>. - - 1 
3 - 2.A 2 

(

- 2 - 4.A ) 
= 3+2>-

1 - 2>. 
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--> --> 
ii PA J_ I so PA • I = 0 

(-2 - 4.A)(-4) + (3 + 2.A)(2) 

+ (1 - 2.A)(-2) = 0 

8 + 16.A + 6 + 4.A - 2 + 4>. = 0 
:. 24.A = -12 

Ill When .A = -! , OA = ( ! ) : . .A=-! 

:. the foot of the normal is (3, 1, 4). 

iv PA = ( ~ ) and I PA I = Jo + 4 + 4 

2 = v'8 = 2v'2 

the shortest distance is 2v'2 units. 

c The third plane has direction vector 

= n1 x n2 /o/t7 y_; 

a 

I

. . k I 
= ~ ~1 1 

1 3 -2 

1 1 · 12 - 2 J + 1 - l 1 3 k 

= (2 - 3)i - (-4 - l )j + (6 + l )k 

= -i+ 5j + 7k 

since (-5, 0, 0) lies on the plane, its equation is 

-x + 5y + 7z = - (- 5) + 5(0) + 7(0) 
which is x - 5y - 7z = - 5. 

ae- x 
f(x)---- b- ae- x 

, (- ae- x)(b - ae- x) - ae-x(ae- x) 
f (x) = (b - ae- x)2 

-abe-x+~-~ 

(b - ae-x )Z 

-abe- x 
(b - ae- x)Z 

b J"(x) 

(abe-"')(b- ae-x) 2 - (- abe- x)2(b- ae-x) 1 (ae- x) 
(b - ae- x) 4 

(abe-"')(b - ae- x) + 2a2 be- Zx 
(b - ae-x )3 

ab2 e- x - a2 be-Zx + 2a2 be- zx 

(b - ae-x )3 

ab2 e-x + a2 be- Zx 

(b - ae-x)3 

abe-x(b + ae- x) 
(b - ae-x)3 

As a> 0, b > 0, e- x > 0, and b + ae-x > 0, 
J" ( x) cannot be 0 for any x E JR. 

c f(x) is undefined when b - ae- x = 0 

:. ae- x = b 
x a 

:. e = b 

:. x= ln(~) 
x =ln(~) is a vertical asymptote. 

Also f(x) = ( ae-x ) ex = __ a_ 
b - ae- x ex bex - a 

As x-+ oo, f(x)-+ 0 {since a, b > O} 
As x-+ -oo, f(x)-+ -1 

y = 0 and y = - 1 are horizontal asymptotes. 



d Sign diagram for J'(x): 

e If a = 3 and b = 1, the vertical asymptote is 
x = ln3. 

y 

.................... 

x=ln2 x= ln3 

ii The shaded area = - e dx 1
ln2 3 -x 

Q 1 - 3e-X 

Ifwe let u = 1- 3e- x 

h d'U 3 - x 
ten dx =e, 

u(O) = -2, and 

u(ln2) = -~ 

the area = - - - dx 1ln 2 1 du 
0 u dx 

=-!-~.!.du 
-2 u 

= - [In Jul]=; 
= -(ln G) - ln2) 

=ln2 + ln2 

= ln4 units2 

CALCULATOR 

SECTION A 

10 

a IT (nx - 1) = (x - 1)(2x - 1)(3x - 1) .... (lOx - 1) 
n =l 

= l(x -1)2(x - !)3(x - i) .... lO(x - fa) 

= lO!(x - l)(x - !)(x - i) .... (x - fa) 

k = 10! = 3 628 800 

b Using the 'sum and product of roots theorem' 

(x- l)(x - !)(x- i) ···· (x - fa) 
10 (1 1 1 1 ) 9 = x - +z + 3+ .... + 10 x + .... 

10 
the coefficient of x 9 in IT ( n x - 1) is 

n=l 

-10!(1 + ! + i + .... +fa) = -10628640 

2 a Area of shaded segment 

= area of sector - area of triangle 

= !r2e- !rr sine {!ab sinc formula} 

= ~r2 (e - sine) , e in radians 

b shaded area : unshaded area 

= ~r2 (e - sine): ;rr2 
- !r2 (e- sine) 

= ~(e - sine): Jr - He - sine) 

The ratio is 1 : 3 when 

Jr - He- sinB) = 3 (!) (B - sinB) 

:. 2(8 - sine)= ;r 

: . B - sin B - ~ = 0 

We use technology to graph f ( e) = B - sine - ~ where 

it is clear that e is obtuse. 
We hence find B ~ 2.309 881 5 radians 

: . (} ~ 132.3° 

3 a For f ( x) to be well defined, 

f
0

2 
k(x 2 + 3) dx = 1 

k [ ~
3 

+ 3x[ = 1 

k(~+6-0)=1 

:. k(¥) =l 

:. k = f6 

b P(X;::: 0.6) = 12 

ftJ(x
2 

+ 3) dx 
0.6 

= 0.784 {using technology} 

c The median m is such that 

1m ftJ(x2 +3)dx=! 

[
x3 +3x]m = .! X ~ 
3 2 3 

0 

m 3 
- +3m = ll! 3 3 

m 3 +9m-13 = 0 

: . m ~ 1.235 {using technology} 

4 X~B(12,p) 

P(X = r) = (1;) pr(l - p) 12
- r for r = 0, 1, 2, .... , 12 

P(X = 3) = ( 1(; ) p
3 (1 - p) 9 = 0.1 

: . 220p3(1 - p) 9 = 0.1 

:. p
3 (l - p) 9 = 22

1
00 

We use technology to solve this for 0 "( p "( 1. 
=> p ~ 0.109 or 0.442 

5 a 

b 

2cos2B + l=5sin8, "I < B<;r 
2(1- 2sin2 B) + 1 - 5 sine = 0 

2 - 4 sin 2 e + 1 - 5 sin e = 0 

.. . 4 sin2 e + 5 sine - 3 = 0 

. -5 J: J25 - 4( 4)(-3) 
smB = 

8 

. e -5± v03 
Sill =----

8 

. e v'73-5 
Sill = ---

8 
-5- J73 

{as 
8 

< -1} 

~ 0.443000 

As 'I < B < Jr, 
e ~Jr - arcsin(0.443) 

:. (} ~ 2. 683~ 

y 

····· ~0.443 
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6 X ~ N(µ, a 2
) 

P(X ? 20) ~ 0.386 

p ( x; µ ~ 20
; µ) ~ 0.386 

p ( z ? 
20

; µ) ~ 0.386 

p ( z ::;;: 20
; µ) ~ 0.614 

.. 20 - f.L ~ 0.28976 
(]" 

20 - µ ~ 0.28976u ... . (1) 

Also P(X ? 25) ~ 0.183 

P(z ? 
25;µ) ~0.183 

P(z ::;;: 
25;µ) ~0.817 

25 - Jl ~ 0.903 99 
(]" 

25 - µ ~ 0.903 99u .... (2) 

Solving (1) and (2) simultaneously, 

25 - µ ~ 0.903 99u 

-20 + µ ~ -0.289760" 

5 ~ 0.614 23a 

(]" ~ 8.1403 

and µ ~ 20 - 0.28976 x 8.1403 

~ 17.641 

So, µ ~ 17.6 and u ~ 8.14 

7 loga3=7 

8 

a loga 27 = loga 33 

= 3loga 3 

=3 x7 

= 21 

b Let log.;a 3 = x 

c Since loga 3 = 7, 

a 

3 = a7 

1 
a= 37 

a~ 1.17 

f( x ) = x 2 sin3 x 

f( -x) = (-x)2 [sin(-x)] 3 

= x 2 x [- sinx] 3 

2 . 3 =x x -smx 
2 . 3 = -X Slll X 

= - f(x) for all x 

f( x) is an odd function. 

3 =(vat 
." . 3 = (a!)x 

: . a~ = 3 
x 2 = loga 3 

~ = 7 
2 
x = 14 

b y ~ (1.91, 3.06) 

~ (-1.91, -3.06) 
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c f~a f(x) dx = 0 since f(x) is odd. 

