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FOREWORD

The aim of'this guide is to help you prepare for the Mathematics
HL Core final examination.

The material covered within this guide is designed to
complement your textbook and course information booklet.

The Guide covers all six Topics in the Mathematics HL Core
syllabus. Each topic begins with a concise summary
highlighting important facts and concepts. Following each
summary is a set of Skill Builder Questions; these are designed
to remind students of the fundamental skills required for the
topic.

There are twelve Exam Sets comprising 25 questions each. Each
set is labelled as Calculator or No Calculator questions. These
sets can be used as a warm-up; encouraging students to draw on
knowledge learnt in class, while helping to identify areas that
may need additional practice.

This Guide also offers three Trial Examinations divided into No
Calculator and Calculator questions. Detailed marks schemes
are provided as a guide for students. This format is consistent
with the Mathematics HL Core final examination.

Fully worked solutions are provided for every question in this
Guide. It is recommended that you work through a full set of
questions or trial exam before checking the solutions.

Try to complete the Trial Examinations under examination
conditions. Getting into good habits will reduce pressure during
the examination.

e It is important that you persevere with a question, but
sometimes it is a good strategy to move on to other
questions and return later to ones you have found
challenging. Time management is very important during
the examination, and too much time spent on a difficult
question may mean that you do not leave yourself
sufficient time to complete other questions.

* Use a pen rather than a pencil, except for graphs and
diagrams.

* If you make a mistake draw a single line through the work
you want to replace. Do not cross out work until you have
replaced it with something you consider better.

¢ Set out your work clearly with full explanations. Do not
take shortcuts.

* Diagrams and graphs should be sufficiently large, well
labelled and clearly drawn.

* Remember to leave answers correct to three significant
figures unless an exact answer is more appropriate or a
different level of accuracy is requested in the question.

Getused to reading the questions carefully.

* Check for key words. Tf the word “hence” appears, then
you must use the result you have just obtained. “Hence, or
otherwise” means that you can use any method you like,
although it is likely that the best method uses the previous
result.

* Rushing into a question may mean that you miss subtle
points. Underlining key words may help.

* Often questions in the examination are set so that, even if
you cannot get through one part, the question can still be
picked up in a later part.

After completing a practice set, identify areas of weakness.
* Return to your notes or textbook and review the Topic.

* Askyour teacher or a friend for help if further explanation
isneeded.

* Summarise each Topic. Summaries that you make
yourselfare the most valuable.

* Test yourself, or work with someone else to help improve
your knowledge of'a Topic.

* Ifyouhave had difficulty with a question, try it again later.
Do not just assume that you know how to do it once you
have read the solution. It is important that you work on
areas of weakness, but do not neglect the other areas.

In addition to the information booklet, your graphics display
calculatoris an essential aid.

* Make sure you are familiar with the model you will be
using.

* Intrigonometry questions, remember to check whether the
graphics calculator should be in degrees orradians.

* Become familiar with common error messages and how to
respond to them.

* Important features of graphs may be revealed by zooming
inorout.

* Asymptotic behaviour is not always clear on a graphics
calculator screen; don’t just rely on appearances. As with
all aspects of the graphics calculator, reflect on the
reasonableness of the results.

* Areyour batteries fresh?

We hope this guide will help you structure your revision
program effectively. Remember that good examination
techniques will come from good examination preparation.

We welcome your feedback:

web:  http://haecsemathematics.com.au

email: info@haesemathematics.com.au

Mathematics HL — Exam Preparation & Practice Guide (3’dediﬁon)
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TOPIC 1: _ ALGEBRA

Exponent Laws

Logarithm Laws

~ l a® x a¥ = ag®"v log, xy = log, « -+ log, y

a” _ x
& a7 log, (5) =log, z —log,y

(a*)¥ =™ log, =¥ = ylog, =
a®=1 (a#0) log,1=0
a'=a log,a =1
Mathematics HL — Exam Preparation & Practice Guide (3 edition) n
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SKILL BUILDER QUESTIONS

Find the sum of the first 30 terms of:
a 18+16+14+ 12+ ....
b 484+21+124+6+ ..

. x*/zse .
Write — as a single power of z.
P a
Find: a log,8 b logg (21—7) ¢ logy (+/3)

Expand and simplify: (2 — a4)®
12
Consider the binomial expansion of (293 - $—12) . Find:

a the coefficient of z2 b the constant term.

Find the sum of the infinite geometric series with first term 27
and fourth term 8.

—2 -1
- . . 3m___1 4I2
Write in simplest form: ( 2z ) X (27a“3>

Solve for z: logs(2z — 1) = —1

Write 3 — 3iv/3 in the form r(cos 6 + isin §).

Nlustrate {2 | Re(z) < 1N0 < Im(z) < 3}

Prove that (Z) + (rfl) = (”1’1) for positive integers n

and r, r < n.

2”;_ 1 for ne Z" .

A sequence is defined by u, =
a Prove that the sequence is arithmetic.
b Find the 50th term and the sum of the first 50 terms.
¢ Is 117 a term of the sequence?

d

Find:
40 60
i Z Un ii E Unp,
n=1 n=30
Find z if 8**73 = 167",
Write 8 in the form alogyb where a, b € Z.
logy

2n
3

the form = + iy where =z, y € R.