This is because f~a f(x) dx = J
0
a f(x) dx+ f~a f( x) dx 

In the last integral, let u = -x, so du = -dx 

f~a f(x) dx = foa f(x) dx + fa0 
f(-u)(-du) 

= J
0
a f (x) dx + J

0
a f( - u) du 

= J
0
a f(x) dx - J

0
a f(u) du 

=0 

a Using technology: 

i µ ~ 72.67 

{since f(x) is odd} 

ii u 2 ~ 3.5592 

~ 12.67 

b Let X = the weight of a scallop 

:. X ~ N(72.67, 12.67) 
:. P(70 < X < 80) ~ 0.754 

c The answer to b is unreliable, as the sample in a is very 
small. 

SECTION B 

10 a Let u = vx-=-1 
so u 2 = x - 1 and 2u du= dx 

J vxx-1 dx 

= f--:J!-- 2u du 
u + 1 

= 2Ju2u:1 du 

= 2 J u2 + 1 - 1 du 
u 2 +1 

= 2 J (1 - -
1
-) du 

u 2 +1 

= 2(u - arctanu) + c 

= 2-JX=I - 2 arctan .JX=l + c 

b f ( x) is defined for x - 1 ? 0 and x # 0 

the domain of f is x ? 1. 

1
1 

vx - 1 dx does not exist. 
-1 x 

c 12 vx -1 dx 
1 x 

d 

= [ 2-JX=l - 2 arctan .JX=l ] ~ 
= 2(1) - 2 arctan(l) - 2(0) + 2 arctan(O) 

=2-2(~)-o+o 

=2-~ 

y 

Max (2, ~) f(x)= JX=T 

II The local maximum is at ( 2, ~). 
{using technology} 

x 

x 



11 

e 

ii Volume = rr 110 
y2 dx 

1
10 x - l 

=rr -
2
- dx 

1 x 

= rr 110 (; - :2) dx 

= rr [in lxl + ;] :o 

= rr(ln 10 + fa - ln 1 - 1) 

= rr(ln 10 - fa) 

b=oB=(~) 

. . M is (2, 9, 2). 

b Mi : MB = ( ;~) : ( ;; ) 

= 3 ( ;; ) : ( ;; ) 

= 3 : 1 

c 

B 

Let the point be C. 

Now AB= ( ;:) 

: . I AB I = v'64 + rn + 64 = 12 
--> --> --> 
OC=OA+AC 

= ( ~i ) + 3 x ft x ( ;: ) 

the point is (-2, 11, 6). 

d A normal to the plane is 

e 

1i a 

I 
. . kl 

a x b = ~4 ~2 8 
4 8 0 

= 11~ ~ I i - I ~4 ~ I j + I ~4 1821 k 

= (0 - 64)i - (0 - 32)j + (-32 - 48)k 

= -64i + 32j - 80k 

= -16(4i - 2j + 5k) 

Since the plane passes through 0, it has equation 
4x - 2y + 5z = 0. 

z=rcis8=reie 

zn = (reier 

= TneiOn 

-----> ----> 
BA•BE 

cos e = ___, __, 
I BAii BEi 

32 - 32 + 8 

12 x v'16 + 64 + 1 
8 

12 x 9 
2 

27 

e = arccos (f,;) 
ABE~ 85.8° 

= r 'T\ cis (ne), which is De Moivre's theorem. 

b z- 2 = r - 2 cis (-28) 

1 
. . lz - 2

1 = r- 2 = 2 and arg(z- 2
) = -28 

T 

c z = v3 - i has lz l = v'3+1 = 2 

ii 

z-2(v'3_1i) - 2 2 

z=2cis(-i) 

w = 2 + 2i has lwl = v'4 + 4 = 2.J2 

.. w=2v'2 (~+~i) 
w = 2.J2cis (:f) 

z7 (2cis (-i)r 
w4 [2v'2cis (~)]4 

27 cis(- 7
;) 

26 cis (7r) 

= 2 cis ( - 1 ~") 

= 2 cis (-i) 

=z 

!ft 
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d cos 38 + i sin 38 

= cis38 

= [cis 8] 3 {De Moivre} 

= [cos8 + isin8] 3 

= cos3 e + 3 cos2 Bi sin8 + 3 cos B(i sin 8) 2 + (i sin8) 3 

= cos3 e + [3cos2 8sin8]i - 3cos8sin2 e - isin3 e 
= [cos3 e - 3cos8sin2 8] + i[3cos2 8sin8 - sin3 8] 

Equating real and imaginary parts, 

cos 38 = cos3 e - 3 cos 8sin2 e 
= cos3 e - 3 cos 8(1 - cos2 8) 

= cos3 e - 3 cos e + 3 cos3 e 
= 4cos3 e - 3cos 8 

and sin38 = 3cos2 8sin8 - sin3 e 
= 3 sin 8(1 - sin2 B) - sin3 e 
= 3 sine - 3 sin3 e - sin3 e 
= 3sin8 - 4sin3 e 

e Let x = sine 

13 a 

3 sin8 - 4sin3 e = ~ 

sin 38 = ~ {using d} 

.. . 38 = { ~ + k27r 

e ={Di+ k12.,,. 
5.,,. 18 
T8 

e = Di, ~; , - I; , · · · · 
x = sin (Di) , sin ( ~; ) , or sin (- i;) are the 

distinct solutions. 

Coin 

2 3 4 5 
1 3 5 3 

12 12 12 12 

b P(X = 4) = 12 

c 

ii P(X ~ 3) = P(X = 2 or X = 3) 

=~+-!2 
1 
3 

P (one sum is 3 and the other is 4) 

= P((Sam a 3 and Pam a 4) or 

(Sam a 4 and Pam a 3)) 

= f2 x 12 +12 x f2 

= 1
3
4°4 

=f4 
ii Let Y = the least of the 4 results. 

(1) P(Y = 3) = 0 {cannot get a 3 with the coin} 
(2) To have Y = 2, both of the coins must be 2, 

and both of the dice must be 2 or 3. 

P(Y = 2) = ~ x ~ x ~ x ~ 
- 2§_ 
- 144 

(3) P(Y = 1) = 1 - 1
214 

= i!~ 
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(4) 

P(Y = y) 119 
144 

25 
144 0 

E(Y) = 1 x i!~ + 2 x 1
214 + 3 x 0 

169 
144 

e::; 1.17 

(5) E(Y2
) = 12 x 119 + 22 x 2§_ + 32 x 0 144 144 

= ;!~ 

Var(Y) = E(Y2
) - {E(Y)} 2 

= 219 - ( 169 ) 2 
144 144 

e::; 0.143 

SOLUTIONS TO TRIAL EXAMINATION 2 

NO CALCULATOR 

SECTION A 

a d~(xcosx) = (l) cosx +x(-sin x) 

= cosx - xsinx 

b 

J (cos x - x sin x ) dx = x cos x + c 

sinx - J xsin x dx = xcosx + c 

: . J x sin x dx = sin x - x cos x + c 

Since f (x) is a PDF, 

11!; f( x )dx = 1 

k 11!; sinxdx = 1 

:. k [- cosx]! = 1 

k(- cos~ - - 1) = 1 

:. k = 1 

ii E(X) = 11f x f(x ) dx 

= 11!; xsinxdx 

= [sin x - x cos x] ! {from a} 

= (sin~ - ~cos~) - (sinO - 0) 

=1 

2 a The sum of the first n terms of an arithmetic sequence is 
S n= "R-(2u1 + (n - l)d). 

Now in this case Ss = -4 

:. ~(2u1 + 7d) = -4 

:. 2u1 + 7d = -1 ... . (1) 

and also 815 - Ss = 188 

1:f-(2u1+ 15d) + 4 = 188 
:. 8{2u1 + 15d) = 184 

:. 2u1 + 15d = 23 .... (2) 

(2) - (1) gives 8d = 24 

:. d = 3 

Using (1) we find u1 = -11 

Un= u1 + (n - l)d = -11+3(n - 1) 
: . Un= 3n - 14 



b We need to find n such that Sn = 25 
n 2 (2u1 + (n - l )d) = 25 

n 
2 (-22+3(n-1))=25 

:. -1ln + ~n2 
- ~n = 2.5 

:. ~n2 
- ¥n - 25 = 0 

:. 3n2 
- 25n - 50 = 0 

:. (3n+5)(n - 10)=0 

:. n=lO {n>O} 
Thus we need 10 terms. 