Simplify (cos (2—;-) —isin ( ))10’ giving your answer in

In a party game, each person has a card with the 12 numbers
from 1 to 12 printed on it. Each person is asked to put a cross
through 3 of the numbers, for example 2, 7, and 10. A prize
is won if the three numbers crossed are the same as the three
numbers chosen by the host.

How many different possible combinations of three numbers are
there?

Prove that <:) =2" for n€Z" .

r=0

Mathematics HL - Exam Preparation & Practice Guide (3™ edition)
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The sum of an infinite geometric series is 1.5, and its first term
is 1. Find:

a the common ratio

b the sum of its first 7 terms, in rational form.

z+1 3=
Simplify: ————or—
implify 2(37) — 371
Write 2Inz + In(z — 1) — In(xz — 2) as a single logarithm.

Write in the form a + bi where a, b € Q:

3+ 4i b 3(L_2)

1—5i i\v5 Vb

The coefficient of 2® in the expansion of (3z + 2)™ is 21
times the coefficient of z. Find n.

Find the value(s) of a for which the system of equations
3z —ay+2z=4
z+2y—3z=1

—z—y+z=12 has a unique solution.

2 :
Suppose z+ 5 = i. Find z in the form a + bi where
a, beR.

Consider all 4-digit integers where all the digits are different
and the first digit is non-zero.

a How many of these numbers are there?

b How many of these numbers have a 7 as one of the four
digits?

Prove that 1 x2+2Xx5+3x8+....+n(3n—1) =n*(n+1)
for n € Z7".

The 7th and 15th terms of an arithmetic sequence are 1 and
—23 respectively. Find:

a the 27th term
b the sum of the first 27 terms of the sequence.

Solve for : 47 +4 = 17(2°71)
Write as a logarithmic equation in base b:

a

z is a complex number and z* is its complex conjugate. Show

a M=ab’

that if 2% = (2*)? then z is cither real or purely imaginary.
At a reunion between 6 men and 5 women, each person shakes
hands once with every other person. Find:

a the total number of handshakes

b the number of handshakes between a man and a woman.

Write 1 — 4 in polar form, and hence find (1 — 4)** in
Cartesian form.
A sequence is defined by wu, = 12 (%)nﬁl.

a Prove that the sequence is geometric.

b Find the 5th term in rational form.
¢ Find, correct to 4 decimal places where appropriate:

) 20
i Z Un 1] Z Un
n=1 =1

—a

Find @ and b given that 2°8° = 1 and =9

3b+1

a Find the roots of 2% = 1 and display them on a fully
labelled Argand diagram.

36

37

38

39
40
Ly

42

43

44

45

46

47

48

L9

50

b If the roots found in a are 1, w, w?, w® and w* where
w is the root with smallest positive argument, show that

14+ w4 w?+w® +w*=0.

Use complex number methods to write sin36 in the form

asinf + bsin® 4.
Solve for z: logs z + logs(z —2) =1

By considering (1 + 2)*® = (1 +2)™ (1 + z)™ show that for
n ez,

5 2 2 2 2
()= 0)+ () +(3) +r (2)

Solve for z: 22 —z+1+i=0

Prove that 5n® — 3n2 — 2n s divisible by 6 for n € Z™.

A sequence has consecutive terms k + 1, 3k, and k? + 5,
where 0 < k < 5.
Find k if the sequence is:

a arithmetic b geometric.

Prove that (z 4+ w)* = 2z* + w".

14+iv3

a Write z = in the form rcis@, r > 0.
1+1
b Hence, find the smallest positive value of n such that
i 2"eR ii 2" is purely imaginary.

Find k given that the constant term of

1 9
(km—i— ﬁ) is —10%.

a Perform row reduction on
the system of equations

r+3y+kz=2
ke —2y+3z=k
4o — 3y + 10z =5.
b Show that for one value of k, the system of equations has
infinitely many solutions.
¢ Find the value(s) of k for which the system has no
solutions.

d Find the value(s) of k for which the system has a unique
solution.

If log,5 =z, find in terms of z:

2
a
b log, <%)
U, 18 a geometric sequence in which us = 20 and ue = 160.

Find:

a w1 and the common ratio

a log,(5a)

12
b wujp and Zun.

n=1

48 people are about to get on a double-decker bus which seats
24 people on each level. However, 8 people refuse to travel
upstairs, and 6 refuse to travel downstairs. How many ways are
there of choosing which passengers travel upstairs and which
passengers travel downstairs?

a Find the integer b such that 0 < b < 9, and 9™ + b is
divisible by 8 for n € Z*.

b Prove your answer in a using the principle of mathematical
induction.

Prove that arg (i) = arg z1 — arg 2a.

z2
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58
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62

63

64

65

66

67

68

Three numbers are consecutive terms of an arithmetic sequence.
Their sum is 18, and the sum of their squares is 396. Find the
numbers.
Write without logarithms:
a log,gM =221
b log, N =2log,d—log,c

2243

For what values of k does —; 1= k have imaginary roots?
o2

Find the coefficient of z° in the expansion of (z+2)(1—x)*°.
—145i

Write z = ——°
e 2z 2+3’L

in polar form, and hence show that
2% = —64.

The solution of 2°7! = 377 is z = log, b where a,b € Z*.
Find a and b.

The first term of a finite arithmetic series is 18, the sum of the
series is —210, and the common difference is —3. Find the
number of terms in the series.

Suppose z =z +iy where z,y € R. If |2 —3|=|2—1],
deduce that =z = 2.
Of 11 given points, 4 lie on a straight line and no other three

points are collinear. How many different straight lines can be
drawn through pairs of given points?

Prove that 14+2x2'4+3x 2%+, 4nx 2"t = (n—1)2" +1
for n€Z".
z—2y+3z=14
20 -3y +2z=1
3x —4y+ kz = -2

Consider the system of equations

where & is a constant.

a Show that there is a unique solution provided that & does
not take one specific value k1. Find %;.

b Find the unique solution.

¢ Discuss the case k = ki.

Suppose z; =3 +4i and z2 =8 — 8i.
a Find |z1|, argzi, |z2|, and argzs.
b Show the points P(z1), Q(z2), and R(z1 + z2) on

the complex plane, and explain how point R is located
geometrically from P and Q.

Deduce that n(""l) :T(ﬁ) for n, r€Z", n>r.

r—1

Suppose z and w are complex numbers where w # (0. Use

polar coordinates to show that 131 = ﬂ
wl - |wl
a Show that 422 > (z+ 1)2 for z > 1.
b Use the principle of mathematical induction to prove that
4™ > 3n? for n€Z".
Suppose z =rcis§ where 7 >0 and 22 = z*.

a Deduce that 72 =r and cis36 = 1.

b Hence show that 22 = z* has three non-zero solutions,
and write them in the form a + bi where a, b € R.

Stan invests £3500 for 33 months at an interest rate of 8% p.a.
compounded quarterly. What will be its maturing value?

A club has 12 members. How many different committees
consisting of at least two members can be formed?

69

70

n

72

73

74

75

76

77

78

79

80

81

Suppose z =1iz* where z =2z +iy and z,y € R. Deduce
that z = y.

Deduce that n® + 2n is divisible by 3 for n € ZT.

Find the sum of all integers between 100 and 200 (inclusive)
which are not divisible by 4.

Given that cis® = ‘%, deduce that:
a cisfcis¢g = cis (6 + @) b (rcis8)™ = r’cis (nf)

¢ if w:ei(gsi), then (1+w)(1+w2):—w4,

Find b given that the coefficient of ™2 in

9
(ﬁ+ g) is —4032.

A teacher needs to decide the order in which to schedule
8 examinations, two of which are Mathematics A and
Mathematics B. In how many ways can this be done given
that the two Mathematics subjects must not be consecutive?

Suppose w = e'( %),
a Deduce that w® =1 and 1+ w+w?>=0.

b Write in terms of w, in simplest form:
7

i w iow?t i (1-w)?
iv ——1 v L+
(1+w)? 1+w

Use the principle of mathematical induction to prove that
3" >n?4n for ncZt.

a Find the cube roots of —27; and display them on an
Argand diagram, labelling them 2z, z2, and zs.

b Show that 2023 = 22, where z; is any of the cube roots
found in a.

¢ What is the value of z32223?

5 distinct points lie on a circle and 11 distinct points lie within
it. No three points are collinear. How many different triangles
can be drawn with vertices selected from the 16 points if:

a there are no other restrictions
b exactly one of the vertices lies on the circle

¢ at least one of the vertices lies within the circle.

a If z =cis#, prove that z"+in =2cosnb for n € ZT
z

S 1\4 . .
b By considering (z + ;) , write cos®6 in the form
acos48 + bcos20 + ¢ where a, b, c € Q.

The points (2, 4), (2, —6), and (—1, 3) lie on a circle with
equation @ + 9% +ax+by+c=0.
a Write three equations in the unknowns a, b, and c.

b Find the values of a, b, and ¢, and hence find the
coordinates of the circle’s centre.

Mathematics HL — Exam Preparation & Practice Guide (3 edition)



82 Emma sets up a fund for her granddaughter, Amy. On the first
day of each month, Emma deposits $60 in an account. The
account pays compound interest of 5% per annum, calculated
monthly. The interest is added to the account on the last day of
each month.

a Find the value of the fund after 3 months.
b Write an expression for the value of the fund after k years.

¢ Hence find the value of the fund after 20 years.

83 In a geometric sequence, the first term is w3 and the nth term
i8S Un.

a Find an expression for the sum of the reciprocals of the
first n terms.

I ;1 4 @ 1
b Hence find 3+ 5+ 35 + ... + 55

TOPIC 2: FUNCTIONS AND EQUATIONS

Mathematics HL — Exam Preparation & Practice Guide (3™ edifion) m



oot of the polynomial equation
P(z) = O = Pfa) &

(ft; @) isa factor of the poI}m :
exists a poiynomml Q(w} such that P(z) (:c - Q)Q(x)

FHes: GRAPHS QF PQLYNOMALS‘ .
concave downwards ;*A single zero of a real polymml I
i B a:;ax1s at this pomt :
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SKILL BUILDER QUESTIONS
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Define the term function and state a test for determining whether
the graph of a relation is a function.

State the domain and range of:

a g:z—4d—In(z—2) b f(:v)zzil— z+1
Functions f and g are defined by

fiz—3z+1 and g:z—4—x.

Find: a f(g(z)) b (90 f)(—4) ¢ f71(3)

Find the equation of the resulting image when y = % is:
a reflected in the y-axis
b translated by (;1)

¢ stretched horizontally with scale factor 3.