3 a (2x-;)
4 

= (2x)
4 

+ 4(2x)
3 
(-;) + 6(2x)

2 
(-;) 

2 

+4(2x) (-;)
3 

+ (-;)
4 

4 2 8 1 
= l6x - 32x + 24 - - + -

x2 x4 

b When x = 1, LHS = (2 - 1)4 = 1 

RHS = 16 - 32 + 24 - 8 + 1 

= 1 ./ 

c When x = J3, 
(2Y3 - )s )4 = 16( Y3)4 

- 32( Y3) 2 + 24 

8 1 
- (J3)2 + (J3)4 

= 144 - 96 + 24 - ~ + i 
= 72 - 2~ + i 
= 69~ 

4 a The lines are coplanar if they intersect. 

L1 meets L2 where 

3.A 4 l = .A + 4 - k 2.A - 1 - 1 
+ + 2 -2 

=> 3.A + 5 = .A + 4 - k = 1 - >. 
2 

Now 3.A + 5 = 1 - .A 

But 

=* 4>. = - 4 

=> .A = - 1 

>-+4-k =1-.A 
2 

-1 + 4 -k =2 
2 

.'. 3- k = 4 

:. k = -1 

also 

Using .A= -1 in Li , the lines meet at (1, 3, - 3). 

b L1 has direction vector ( i ) . 
L2 has direction vector ( i 

2 
) . 

p =I~ j k I 1 2 
2 -2 

= I; ~2 1 i - I ~ ~21 j +I~ ; I k 

= (-2 - 4)i - (-6 - 2)j + (6 - l )k 

= -6i+ 8j + 5k 

5 

6 

c Letting A = 0, the point ( 4, 4, -1) on L1 lies on the 
plane. 

the equation is 

-6x + 8y + 5z = -6(4) + 8(4) + 5(-1) 

-6x + Sy + 5z = 3 

a J cos2
(} sin (} d(} 

= - f[cos BJ2 ( - sin B) d(} 

[cos BJ 3 

{form - j[f(x)t J'( x) dx} =--- +c 
3 

1 3g =- 3 cos +c 

b Let x =sin(}, so dx =cos(} d(} J x3 
vl-x2 

dx 

= J sin3(} cos(} d(} 

\h - sin2 (} J sin
3
B (} d(} = --- cos 

Vcos2 B 

= J sin3(}d(} 

= (1 - cos B)sin(}d(} J 2 

= J sin(}d(}- J cos2 Bsin(}d(} 

= - cosB -(-i cos3B)+c {from a} 

= ~ cos3
(} - cos(}+ c 

=~(1-x2 )~ -~+c 

n x . (} x 
sm = l 

cos(}= vT=X2 

J l- x 2 
1 

ii 

y = IJ(x)I 

y=f(x) 

b If g(x) = ftx)' g(O) = ftO) = ~ 
h 

. 1 1 
t e y-mtercept of f (x) is 2 . 

c 

1 
y= f(x) 

y =f(x) 

1 
d If [f(x)] 2 = 1 then f (x) = f(x ). 

These two graphs meet when x = ~, 1~, 2~, or 3~. 
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7 a If P(X = 1) 
then 

is the mean of P(X = 0) and P(X = 2) 

P(X = l) = P(X = 0) + P(X = 2) 
2 

2P(X = 1) = P(X = 0) +P(X = 2) 
-m 0 -m 2 -m 

2
me _me me 
-1-! - - _O_!_ + _2_!_ 

:. 2me-= = e-rn + ~m2e-= 

e-=(~m2 
- 2m+ 1) = 0 

As e-= i= 0, ~m2 
- 2m + 1 = 0 

m 2 -4m+2 = 0 

4 ± y/16 - 4(1)(2) 
m= 2 

4 ± 2y'2 
m= 

But m < 2, 

2 

m=2-v'2 or 

so m=2-v'2 

0 -m 1 -m 

b P(X<l)=~ ~ 
"' O! + 1! 

= e-=(1 + m) 

= e v'2- 2 (3 - v'2) 

2+V2 

8 a (1 + cis a) (1 - cis a) 

= 1 - .cis-cf + .cis-cf - [ cisa] 2 

= 1 - cis2a {De Moivre's theorem} 

1 
. 1 - cis 2a 

+ C!SO'. = l . 
- C!SO'. 

b 1 + cis a + cis 2a + cis 3a + .... + cis na 

= 1 + cis O'. + [cis a] 2 + [cis a] 3 + .... + [cis ar 

{De Moivre's theorem} 

b cos¢ 

b•c 

lbl lei 
b • (lal b + lbl a) 

lbl lei 
lal b • b + lbl ae b 

lbl lei 
la! lbl 2 + lbl a• b 

lbl lei 
}bl (lal lbl +a• b) 

Mlcl 
!al lbl +aeb 

lei 
c From a and b, cos()= cos¢ 

: . since ¢ and () are in [O, Jr], () = ¢. 

d Given a ~ m ~d b ~ ( ~2). 
lal = y'o + 9 + 16 = 5, 

lbl = y' 4 + 4 + 1 = 3, 

and a • b = 0 - 6 + 4 = - 2 

using the result from c, vectors which bisect the angle 
between a and b have the form 

which is the sum of a geometric series with u1 = 1 and SECTION B 
T = C!SO'.. 

Hence, its sum is 
1-r 

1(1 - [cisain) 
1 - cisa 

1 - cisna 
1- cisa 

c This is the geometric series in b with n = 22 and a = fr 

9 a 

1 + cis (fr) + cis ( i7 ) + .... + cis ( 2;;' ) 
1- cis (¥f) 
1 - cis (fr) 
1 - cis 27r 

1- cis (fr) 
1- 1 

1 - cis (fr) 
=0 

cos() 

a•c 

!al lei 
ae (!alb+ lbl a) 

lal lei 
lal a• b + lbl ae a 

lal lei 
lal a• b + lbl lal 2 

/a/ lei 
_ Jat(ae b +!al lb/) 
- Jat /cl 
_ ae b + /al /bl 

le/ 

(1, 0) 
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10 a 

b 

c 

~cos( A - B) - ~cos( A+ B) 

= ~(~+sinAsinB) 

- ~(~ - sinAsinB) 

= ~ sinAsinB + ~ sinAsinB 

= sinAsinB 

sin 3x sin x + sin x sin x 

=~- ~cos4x+ ~cosO-~ 

= ~ - ~cos4x 

= ~ - ~(1 - 2sin2 2x) 

= sin2 2x 

ii sin 5x sin x + sin 3x sin x -I sin x sin x 

=~-~cos6x+~-~ 

+~cosO-~ 

= ~ - ~ cos6x 

= ~ - ~(1- 2sin2 3x) 

= sin2 3x 

. . sin2 2x 
s1n3x + s1nx = -. -

SlnX 

. . . sin2 3x 
ii sm 5x + sm 3x + sm x = -. -

smx 

iii sin 9x +sin 7x +sin 5x +sin 3x +sin x 

sin2 5x 
sinx 

{assuming the pattern continues} 



d The roots of 
sin 13x + sin llx + .... + sin 5x + sin 3x + sin x = 0 
are the solutions of sin 7x = 0 
:. 7x = br, k E Z 

:. x = k:!f, k E 2 (1, 0) 

(-1,0) 

11 a If z = i, 

c 

i - 1 i - 1 i -1 - i -1 - i 1 + i 
w = i + i = 2i i = ~ = ---=2 = -2-

lwl =~ :Im 

=~= }z 
and argw = ~ 

1 . ( 7r) 
.". W = y'2 ClS 4 

( 
1 )

14
. (14X7r) = y'2 ClS -

4
-

1 . ( 7r) = 128 ClS -2 

= 1;8 (-i) 
1 . 