Graph y = —1 4+ 2% and include on your graph any axes
intercepts and asymptotes.
Consider the function f : z — 222 + 42 — 20.

a State the equation of the axis of symmetry.

b State the coordinates of the turning point.

¢ Write the function in the form:
i y=alz—h)?+k il y=alz—p)(z-—79q).

a Graph f:z— e* L

b State the domain and range of f.

a Graph f:z > In(z —2).

b State the domain and range of f, and the equation of the
asymptote.

10

11

12
13

14

15

16

17

18

19

20
21

22

23
24

25

26

y=f(x)

]Y

The function y = f(z) is illustrated. On the same set of axes,
sketch graphs of:

a y=f(x) b V=T ¢ y=f(-x)

d y=f(z—-2) e y=2f(z) fy=—f(z)

Find f~(z) where f(z)=z?+2z and x € |—o0, —1].
Find any invariant points.

1

Solve for z using algebraic methods:

2x 1 4 1 2
<z Z = -
z—1 3 b2 T 5 :1:+2>:r

322 +z—~1=0 hasroots p and g. Find p* + ¢%

Consider f(z) =21,

a Graph y = f(z) and its inverse function on the same set
of axes.

b Find f'(z).
If f(z)=2%+2 and h(z) =3 —2z, find (ho f)(z).
Find the remainder when 2z° — 2® + 4z — 1 is divided by
z+ L
The line with equation y = kx 2 is a tangent to the quadratic
y =3z% +z + 1. Find k.

a Sketch the graph of y = |z — 2| + |z].

b Hence, solve for z:

i |lz—2]+|zj=2 it |[z—2|+z[>3

2x+1

Find the inverse function of f:z +— e and hence find

7).

a Sketch the graph of f(z) = 2? — 2z, = € R, showing

clearly the z-intercepts and vertex.
b Hence sketch the graphs of:
iy= /(=) i y=|f(z)

Find d if =+ 2 is a factor of 2z° + 42” + dz — 6.
Find all quadratic equations with roots:

aOand% b %and——%

¢ 2442 d —1+iV/3

When P(z) = 22" — 10z — 5 is divided by x4 2 the
remainder is 47. Find n.

Write 92% 4+ 4 as a product of quadratic factors.

If g(z) = log,(2z — 1), find g~ '(z) and hence evaluate
]

9 (=6).

Find m given that mz? + (m — 2)z +m = 0 has a repeated
root.

a Determine whether the following functions are odd, even,
or neither:

i y=oz-—= iil y=cos2z
x



27

28

29

30

31
32

33

34

35

36

37

38

39

40

41
42

43

b 1 Can an even function have an inverse? Explain your
answer.
ii What domain restriction could be placed on
y=1z*+2z? so that the new function obtained has
an inverse?

—2 is a solution of @ 4+ bz + (b—2) = 0. Find b and the
other solution.

22% — 112% + 212 — 8

Write @_2p in the form
bt S 4
=2 (p—2)%
Sketch the function f(z) = 3(x—1)*(z+2)(z —4), showing

clearly the axes intercepts.

a Sketch the graph of f : z 2;

1 :
= 3 clearly showing
any axes intercepts and asymptotes.

b Hence, sketch the graph of y = on the same set of

axes.

A

f(@)
¢ State the position of any invariant points.

Find a € R given that 1-i is a zero of z°+ax? —4az+6.

Find the quotient and remainder when z* +3z% +z is divided
by:
a r+2 b (z—1)%

2 and

On the same axes, sketch the graphs of y = e”~
y=2-—¢" for z€[-1,5].

Hence find, correct to 3 decimal places, any points of
intersection of the graphs.

y = 3z% + 2z is stretched vertically by a factor of 2 and then
translated by (_31) . Find the equation of the resulting image.

. . 1
z2+max+1 =0 has roots o and 3. Find m if of = l—kg
o

Find the values of d such that y = dx + 2 meets
y = 2%+ 3z 4+ 3 in two distinct points.

©—1 and z+3 are factors of P(z) = 2z° 4 az® + bz — 3.
Find a and b and the three zeros of P(z).
Sketch the graph of:

a y=1[3—z b y=[3—-=z—|z|

a+2i isaroot of 22 +bz+(a+6) = 0. Find a and b given
that a, b € R.
State the asymptotes of the graph with equation:

3+
2c — 1

a y=4—In(z-2) b y=

€ y=2e""*

Factorise z° + bz? + ax + ab into linear factors.

A quartic polynomial P(z) has a graph which cuts the y-axis
at 56, cuts the x-axis at —1, touches the z-axis at 2 and passes
through the point (1, 20).

Find P(z) in expanded form.

Sl

Functions f and g are given by f:a — €” and

g:x—Inz—1.
a Find (fog)(z) and (go f)(z).
b Graph y = f(z) and y = g(z) on the same set of axes.
¢ State the relationship between f and g.

L4

45

4é

47

48

49

50

51

52

53

54

55

56

57

58

Given that the graph of f(x) = ma2”® + (m — 1)z +2 does
not cut the z-axis, find the possible values of m.

When the polynomial P(z) is divided by (z — 1)(z — 2),
the remainder is 2z + 3.
What is the remainder when P(z) is divided by z —1?

Solve for z: |z — 1] <

N8

Find m given that z® + mz +m leaves a remainder of m
when divided by = —m.