= -128i 

x + iy - 1 
W=----

X + iy + i 

{De Moivre's theorem} 

(x-l)+iy [x-i(y+l)] 
x+i(y+l) x-i(y+l) 

w= 

x(x - 1) + y(y + 1) + i[-(x - l)(y + 1) + xy] 
x2+(y+1)2 

(x2 - x + y2 + y) + i(-.2[[- x + y + 1 +.2ff) 
x2+(y+1)2 

(x2 - x + y2 + y) + i(y - x + 1) w = -'-----~-~-...,-7---~ 
x2+(y+l)2 

d If 91.e(w) = 1, 

:;? - x +:ii+ y =:;?+(:ii+ 2y + 1) 
:. -x +y = 2y + 1 

:. y=-x-1, {x,y}yf{0,-1} 

e wisreal q. y-x+l=O 

q. y=x-1, {x,y}yf{0,-1} 

ii w is purely imaginary 

q. x2 - x + y2 - y = 0 and y - x + 1 # 0 

If argw = ~' 

x2 -;e+ y2 + J.f =J.1-:e+ 1 

=? x2 + Y2 = 1 

=? vx2 + y2 = 1 

=? lzl = 1 

12 a Lis (0, 2, 2), Mis (2, 2, 0), and N is (0, 4, 1). 

b ML= ( ~
2

) and MN= ( 7) 

13 

c ML x MN= -2 0 --+ __. Ii j kil 
-2 2 

= I ~ i Ii - I =~ i I j + I =~ ~ I k 
I 

= (0 - 4)i - ( ...:.2 + 4)j + (-4 + O)k 

= -4i- 2j - 4k 

=-2(2i+j+2k) 

d Area of LLMN = ~ I ML x MN I 
= ~ x 1-21 x v,_4_+_1_+_4 

= 3 units2 

e The plane LMN has norma_l 2i + j + 2k, and the point 
(0, 2, 2) lies on the plane. 

9 

a 

the equation of the plane is 

2x + y + 2z = 2(0) + (2) + 2(2) 

which is 2x + y + 2z = 6 

G is (2, 0, 0) and C is (0, 4, 2). 

the line GC has parametric equations 
x = 2 - t, y = 2t, z = t, t E JR 

. . (GC) meets plane LMN where 

2(2 - t) + (2t) + 2(t) = 6 

4 - 2t + 2t + 2t = 6 

:. 2t = 2 

:. t = 1 

Pis (1, 2, 1). 

Given G(2, 0, 0), L(O, 2, 2), and E(O, 4, 0), 

GL= (7) and GE= ( ~
2 

)-

If LGE = () then 
--> --> 

cos()= 
GL•GE 
--> --> 

I GLll GE! 
4+8+0 

v4+4+4v4+16+o 
12 

v'i2V20 
- vT2 - v'20 

-Ii - 5 

() = arccos Ii 
.. k-li - 5 

x2y3 + y2 = x + k passes through (1, 2) 

.. 8+4=1+k 

.. k = 11 

ii Differentiating with respect to x gives 
3 2 2 dy dy 

2xy + x x 3y dx + 2y dx = 1 

dy 2 2 3 
dx ( 3x y + 2y) = 1 - 2xy 

dy 1 - 2xy3 

· · dx 3x2 y 2 + 2y 
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dy 1-16 -15 
12 + 4 16 

iii At the point ( i, 2), 
dx 

y - 2 -15 
the tangent has equation --

16 x-1 

=? 16y - 32 = -l5x + 15 

=> l5x + 16y = 47 

b 

ii 

iii 

A = 7rT2 + 'brr c::.2 ) 

2 2V 
A=1rT +-

T 

A= 7rr2 + 2Vr-i 

dA = 27rr - 2Vr-2 

dr 
2V = 27rr - -
r2 

= 27rr - 27rr2 h 
r2 

= 27rT - 27rh 

= 27r(r - h) 
dA 
-=09r =h 
dr 

I d2 A 2 4V -3 
V dr2 = 7r + T 

4V = 27r+r3 

V = 7rr2 h is fixed 

A= 7rr2 + 27rrh 

{V is a constant} 

which is > 0 as V > 0 and r > 0 

v :. A is a minimum when r = h 

at r=h 

v The shape should be: 

CALCULATOR 

SECTION A 

--r 

a In L.BAD, BDA = 100° {angles on a line} 

Let BD = x cm 

42 = x 2 + 22 - 2x2 cos100° {cosine rule} 

16 = x 2 + 4 - [4 cos 100°Jx 

x 2 
- (4 cos 100°]x - 12 = 0 

:. x~3. 134171 {technology} 

:. BD ~ 3.13 cm 

b Area L.BCD = ~ x BD x 3 x sin80° 

~ 4.62983 

~ 4.63 cm2 

c If h = the length of altitude from B to [DC], then 

~ x 3 x h ~ 4.629 83 ' ( 

h ~ 4.62983 
1.5 

h ~ 3.09 cm 
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T 

2 a 

3 

The required volume is 

cone 

V = 7r jb x2 dy - ~na2 (b - 2) 
i '-v-" 

volume of cone 

V = 7r lb (lny) 2 dy - ~na2 (b - 2) 

b y = ex meets y = ~ x + 2 where 

and 

ex= ~x + 2 

=> ex - ~x - 2 = 0 

=> x ~ 0.8951 

=> a~ 0.8951 

b ~ 2.4475 

x 

b-2 

1
2.4475 . 

c V ~ 7r i (lny) 2 dy - ~(0.895 1) 2 (0.4475) 

~ 1.115 units3 

a Pn is: "I>Ci+ 4)= n(n+1)(2n+l3),, forall 
i=i 6 

n E z+. 
Proof: (By the principle of mathematical induction) 

(1) If n = 1, LHS = 1 x 5 = 5 

RHS = 1 x 2 x 15 = 5 
6 

Pi is true. 
(2) If Pk is true, then 

t i(i + 4) = k(k + 1)(2k + 13) 
i=i 6 

I:i i(i+4)= k(k+ 1)~2k +13) +(k+l)(k+l+4) 
i = l 

k(k + 1)(2k + 13) 6(k + l)(k + 5) 
= 6 + 6 

(k + 1)(2k2 + 13k + 6k + 30] 
6 

(k + 1)(2k2 + 19k + 30) 
6 

(k + l)(k + 2)(2k + 15) 
6 

(k + l)([k + 1] + 1)(2[k + 1] + 13) 
6 

=> Pk+i is true. 

Thus Pi is true, and Pk+i is true whenever Pk is true. 

Hence Pn is true. {Principle of mathematical induction} 



60 60 39 

b I: i(i+4) = 2::i(i+4)- 2::i(i+4) 

4 a 

i=40 i=l 

(60)(61)(133) 
6 

= 57 470 

i=l 

(39)(40)(91) 
6 

b 

P(A I B) = P(A) for independence 

:. __ a_ =a+0.2 
a+0.3 

a 2 + 0.5a + 0.06 = a 

a 2 - 0.5a + 0.06 = 0 

:. (a - 0.2)(a - 0.3) = 0 

:. a= 0.2 or 0.3 

b The larger a value is a = 0.3 

5 a 

P(B I A') = 0.3 
0.3 + 0.2 

= 0.6 

( 
1 - r

4 
) _ 3 ( m ) m 1--"f' - 4 1--"f' 

1-7'4 = % 

. 7'4 = ~ 

:. r=±~ 

But r > 0, so r = ~ 

0.2 

ii P((A U B)') = b 

= 0.2 

b We need to find n such that 

Sn > 0.999Soo 

m( 1i..~) > 0.999(~) 
1- Tn > 0.999 

:. Tn < 0.001 

(~r < 0.001 

(V2f > 1000 

:. 2~ > 1000 

log 2 ~ > log 1000 
n '2 log 2 > log 1000 

n > 2log1000 ~ l9.93 
log2 

n = 20, 21, 22, .... 

n is at least 20 

6 a The other zeros are complex, and have the form m ± ni 

7 

where m, n E IR, b # 0. 

b sum of roots= ~C- 5l = 6 
1 ' 

-2+ 1+h+1-h+m+ni+m-ni = 6 

:. 2m = 6 

:. m=3 

( 1)5d 
product of roots = --

1
- = -d = 20 

-2(1 + V2)(1 - V2)(m + ni)(m - ni) = 20 

-2(1 - 2)(m2 + n2) = 20 

m 2 +n2 = 10 

:. n 2 = 1 

:. n = ±1 
the other two zeros are 3 ± i. 

c 1 ± J2 come from x2 
- 2x - 1 

3 ± i come from x2 - 6x + 10 

:. p(x) = (x + 2)(x2 - 2x - l)(x2 - 6x + 10) 

d x2 - 6x + 10 is always positive 

+ + 4-------L---'-----'---- x 
-2 1-;2 1+)2 

p(x) ? 0 -<=? -2 :( x :( 1 - V2 or x ? 1 + V2 
Alternatively, we can write 

x E [-2, 1 - J2] U [1 + J2, oo [. 

a The system has augmented matrix 

rn 
1 -1 

{1] 
-1 1 
1 a 

~ rn 
1 -1 

7 l -3 3 -3 R2 --+ R2 - 2R1 
-2 a+3 b- 21 R3 --+ R3 - 3R1 

rn 
1 -1 

bi2J 
1 -1 

-2 a+3 

1 -1 
1 -1 ~ [~ bi19] 0 a+l R3 --+ R3 + 2R2 

b The last equation is (a+ l)z = b - 19. 

So, if a =f -1, then z = b -
19 

is a unique value for z 
a+l 

for any fixed b. 

: . the system would have a unique solution. 

c If a = -1 and b = 19, the last row is all zeros. The 
system is reduced to two equations in 3 unknowns. 

: . we have an infinite number of solutions. 

If z = t, y - t = 1 '* y = 1 + t 
and x+l+t-t=7 '* x=6 

: . x = 6, y = 1 + t, z = t for all t E IR. 

d The system has no solutions when a = -1 and b =f 19. 

8 a If we square both sides, 

cos2e + 2 cos e sine+ sin2e = ~ 

1 + sin2B = ~ 

: . sin 2e = - ~ 
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b If sin2B = -~, 

{ 

77' 

28 = 1[7r + k27f 

e = { ~; + k12,, 
117' 12 
12 

8 = ~;, lt;, l;;, 2;; {BE [O, 27r]} 

c cos (i;) +sin (i;) RO 0. 7071 RO }z ../ 
cos ( 1{;) + sin ( \ 1

2") RO -0. 7071 -1- }z X 

cos (1{;) + sin (1{;) RO -0. 7071 -1- }z X 

cos (2{;) + sin (2{;) RO 0. 7071 = }z ../ 
d Squaring equations can sometimes produce irrelevant 

solutions. 

SECTION B 

9 f(x) = 2x -1 
x-3 

a f(O) = =~ = t 
: . the y-intercept is t. 

ii f ( x) = 0 when 2x - 1 = 0 

: . the x-intercept is ~. 

iii f(x) is undefined when x - 3 = 0 
there is a vertical asymptote x = 3. 

As x---+±oo, J(x)---+2 
there is a horizontal asymptote y = 2. 

b f(x) = 2x -1 = 2(x - 3) + 5 = 2 + _5_ 
x-3 x-3 x-3 

c 

d 

e 

To transform y = ~ into y = f(x), we first stretch 
x 

y = ~ vertically with scale factor 5. We then translate 
x 

the result through ( ~). 
y 

\::__ 
l---------------'·--------------------------------------y=2 

x=3 

5 
f(x) = 2 + x _ 

3 

J'(x) = - (x ~ 3)2 

x 

J' ( x) is negative for all x -1- 3. 

ii J' ( x) is undefined when x = 3. 

y Shaded area 

= 1~ 12: ~-311 dx 

x 
RO 0.642 53 units2 
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10 f(x) = 4cos3 x - 3cosx 

11 

a J'(x)=12cos2x(-sinx)-3(-sinx) 

b 

= -12cos2xsinx+3sinx 

= 3sinx(l - 4cos2 x) 

= 3 sinx(l + 2 cos x)(l - 2 cosx) 

J'(x) = 0 ~ sinx = 0 or cosx = ±~ 

(-1, 0) 

J'(x) = 0 when x = ki, k E Z:. 

f ( x) has stationary points when x = k i, k E Z:. 

y = 4 cos3 x - 3 cos x 

x 

c The graph seems to be that of y = cos 3x {period = 2
;} 

d cos 3x = cos(2x + x) 

e 

= cos2xcosx - sin2xsinx 

= (2 cos2 x - 1) COSX - 2 sinx cosx sinx 

= 2cos3 x - cosx - 2cosx(l - cos2 x) 

= 2 cos3 x - cos x - 2 cos x + 2 cos3 x 
= 4cos3 x - 3cosx ../ 

4t3 
- 3t = -~ 

4cos3 x - 3cosx = -~ {let t = cosx} 

cos3x = -~ {using d} 

: . 3x = { :f + k27r 

x = { 2; + k6"' 
4n 9 
9 

x == 2
9
1i , 4; , s; , .... 

Thus t = cos (2;) , cos ( 4;) , or cos ( 8;) are 

the only distinct solutions. 

ii If cos 3x = - cos x, 

4cos3x - 3cosx + cosx = 0 {using d} 
:. 4cos3 x - 2cosx = 0 

:. 2cosx(2cos2 x - 1) = 0 

cos x = 0 or ± }z 
x == -~, -~, ~' ~ 

a The line meets the plane where 

2(2 - t) + (1 + t) - 3(1 + 3t) = 22 

4 - 2t + 1 + t - 3 - 9t = 22 

-lOt + 2 = 22 

:. -lOt = 20 

t = -2 

they meet at (4, -1, -5). 



12 

b 

c 

x 

case = sin ¢ {e + ¢ = 90°} 

. In• bl 
sm ¢ = TiiTibT 

l-2+1- 91 

v4+1+9v1+1+9 
10 

ffiv'IT 
10 

v'154 
the angle between the line and the plane ¢ ~ 53. 7°. 

z Let (} be the angle 
---+ 

between OA and b. 
---+ 

. sin(}= I OX I 
lal 

---+ 
Thus I OX I= lal sine 

Hence I OX 12 
= la l

2 
sin

2
(} 

---+ 

= lal 2 (1 - cos2e) 

= lal 2 - lal2 cos2 (} 

= lal2 - lal 2 lbl2 cos2(} 
lbl2 

= lal 2 - (ae b)2 
JbJ 2 

IOX J = 

d The line with equations 

a 

x = 2 - t, y = 1 + t, z = 1 + 3t, t E R contains the 

fixed point A(2, 1, 1) and has direction b = ( ~l ) . 

Thus, as a = ( ! ) , 
I ---+ I ( 2 2 2) (- 2 + 1 + 3)2 
ox = 2 + 1 + 1 - ((-1)2 + l2 + 32) 

= )6 - -rr 
= fii units VTI 

P(x) =Q(x) + bx+c 
(x - a) 2 (x - a) 2 

P (x) = Q(x)(x - a) 2 + bx+ c 

ii P (a)=Q(a) x O+ab+c 

P(a)=ab + c 

P' (x) = Q'(x)(x - a) 2 + Q(x)2(x - a)+ b 

:. P'(a) =0+0+b 

=b 

iii Remainder = bx + c 
= P'(a)x + (P(a) - ab) 

= P 1 (a)x + P(a) - aP
1 
(a) 

= P'(a)(x - a) + P(a) 

iv For P(x) = x 5 dividedby (x+2)
2

, 

P(-2) = -32 

and P '(x) = 5x4 

P'( - 2) = 5 x 16 

= 80 

remainder = 80(x + 2) - 32 

= 80x + 128 

b Let x = 3 cos (} so dx = -3 sin(} d(} 

J x d 
. . v9-x2 x 

= J 3 cos(} (- 3sin(}) d(} 
ylg - 9cos2e 

= J = ( -3-airr17) d(} 

~J9-x' = J -3cosB dB 

= -3sine + c 

=-3(~) +c 

=-~+c 

Check: 
d 2 1 

- (- (9 - x )2 +c) 
dx 

= - ~(9 - x2 ) - ~ (-2x) + 0 

= x .( 
v9 - x2 

x 

SOLUTIONS TO TRIAL EXAMINATION 3 

MO CALCULATOR 

SECTION A 

2 

p(x) b ax+b 
a = ax+ +---

x(2x - 3) x(2x - 3) 

:. p(x) = x(ax + b)(2x - 3) +ax+ b 

:. p(x) =(ax + b)[x(2x - 3) + 1] 

b Thus p(x) = (ax + b)(2x2 - 3x + 1) 

= (ax+ b)(2x - l)(x - 1) 

=;. (2x -1) and (x - 1) are factors ofp(x) . 

c Since p(O) = 7 and p(2) = 39, 

b(-1)(-1) = 7 and (2a + b)(3)(1) = 39 

:. b = 7 and 2a + 7 = 13 
:. 2a = 6 

:. a= 3 

Thus, p(x) = (3x + 7)(2x2 - 3x + 1) 

= 6x3 + 5x2 
- 18x + 7 

a Since ln( a:)= k, a:= ek. 