(z —1)* is a factor of P(z) = z* + az® 4+ 22% + bz - 3.
a Find a and b.
b Sketch the graph of y = P(z).

|
—
w
Y

The function y = f(x) is illustrated.
a State the domain and range of y = f(x).
b On the same set of axes, sketch graphs of:
i y=-2f(=) iy =|f(z)l
¢ Suppose g(z) = f(|z)-
i Is g(z) odd or even?

ii Does g(z) have an inverse?

x =2 isazero of 2° — 2%+ (m+ 1)z + (2 -m?).

Find m and hence show that no other real zeros exist.

Suppose P(z) = 2z™ +3z" +p where m,n € Z*, p € Z.
P(z) leaves a remainder of 6 when divided by = —1, and a
remainder of 77 when divided by « — 2. Find m, n, and p.

Consider P(z) = 62* + 72> + 82 + 72z + k. Given that i is
a zero of P(z), find k and the remaining zeros of P(z).

1 1
If a>b>0, prove that E<Z.

Given the function f :z +— ¥/z, find an expression for g(z)
in terms of x in each of the following cases.

a (fog)@)=22-1 & (gof)(e)=22—1

The population P of a species after n months follows the rule
P =1000 + ae*™.

Given that initially the population was 2000 and after 1 year
the population was 4000, find how long it will take for the
population to reach 10 000.

z =a isa solution of 3z — 1127 4 8z = 12a.
a Show that there are 3 possible values for a.

b For each value of o found in a, solve the original equation.

3—2 isazero of P(z) = 22> +ma? — (m+ 1)z +(3—4m),
m € R. Find m and the other two zeros of P(z).

z=a isazeroof P(z)=a%2®+ 2% ~a%2—2. Find a and
the other zeros of P(z).
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59 Given the functions f:z — 2z —1 and ¢ :z +— 22°, find
the function (f o g)™*.

60 One zero of z* + 22 + 82 + 62 + 15 has form bi where
b#0, be R. Find b and all zeros of the polynomial.

TOPIC 3: " CIRCULAR FUNCTIONs AND [

TRIGONOMETRY

* Area formula Atea

cos, and tan.

Function Domain Range

x + arcsinz [~1, 1] [~%,

z +— arccosz | [—1, 1] 0,7

s the period is | =+ arctanz | |—o00,00] ]—%%
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funcions e mp

SKILL BUILDER QUESTIONS
1

6

~

Convert:

a %" radians to degrees b 140° to radians.

Find the exact value of:

a sin(5—") b cos (-3;1’1)

= ¢ tan (—E)

3

A sector of a circle of radius 10 cm has a perimeter of 40 cm.
Find the area of the sector.

What consecutive transformations map the graph of y = sinz
onto:

a y=2sin (—;—)

Find the amplitude, principal axis, and period of the following
functions:

a f(z) =sindz

b y:sin(w+§)44?

b f(z)=—2sin (g) —1.
Sketch the graph of y = csc(z) for z € [0, 3x].
Simplify sin (37” — ¢) tan(¢ + 7).

If cos(2z) =2, find the exact value of sinz.

9 Solve sin2z =sinz for z € [—x, |, giving exact answers.

11

12

13

14
15

16
17

18

A sector of a circle has an arc length of 6 cm and an area of
20 cm?. Find the angle of the sector.

Find the period of:

a y=—sin(32) b y:2sin(§>+1
¢ y=sinz+5

Sketch the graph of y = arccosz, clearly showing the axes
intercepts and endpoints.

2
sin“ 0

implify 1 — ———.

Straphfy 1+ cosé

If tan@ = 2, find the exact values of tan20 and tan 36.

Show that csc(2z) — cot(2z) = tanz and hence find the

exact value of tan ( %)

If cos2a =sin’«, find the exact value of cot a.

A chord of a circle has length 6 cm. If the radius of the circle is
5 cm, find the area of the minor segment cut off by the chord.

Y

1 /(ﬂ-’l)

Y

- _11 PWQ
9T —

For the illustrated sine function, find the coordinates of the
points P and Q.

19

20

21

22
23

24

25

26
27

29

30

31
32

33
34

35

36

37

38

39
40

Find the period of:

a = COS (z)
vy= 3

¢ y=sin3z +sinz.

b y = tan(5z)

Find the largest angle of the triangle with sides 11 c¢m, 9 cm,
and 7 cm.

Find the equations of the vertical asymptotes on [—2m, 27]
for:

a f(z) = csc(z)

4 'me—>cot(£>
g: 5 )

b f: z+sec(2z)

Find the exact value of cos79° cos 71° — sin 79° sin 71°.

Given that tan2A = sin A where sinA # 0, find cos A
in simplest radical form.

Suppose sinz —2cosz = Asin(z + o) where A >0 and
0 <« < 2r. Find A and .

2sin®x —cosx =1 for x € [0, 27]. Find the exact value(s)
of z.

Find z if arcsin(2z —3) = —%.

In triangle ABC, AB = 15 cm, AC = 12 cm and angle ABC
measures 30°. Find the size of the angle ACB.

On the same set of axes, sketch the graphs of f(z) = sinz
and g(z) =—-1+2f(2x+ %) for —m <z <

Find the exact value of arcsin(—3%)+arctan(1)+arccos(—3).

2

0 is obtuse and sin@ = 5. Find the exact value of sin 26.

Solve for z: sinz +cosz =1 where 0 < z < 7.

26

8 cm

a Find cosé. b Find the area of the triangle.

Find the exact period of g(z) = tan 2z 4+ tan 3z.

Solve the equation cotf +tanf =2 for 0 € ]-Z, 5.

If 20 € [r, 3] and tan(20) = 2, find the exact value of
tan .

In triangle PQR, PR = 12 cm, RQ = 11 cm, and

RPQ = 60°. Find the length of [PQ], giving your

answer in radical form.

1

how that ———— =
Show tha tan @ — sect

cosf # 0.

—(secd + tan ) provided

Solve for z where z € [—m, 3x], giving exact answers:

a /3tan (%) =-1 b 3+ 2sin(2z) = 0.
If sinz = 2sin (a: — %), find the exact value of tanz.

In a busy harbour, the time difference between successive high
tides is about 12.3 hours. The water level varies by 2.4 metres
between high and low tide. Tomorrow, the first high tide will
be at 1 am, and the water level will be 4.7 metres at this time.
a Find a sine model for the height of the tide H in terms of
time ¢ tomorrow.

b Sketch a graph of the water level in the harbour tomorrow.
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&1 Find:
a sin (arccos(4§)) b tan (arcsin(%))

42 Find the exact solutions of sinz+4+/3cosz =0, z & [0, 27].

k3 [p SO ECOSE o o s exact valts of tan gy,
sinf — cos @

A4 Without using technology, sketch the graph of
y = 2sin (m— %) +1 for z € [—m, 7.

45 Solve for : cos2z ++/3sin2z = 1 on the interval [—m, 7.

TOPIC 4 | ~ VECTORS
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SKILL BUILDER QUESTIONS

1
1 Consider the position vector a = < -2 )
3

a Write a in terms of the base vectors i, j, and k.
b Find the magnitude of a.

¢ Write down a unit vector in the opposite direction to a.

2 On grid paper, illustrate how to find the vector 2a — b 4 3¢

4 —5 1
where a = (_3), b= ( - ), and ¢ = (2)

Check your answer algebraically.

3 a Draw a clear diagram of a parallelogram ABCD formed
by two vectors AB=a and AD=b along its sides.

— = — —
b Write the vectors BC, CD, AC, and BD in terms of a
and b.

¢ Given that the parallelogram is a thombus, so |a| = |b),
calculate the product ACeBD in terms of a and b.

d Using your answer to ¢, explain clearly why AC is
perpendicular to BD.

4 a Given a eb < 0, what conclusion can you draw about
the angle between a and b?

-2
b Find a e b for the vectors a = ( 1 ) and
3

3
b= ( -1 > . Hence find the angle between these
1

vectors, in degrees correct to one decimal place.

k 4
5 Find the value(s) of k& for which ( 1 > and ( k > are:

3 3k

parallel to each other

(-3

perpendicular to each other.

6 a Consider the line with equation w; 1 =—= =2z

i Find a vector parallel to the line.
ii Find a point on the line.
ili Determine whether the point (7, —3, 2) lies on the
line, giving reasons.

b Find an equation of a line perpendicular to the line in a,

which passes through the point (5, —3, 2). Give your
answer in parametric form.

¢ Determine whether the lines in a and b intersect. If they
do intersect, find the point of intersection. If they do not,
state the relationship between the lines.

d Find the acute angle between the line in a and the line L

2 -1
with equation r = (—1) +/\< 2 ), AER.
3 1

7 Briefly explain how you would show that two lines in 3-D are
coincident.

8 Find an equation of the plane passing through the point
-2
(3, —1, 2), which is parallel to the vectors 1 and
3

3
( -1 ) . Give your answer in parametric and Cartesian form.
1
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9

10

11

12

13

14

15

16

17

18

19
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a Find an equation of the plane passing through the points
A(~1,2,1), B(2, 1, 3), and C(4, -3, 5).
b Find the acute angle between the plane ABC and the line
with equation r =2 +j— 3k + A(i—j+ k), AeR
Consider the plane with equation 3z — 2y 4+ 7z = 6. Find:
a a vector normal to the plane b a point on the plane
¢ the shortest distance from the plane to the point (2, —1, 1).
Consider two planes with equations 2z 44y + 2 =1 and
3z + 5y = 1. Find:
a the acute angle between the two planes

b any solutions to the system of equations, interpreting your
answer geometrically

¢ all points that lie on the two planes and also on the plane
with equation 5z 4 13y + 72 = 4.

Find the distance from the point (2, —1, 3) to the line
z—1 34+y
5 3 ~°
Consider the points A(1, —1, 2) and B(5, —1, —1).
a Find the equation of the line L through A and B.

b Find the equation of the plane perpendicular to L, and
which passes through A. :

¢ Find a point on L which is 20 units from A.

Two ships A and B have paths defined by the equations
TA -1 4
= t
(51) =G =(2)
B 7 -2
= t
ws (52) = () ()

respectively, where distances are in kilometres and ¢ is the time
in hours.

a Find the initial position of each ship.

b Find the speed of each ship.

¢ Show that the two ships will pass through the same
location, but not at the same time.

ABCD is a parallelogram with A(—1, 2, 3), B(0, 2, 4), and
c(1, 5, —1).

a Find the coordinates of D. b Find the area of ABCD.

a The position vectors of A and B are a and b respectively.

If P lies on [AB] such that ﬁ = t/ﬁ, show that the
position vector of P is given by p = (1 —{)a + tb.

b For A(2, —1,4) and B(-3, 1, —1), find P on [AB]
— >
such that AP:PB =2:5.