Lik . . 1 ( b2 ) 2 b2 2 ew1se, smce n a3 = , a3 = e · 

3 b2 
Thus a 2 = be" and a = -e2 

b
4 = b3e3k 

e4 

.·. b = e3k+4 

and 
6 b4 

a=
e4 

{values for a 6 
} 
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3 

4 

b2 
2 

b Since as = e , 
3 b2 

a = e2 

3 
e6k+B 

a=-
e2 

as = e6k+6 

a= (e6k+6) ! 

a = e2k+2, so r = 2 and s = 2. 

a Let 
x -2 a b 
-- = --+--
x2 - 1 x + 1 x -1 

a(x - 1) + b(x + 1) 
(x + l)(x - 1) 

(a+b)x+(b-a) 
x 2 -1 

a+ b = 1 and b - a = -2 {equating coefficients} 

Solving these equations simultaneously gives b = - ~ 

d - 3 an a - 2 . 

b 1-2 :2 -=- 21 dx 
-4 

-1-2 (_j__ -_J__) dx 
- -4 x + 1 x - 1 

= [.:?. ln Ix + ll - l ln Ix - 11]-
2 

2 2 - 4 

= ( ~ ln 1 - ~ ln 3) - ( ~ ln 3 - ~ ln 5) 

=0-~ln3-~ln3+~ln5 

= -2ln3+ ~ln5 

x-2 
c x 2 _ 

1 
is undefined when x = ±1 

the domain of integration [1, 3]. 

Thus f 3 x
2 

-
2 dx does not exist. 

1 
x - l 

a Let u = x v' = sin 2x 

u 1 = 1 v = -~cos 2x 

J xsin2xdx 

= uv - J u'vdx 

x J 1 = -2 cos 2x - - 2 cos 2x dx 

= - :'.. cos 2x + ~ ( ~ sin 2x) + c 
2 

= t sin 2x - ~ cos 2x + c 

.l[ 

b A = 12 

x sin 2x dx 

= [ t sin 2x - ~ cos 2x J : 

and x = 1 lies in 

= ( t sin 7r - % cos 7r) - ( t sin 0 - 0) 

=0-%(-1)-0 
7r . 2 = 4 umts 

B = - l7r x sin 2x dx 
2 

= - [1 sin 2x - ·:'.. cos 2x] 7r 
4 2 .l[ 

2 

= - [ ( t sin 27r - ~ cos 27r) - ( t sin 7r - % cos 7r)] 

=0+~-0+% 

- 3
7' units2 

- 4 

:. B = 3A 
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5 a 
---> ---> ---> 
AC=AO+oc 

= -a+c 

=c-a 
--+ --+ --+ 
OD=OA+AD 

1---> 
=a+ 2AC 

=a+~(c-a) 

=a+ ~c- ~a 

=~a+ ~c 

b AC• 00 = (c - a)• (~a+ ~c) 
=~+~c•c-~aea-~ 

= ~ (lcl
2 

- lal
2

) 

= 0 as lal = lcl {equal radii} 
---> --+ 
AC and OD are perpendicular 
[AC] l.. [OD]. 

c We have just proved that "the line from the centre of a 
circle to the midpoint of a chord, is perpendicular to the 
chord". 

6 a g(x) is defined when 3 - 2x ~ 0 

:. -2x ~ -3 

x~~ 

7 

b (go f)(x) = g(f(x)) 

= g(x2 + 4x) 

= J3 - 2(x2 + 4x) 

(g 0 f)(-3) = J3 - 2(9 - 12) 

= J3 - 2(-3) 

= 3 

c f(x) = x 2 + 4x where x ~ -2 has inverse y where 

x = y2 + 4y where y ~ -2 

::::} y2 + 4y - x = 0, y ~ -2 

-4 ± J16 - 4(1)(-x) 
::::} y = 2 , y ~ -2 

-4± J4(4+x) 
::::} y = 2 , y ~ -2 

::::} y=-2±v'4+x, y~-2 

::::} y=-2-v'4+x 

r 1 (x)=-2-v'4+x, x~-4 

a 22"' + 2x+l = 15 

Let m = 2"' 

b 

:. m 2 + 2m -15 = 0 

(m-3)(m+5)=0 
m = 3 or -5 

: . 2"' = 3 { 2"' > 0 for all x} 

:. x = log2 3 

sin2 x + cos x = 1.25 

1 - COS
2

X +COS X - 1 * = 0 
2 1 0 :. cos x - cosx + 4 = 

4 cos2 x - 4 cos x + 1 = 0 

(2cosx -1)2 = 0 

cosx = ~ 
:. x = ±¥ 



8 j(x) =~cos 2x + sinx 

a f(O)=~cosO+sinO=~ Ais (0, ~) 

His (27r, ~) f (27r) = ~cos 47r +sin 27r = ~ 

b j' ( x) = ~ ( - 2 sin 2x) + cos x 
= -2sinxcosx + cosx 
= cos x( l - 2sinx) 

J'(x)=O ~ cosx=O 
. 1 or srnx = 2 

7r 1f 57r 37r 
~ x= 6• 2• 6• 2 

Bis (i, ~), C is(~,~), Dis ( 5
;, ~), and 

Fis (3;, - ~) . 

c The x-coordinates of E and G are the solutions of 

~ cos 2x + sin x = 0 

:. cos2x + 2sinx = 0 

1 - 2sin2 x + 2sinx = 0 

2sin2 x - 2sinx -1 = 0 

2 ± J4 - 4(2)(-1) 
sinx = 

4 

sinx = 
2±2v'3 1 ± Y3 

4 =-2-

1-Y3 
But -1~sinx~1, so sinx = ---. 

2 

(
l- v'3) At E, x = 7r - arcsin --

2
- . 

( l-Y3) At G, x = arcsin --
2
- + 271". 

SECTION B 

9 a 

II 

cos( A+ B) +cos( A - B) 
=cosAcosB-~ 

+cosAcosB+~ 

= 2cosA cosB 

sin( A+ B) +sin( A - B) 
=sinAcosB+~ 

+sinAcosB-~ 

= 2sinA cosB 

b Using a i with A= 2B, B = () 

. ·. cos(W + 8) + cos(W - 8) = 2 cos W cos 8 

: . cos 38 + cos 8 = 2 cos w cos 8 

ii Likewise using a II with A = 2B, B = () 
sin 38 + sin () = 2 sin 2() cos 8 

c z2 = [cis B] 2 = cis W 

and z3 = [cis8]3 = cis38 {De Moivre's theorem} 

d z 3 + z = cis 38 + cis () 

= cos 3() + i sin 3() + cos 8 + i sin () 

= [cos 3() +cos 8] + i[sin 38 +sin 8] 
= 2cos2Bcos0 + i2sin2Bcos8 

= 2 cos B[cos W + i sin 28] 
= 2 cos 8 cis 2() 

e From d, lz3 + z l = 2 cos 8 and 

arg(z3 + z) = W 

10 

.J 

z 2 = cis 2() 

arg(z2
) = 2() 

arg(z3 + z) = arg(z2
) 

~ 

9 Tf z + z3 is purely imaginary, then OP lies on the 
imaginary axis 

: . 2() = % + k'Tr, k E Z 

8 = ~ +k%, k E Z 

a f(x) = tan3 x 

b 

j' (x) = 3 tan2 x x sec2 x 

ii Using I, 

= 3(sec2x - l)sec2x 

= 3 sec4 x - 3 sec2 x 

f (3 sec4 x - 3sec2 x) dx = tan3 x + c 

3 J sec4 x dx - 3 J sec2x dx = tan3 x + c 

3 J sec4 xdx - 3tanx = tan3x + c 

:. Jsec4xdx=tanx+~tan3x+c 

2 1 
y = sec x = -- is undefined 

cos2x 

when COSX = 0 

=> for the illustrated graph, 

a=% 
ii When x = i• cos x = ~ 

sec2 x = 4 

A is (i, 4) 

c Shaded area = 1 i sec2 x dx 

= [tanx]: 

=tan i - tanO 

= v'3 units2 

1t 2 
d Volume = 7r 

0 

y dx 

1i 4 
= 7r 

0 

sec xdx 

[' 1 3]i = 7r tan x + 3 tan x 
0 

= 7r(v'3 + ~(J3)3 - 0) 

= 11"( v'3 + v'3) 
= 27rv'3 units3 

{using a} 
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e y = sec2 x 

sec x = .JY { sec x > 0} 

1 
cosx = VY 

: . x = arccos ( ~) 

Volume of cylinder = 11" ( i) 2 
4 

4 7T3 

9 

volume required = 4;
3 

- 11" 14 

x 2 dy 

11 a r = ( !~t:-
5

1) is the equation of L. 

When t = 2, r = ( ~5) (9, -5, 2) lies on L. 

b n = ( ;~ ) and the plane has equation 

3x - 4y- z = 3(-1) -4(0) - (4) 
which is 3x - 4y - z = - 7 

c The line x = 2t + 5, y = -2t - 1, z = t meets the 

plane when 3(2t + 5) - 4(-2t - 1) - t = -7 

d 

6t + 15 + St + 4 - t = - 7 

:. 13t = -26 

:. t = -2 

Hence x = 2(-2) + 5 = 1, 

y = -2(-2) - 1 = 3, 

z = -2 

The line meets the plane at (1, 3, -2). 

B(9,-5, 2) 

N 

Line N has equation 
x = 9 + 3s, y = -5 - 4s, 
z = 2 - s, s E IR. 

or r2 = ( !t-3:s) 
2-s 

e Line N meets P where 

3(9 + 3s) - 4(- 5 - 4s) - (2 - s) = -7 

27 + 9s + 20 + 16s - 2 + s = - 7 
26s + 45 = -7 

:. 26s = -52 

:. s = -2 

Hence x = 9 + 3(-2) = 3 

y = -5 - 4( - 2) = 3 

z =2-(-2)=4 

line N meets the plane at (3, 3, 4). 
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B(9, -5,2) 

(3,3,4) p 

B'(a,b, c) 

N 

IfB' is (a, b, c) , 

a+9= 3 2 , 

a+ 9 = 6, 

b-5 
-2- =3, 

b- 5 = 6, 

c +2 = 4 
2 

c+2=8 

:. a= -3, b= 11, c =6 

B' is ( -3, 11, 6) 

9 Given C(l, 3, -2) and B'(-3, 11, 6), 

~ = ( T) = -4(i _ 2j _ 2k) 

::;. ~ is parallel to i - 2j - 2k. 
---+ 

{CB' is a constant multiple of i - 2j - 2k} 

1!2 a Pn is: "24n+3 +33n+l is divisible by 11" for all n E z+. 

Proof: (By the principle of mathematical induction) 

(1) If n = 1, 24n+3 + 33n+l = 27 + 34 

= 128 + 81 

= 209 

= 11x19 
P1 is true. 

(2) If Pk is true then 

24k+3 + 33k+i = llA where A E z+. 
Now 24{k+I)+3 + 33{k+1)+1 

= 24k+4+3 + 33k+3+I 

= 2424k+3 + 3333k+l 

= 16(1 lA - 33k+ I) + 27 X 33k+l 

= 16 x 11 x A - 16 x 33k+i + 27 x 33k+i 

= 16 x 11 x A+ 11 x 33
k+I 

= 11(16A + 33k+ 1
) where 16A + 33

k+I E z + 

Thus P k+ 1 is true. 

So, Pi is true, and Pk+1 is true provided Pk is true 
for all k ~ 1. 

Hence, Pn is true. 
{Principle of mathematical induction} 

b Since a, b, c are consecutive terms in an arithmetic 
sequence, b - a = c - b 

:. a+ c = 2b 

But a + b + c = 33, so 2b + b = 33 

:. 3b = 33 

:. b = 11 

Since a, b + 1, c + 29 are consecutive terms in a 
geometric sequence, 

b + 1 c+ 29 
a b+ 1 

12 
a 

c +29 
12 

where a + c = 22 



Thus 
12 
a 

22 - a + 29 
12 

12 51 - a 
a 12 

144 = 5la - a2 

a 2 
- 5la + 144 = 0 

(a - 3)(a - 48) = 0 

:. a = 3 or 48 

a = 3, b = 11, c = 19 or 

a= 48, b = 11, c = -26 

CALCULATOR 

SECTION A 

a z = rcise 

z3 = (r cis 8) 3 

= r 3 cis38 
l 

ii ijZ = z3 
. l = (rc1s8)3 

l 
= r3 cis (fl 

{De Moivre's theorem} 

{De Moivre's theorem} 

b -11 + ai = (1 - ai) 3 

= 1 - 3(ai) + 3(ai)2 
- (ai) 3 

= 1 - 3ai - 3a2 + a 3
i 

= (1 - 3a2
) + (a3 

- 3a)i 

=> 1 - 3a2 = -11 

:. 3a2 = 12 

: . a2 
= 4 

:. a= ±2 

and a 3 
- 3a =a 

{equating real and imaginary parts} 

and a 3 
- 4a = 0 

and a(a2 
- 4) = 0 

( ) 
{ 

~ e -bx, 0 ~ x ~ 1, b =/. 0 
alffx= 

0, otherwise 

is a well defined PDF, then 

11 1 -bx d 1 
2 e x = 

0 

{f(x) > 0 always} 

[
_l_e-bx] 1 = 1 
-2b 0 

:. e-b -e0 = - 2b 

e-b + 2b - 1 = 0 

b Using technology, b ;:::, -1.256 431 
b;:::, -1.256 

c µ = E(X) 

;:::, 0.602 {using technology} 

d Var(X) 

= E(X2
) - {E(X)}2 

;:::, 11 
x2 (~el.256431x ) dx _ µ2 

;:::, 0.0772 {using technology} 

3 a 

.. :v240° 

Using the cosine rule in 6ABC, 

AC2 = 602 + 802 
- 2(60)(80) cos 120° 

AC2 = 602 + 802 + 60 x 80 

AC2 = 14 800 

b Reflex AOC = 240° {angle at the centre theorem} 

... AOC= 120° 

In 6AOC, AC2 = r 2 + r 2 
- 2rr cos 120° {cosine rule} 

AC2 = 2r2 + r 2 

AC2 = 3r2 

c From a and b, 3r2 = 14 800 

d 

.. . r 2 
;:::, 4933.33 ... . 

r;:::, 70.238 ... . 

: . r;:::, 70.2 

40 
cos8;:::, --

70.238 

e ;:::, arccos ( 70~~38 ) 
BAO;:::, 55.3° 

4 a When no replacement occurs, we do not have a repetition 
of n independent trials each with the same probability of 
success. However, since n is very large, the probability of 
a success each time will be almost the same. 

b X ~ B(20, 0.032) 

P(X ~ 2) 

= P(X = 0, 1, or 2) 

= (20°)(0.032)0(0.968) 20 + ( 21°)(0.031)
1
(0.968)

19 

+ en (0.032)
2

(0.968)
18 

~ 0.975 

ii P(X ~ 4) 

= 1 - P(X ~ 3) 
;:::, 0.003 37 {using technology} 

5 a d~(xn+ 1 1nx)=(n+l)xnlnx+xn+1 (~) 
= (n + l) xn lnx + xn 

Thus f [(n + l)xn ln x + xn] dx = xn+1 1n x + c 

xn+l 
(n+l)jxn ln xdx+ -- = xn+ 1 lnx+c 

n+l 
provided n =f. -1 

xn+1 1n x xn+l J xn In x dx = - ( )2 + c 
n+ l n+l 

xn+l 
= (n+ l )2 ((n+ l)ln x-l)+c 

provided n =f. - 1 
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b When n = - 1, 

J xn lnxdx = j l:x dx 

= j (lnx)
1 (~) dx 

This has the form j(f(x)r J'(x) dx, so 

(In x) 2 

J xn In x dx = -
2
- + c 

6 s = tsinO) + 2cos0) metres 

7 

8 

a v = ~: = (1) sin(~)+ t(~) cos(~)+ 2(~) (- sin (~)) 
:. v =feill +~cos(~) - feill 

:. v ':"~cos(~) ms- 1 

b The particle is at rest when v = 0 

c 

a 

b 

a 

:. ~cos(~) = 0 

t = 0 or ~ = ~ + br, k E Z 
t = 0 or t = 1T + k21T 

At t = 1T, cos ( ~ ) changes sign. 

(0, - 1) 

the particle reverses direction at t = 1T seconds. 