Suppose a and b are non-zero vectors such that
la —b| = |a+ b|. Deduce that a and b are perpendicular.

Suppose A is (—1,2,1) and Bis (0, 1, 3).

a Find the equation of the line (AB) in the form
r=a-+ b, AeR

b Find the angle between (AB) and the line L defined by

BRORE!
e (o (3) = 3)

if b is perpendicular to ¢ — 2a, find the value of k.

20

21

22

23

24

25

26

27

Find the coordinates of the point where the line

1 0

= <2>+)\<1> meets the plane
1 2
3 1 -1

r= < 0 >+s<1>+t< 2 )
-1 1 4

Planes P, and P have equations re (2i +j + k) =2 and
re (i —k)=>5 respectively.
a Find, to the nearest degree, the size of the acute angle
between Py and Ps.

b Find, in the form r = a + tb, the equation of the line in
which P; and P: intersect.

Find the coordinates of the point P where the line
r=i+j+ A({i+ 2j — k) meets the plane 3x+2y—2z=1.

1 -1 0
Suppose a=| 1 |, b= 3 ], and ¢ = 4 .
2 1 -1

Find (b x c¢)e2a.

Consider the lines:
Li: x=4+4+¢t y=3+2 z=-1-2¢
La: 2=—-143s, y=1-2s, z=2+s.

a Classify the pair of lines as parallel, intersecting,
coincident, or skew.

b Find the acute angle between the lines.

Given two vectors x and y, with |x| =2, find the value of
|x 4+ 2y| in the following cases:

a y=-—-2x
b x and y are perpendicular and |y| = 3|x]|.

2 1
The line r = ( -1 ) +1 (2 ) is reflected in the plane

1 2

-()(3)(3)

Calculate the angle between the line and its reflection. Give
your answer in radians.

Given A3, —1, 5), B(2, 0, —3), and C(1, 3, —3), find
cos BAC and hence BAC.

Find the acute angle between two diagonals of the cuboid
(rectangular prism) formed by the vectors 2i, 3j, and 5k.

TOPIC 5: STATISTICS AND PROBABILITY




An event is an
 characteristic. -
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SKILL BUILDER QUESTIONS

1 a In a horse race with 10 horses in the field, why is the
probability of a given horse winning not equal to 1—10?

n(A)

n(0) does not

b Hence, explain when the rule P(A) =
necessarily apply.
2 A bucket contains 7 red, 3 blue, 2 black, and 1 yellow ball of

the same size. A random selection of 5 balls is taken from the
bucket, without replacement.

a Find the probability that the random selection from the
bucket will contain 2 red, 1 blue, and 2 black balls.

b Find the probability that the random selection will contain
at least 1 red ball.

3 The dataset 8, 5,5, 6, 10, 7, z, 7, 8 has mean 7.
a Find the value of z.
b Find the median of the data set.
¢ State the mode of the data set.
d Comment on the distribution of the data.

& f(x) is the probability density function of a continuous random
variable X.
a What two properties must f(z) have?
b Howis P(z1 < X < z2) found?



6

10

11

12

a Tickets in a raffle are numbered 1 to 100. A ticket is
drawn at random. Suppose A is the event that a ticket
with number Jess than 45 is drawn, and B is the event
that a ticket with number between 40 and 55 is drawn.

i Are A and B mutually exclusive events? Explain
your answer.
ii Find P(AUB).

b Suppose P(A) and P(B) are both non-zero. Explain why
events A and B cannot be both independent and mutually
exclusive at the same time.

A random sample of
chicks were weighed one
day after hatching. The
results are given in the 36 < w <40 5
table alongside. 40 < w < 44 14

a How many chicks 44 < w < 48 19
were weighed? A8 < w< 52 8

b Construct a frequency 52 < w < 56
histogram to display =

the data.
¢ Use mid-interval values to estimate:
i the mean of the data
ii the standard deviation of the data.

A continuous random variable X has a probability density
function defined by f(z) = {a(mz +2), fr0sz<2
0, elsewhere.

a Find the constant a.
b Determine:

i P(05< X <14)
¢ Find the:

i median

i P(X > 1).

ii mean iii variance of X.

It is said that events A and B are independent if

P(A| B) = P(A).

Use this result and the rule for conditional probability to show
that this implies P(A N B) = P(A)P(B).

A random variable X has the following distribution table:

ol
&
Sl | o

Is the random variable discrete or continuous?
Find k.
Find E(X), Var(X), and the standard deviation of X.

Find the median and modal values of X.

2 a O o

Events A and B are independent.
Given that P(AU B) = 0.63 and P(B) = 0.36, find P(A).

38% of the students in a Year 12 IB Mathematics class

are female. Of the female students in this class, 13% are

left-handed, whereas 24% of the male students are left-handed.

a Find the probability that a randomly chosen student from
this class is left-handed.

b Find the probability that a randomly chosen student is
female, given that the student is left-handed.

In a sample of data, we know that »_ f = 30, T =80.9 and
the standard deviation of this sample is 296.

Find Y fz and ) f z? for this sample of data, giving your
answers to the nearest integer.

13

14

15

16

17

18

19

20

How many different arrangements of the letters of the word
DIPLOMA are possible if:

a there are no restrictions
b the arrangements begin and end with a vowel
¢ the vowels appear together?