Its position at this time is s( 1T) = 1T m right of 0. 

arctan (}) + arctan 6 = arctan 3 

Let a + (1 e 
where 

x 
tan(1 = 6, tan e = 3. tan a= 3, 

Now tan( a + (1) = tane 

tan a + tan (1 e 
=tan 

1 - tan atan (1 
.:E. +6 

1 ~ }(6) = 3 

x '3 + 6 = 3(1 - 2x) 

x + 18 = 9 - 18x 

. . 19x = - 9 

x = --fg 

y = arctan (}) 

dy 1 1 
- = 

1 + (})2 
x -

dx 3 

1 1 
= --- x-

1 + x2 3 
9 

3 
9+x2 

If x = 0, y = 3, 9+ 3b+c = 0 .... (!) 

If x = 2, y = -1, 5+2a - b + c = O .... (2) 

If x = 8, y= 7, 113 + 8a + 7b + c = 0 .. .. (3) 
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rn 
7 1 

-113 ] 
b - 1 1 - 5 

3 1 - 9 

[ ~ 
7 1 

-113 ] 
- 11 3 93 Rz --+ 4R2 - Ri 

3 1 - 9 

~ [ ~ 
7 1 

-113 ] 
3 1 - 9 R2 +-> R3 
0 20 180 R 3 ____, 3R2 + l1R3 

c From row 3, 20c = 180 .. c = 9 

From row 2, 3b+ 9 = -9 . . 3b = - 18 

.. b= - 6 

From row 1, 8a + 7( - 6) + 9 = - 113 
8a - 42 + 9= - 113 

.. 8a = - 80 

. . a= -10 

a = - 10, b = - 6, and c = 9 

SECTION B 

9 Let X = result of a student in the Science exam. 
X ~ N(56.7, 18.22

) 

a P(result between 65 and 85 inclusive) 

b 

= P(65 ~ X ~ 85) 
~ 0.264 

II P(result of at least 70) 

= P(X ~ 70) 
~ 0.232 

We need to find k where 

P(X ~ k) = 0.9 

--A:l~ 
k ~so 

a result of 80 or more receives an 'A'. 

II We need to find k where 

P(X ~ k) = 0.15 

0.15 /\ 

, )i ~ 
k 

:. k ~ 37.8 

x 

a result of 37 or less receives an 'F'. 

c Student (!) (2) (3) (4) 
A A F F 
A F A F 
A F F A 
F F A A 
F A F A 
F A A F 

There are six different permutations of 2 'A's and 2 'F's. 

P(two 'A's and two 'F's) 

= 6 x (0.1)2 x (0 .15)2 

= 0.001 35 



d Y rv B(20, 0.1) 

P(Y = 0) 
~ 0.122 

II P(Y ? 3) = 1 - P(Y ~ 2) 
~ 0.323 

10 a 

b 

f(x) = 12 + 2_sin2x 
3- sm2x 

y A 

ii J'(x) 
4cos 2x(3 - sin 2x ) - (12 + 2 sin2x)(-2 cos 2x ) 

(3 - sin2x) 2 

12 cos 2x -Asia 2x cos 2X + 24 cos 2x 
+~ 

36cos 2x 
(3-sin2x)2 

:. J'(x)=O 
¢? cos2x = 0 

(3 - sin2x) 2 

¢? 2x = ~ + k7r, k E :Z 

{? x = ~ + k~ 
¢? x = ~, 3;, s;, 7; 

(0,-1) 

the local maximum at A is ( ~, 7) and 

the local maximum at B is ( s; , 7). 

h'(x) 

(2bcos 2x)(c - sin 2x ) - (a+ bsin 2x)(-2 cos 2x) 
(c - sin 2x) 2 

2bc cos 2x ..2b siR 2x cos 2X + 2a cos 2x 

2 cos 2x(a +be) 
(c - sin2x) 2 

(c - sin2x) 2 

+ .2b siR 2x cos 2Y 

ii h'(x) = 0 ¢? x = ~, 3
;, 

5
;, 

7
; {as in b} 

:. M = h (~) = a+ b(l) = a+ b 
c -1 c-1 

and m = h ( 3") = a + b( -1) = a - b 
4 c -(-1) c+l 

iii H=M-m= a+b - a-b 
c -1 c+l 
(a +b)(c+ 1) - (a- b)(c-1) 

(c-l)(c+l) 

..Q-C"+ a+ be+)!'-~+ a+ be-)!' 
c2 - 1 

2a + 2bc 
c2 -1 

2(a +be) 
c2 - 1 

iv When a = 12, b = 2, c = 3, 

H = 2(12 + 6) = 2 x 18 = g 
9 - 1 8 2 

Now ( 3") = 12 + 2sin(-¥-) 
f 4 3 . ( 37T) -Sm 2 

= 12 + 2( - 1) - !Q - £ 
3 - (-1) - 4 - 2 

and 7 - ~ = ~, so the result is verified. 

11 a Li: r= (-
1

-i
2

.X) = (~
1

) +.x(~1) 
1+2.X - 1 2 

L, • ~ G; ~) ~ m +" ( ~,) 
b The lines intersect if r = s 

-1+2.A = 1+3µ .... (1) 

->. = 1- µ .... (2) 

1 + 2.A = 2 + 2µ .... (3) 

From (2), .A = µ - 1 

So, in(l) -1+2µ-2=1+3µ 

: . µ = -4 and .X = -5 

However, in (3) 1 + 2(-5) = -9 and 

2 + 2(-4) = -6 

(3) is not satisfied by the solutions from (1) and (2). 
Li and L2 do not intersect. 

Also, ( ~1) is not a scalar multiple of ( ~1) 
Li and L2 are not parallel. 

Thus Li and L 2 are skew lines. 

c A vector perpendicular to Li and L2 is 

=I~ ~i ~I 
= I =i ; Ii -I; ; I j +I; =i I k 

= (-2 + 2)i - (4 - 6)j + (-2 + 3)k 

=Qi+ 2j + lk 

= 2j +k 

s=c+µd 

Li is translated to L{ meeting L2 at P . 

b x d is perpendicular to Li and L2, so b x d is 
a normal to the shaded plane containing Li and L2. 

ii ARC = 90° {AR is normal to the shaded plane} 
~ ----> 

Let CAR = 0 be the angle between AC and b x d. 

AR D 
cos 0 = - = --=:::;-

AC IACI 
--+ 

D =I AC I cosO 

le - al lb x di cos 0 
lb x di 

l(c - a)•(bxd)I 
lb x di 
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e For the original lines L1 and L2, 

12 a Vx = Vo COS 8 

:. x =J vocos Bdt 
: . x = ( vo cos B)t + c 

But when t = 0, x = 0 

:. c = 0 
:. x = (vo cos B)t .... (1) 

Likewise, Vy = Vo sin e - gt 

y = f (VO sin 8 - gt) dt 
t2 

:. y= (vosin8)t-g 2 +d 

When t = 0, y = 0 

d=O 
:. y = (vo sinB)t - !gt2 

.... (2) 

x 
b From (1), t = --

8 Vo COS 

y = vosinB (--x-) _ l.g(--x-)
2 

vocose 2 vocose 
x2 

y = (tanB)x - !g 2 28 Vo COS 

gx2 
y = (tanB)x - (sec28) -

2 2 
Vo 

c The path has equation y = ax+ bx2 which is a quadratic 
in x. 
: . the path is parabolic. 

Furthermore, since b < 0, the path is concave. 

dy 2 2gx 
d -d =tanB-sec e-

2 2 
X Vo 

dy = 0 <=? sine gx 
dx COS 8 = v0

2 cos28 

Vo
2 Sin 8 COS 8 

<=? x = -=-----
g 

vr'/2 sine cos e 
<=? x= -----

2g 

v0
2 sinW 

<=? x = -=---
2g 

The maximum height is 

=(sine) (v02 sin8~)- l.g v04 sin2 8~ 
~ g 2 g2v02~ 

vo2 sin2 B 1 v 0
2 sin2 B 

g 
-2 

g 

Mathematics HL - Exam Preparation & Practice Guide (3rd edition) 

R 2 (
v0

2 sin2B) v0
2 

sin2B e ange = = metres. 
2g g 

g 

The range is maximised when sin 2fJ = 1 

:. w = 90° 
:. 8=45° 

3002 ( 1 r 
The maximum height = 

2 
x 9~1 m 

~ 2294 m 

3002 x 1 
ii Range= 

9
_
81 

~ 9174 m 

h Using e, 9500 = 
4002 

sin 28 
g 

sin 2B ~ 0.582 47 

:. w ~ 35.62° 

:. e ~ 17.s0 

The angle is about 17 .8°. 

... 