A random variable X has a probability density function given
sin(0.5z), for0<z<a

by f(z) = {O, elsewhere.

a [s the random variable discrete or continuous?

b Find the exact value of a.

¢ Find E(X), Var(X), and the standard deviation of X.

d Find the median and modal values of X.

Two unbiased dice are rolled and the difference between the
scores is noted. Using a table of outcomes, find the probability
that the difference between the scores is 3.

and P(AUB) = &

Given that P(A) = 0.46, P(B) = 2 L,

find P(AN B).

A typist makes on average 1 error per page. Suppose X is
the number of errors made by the typist in typing a 12 page
document.

a Is X a binomial or Poisson random variable?

b Find the mean and standard deviation of X.

¢ Find P(X =10).

d Find the probability the typist makes at least 10 errors in
this document.

The random variable X is distributed normally with mean 37
and variance 9.

a Is the random variable discrete or continuous?

b Why is it almost impossible to have a measured score
of 277

¢ How many standard deviations away from the mean is the
score 33?
Explain why P(X > 39) is smaller than 0.5.

Find P(X > 39).

Find P(31 < X < 39).

Find P(|X — 37/ < 2).

Find k such that P(X > k) = 0.56.

T W@ - 0 O

A multiple choice test consists of 30 questions with 5 answers
to choose from. For each question, only one answer is correct.
Let Y be the number of correct answers chosen if each answer
is randomly guessed.

a Is Y a binomial or a Poisson random variable?

b Find the mean and standard deviation of Y.

¢ Find P(Y = 20).

d Find the probability of getting a score of at least the mean
plus twice the standard deviation of Y.

Vehicle licence plates are composed of three letters from a
26-letter alphabet, followed by a three-digit number whose first
digit cannot be zero. ;

a How many different licence plates are possible?

b Find the probability of a randomly chosen number plate
beginning with the letters AB and ending with the digit 0.
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21

22
23

24

25

26

In the town of Expiet, 71% of the population are right-handed,
44% are either right-handed or have blonde hair but not both,
and 21% do not have blonde hair.

A member of this population is selected at random. Find the
likelihood that the person:

a is right-handed but not blonde
b is both right-handed and has blonde hair
¢ is right-handed or has blonde hair.

Given X ~ N(13, 0?) and P(X < 15) = 0.613, find 0.

A Poisson variable X has standard deviation 3.1.
a Find the mean of X.
b What is the probability distribution function of X7
¢ Find:

i P(X=8) il P(X>11) i P(X>13]|X >9)

Suppose X is normally distributed with P(X < 24) = 0.035
and P(X > 33) = 0.262.
Find the mean and standard deviation of X, correct to
3 significant figures.
A committee of 6 is chosen at random from 9 men and 8 women.
Find the probability that the committee contains:

a three men and three women

b at least two members of each sex

¢ an even number of women.

3% of a catch of prawns are damaged. If a random sample of
200 prawns is taken, estimate the mean and standard deviation

of the number of damaged prawns in the sample.

27 A random variable X is Poisson with mean m, and satisfies
P(X =1) + P(X =2) =P(X =3). Find:
am b P(X =4) ¢ P(X >2)
TOPIC 6: CALCULUS

Mathematics HL — Exam Preparation & Practice Guide (3" edition)

fl(z) Name of rule
c 0
™ ne™ "t
cu(z) eu' (x)

v (z) +'(x)
o (z)v(z) + ulz)v' ()

u(x) ' (z)v(z) — u(z)v'(z)
v(x) [v(@)]?
ef @ ef(z)f’(m)
f'(=@)
In
f(=) @)
sinx cos T
cosx —sinx
tanz sec?z
arcsinz ————1_1_ = ze |-1,1f
arccos %, z€ |1, 1]
arctan 1
1422

addition rule

product rule
quotient rule
exponentials

logarithms

circular functions

inverse circular
functions




ude the constant

It f(z) 2

o th

When a function contains | Try substituting | .
u = f(z)

u=Inz

= asinf

r=atan6

= asect

ntegral, make
BRONG f0 the
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SKILL BUILDER QUESTIONS

1 Consider the function f(z) = %

a State the domain of f(x).

b Find:
i lim f(z) il lim f(z)
z—0~ z—0+
¢ Is f(z) continuous? Explain your answer.

2 a Find, from first principles, the derivative of y = 3 — 222

o

the point where = = 1.
3 Find f'(z) if:
a f(z)=+vB22+5z—-2
¢ flz) =37

b f(z) =2%* 3
d f(z) = (sinx)e"®”

& Find:
3 22 —2—3
a /de b [cos(3x—2)dz ¢ /T
5 Find _d_y_ for:
dx
+2
a y=In(22*+38 R
y =In(22° + 8) e
¢ y = arcsin(2z) d y=¢"°
S
6 Find the exact value of / — dzx.
3 —8

7 Find the equation of the tangentto f(z) = z 4__ ;
z
where z = 3.

8 AY

\j

a Find the coordinates of the points where
y=z(z+4)(z—4) and y =9z meet.

b Write down an integral expression for:

ili area A 4 area B

i area A ii area B

9 Find f sin? 3z dz.

. d
10 Find =) for
3 R
ay=— y = z° sin(3x)
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Hence find the equation of the normal to y = 3 — 2z* at

at the point

11

12

13

14

15

16

17

19

20

21

22

23

24

25

26

27

Find the exact value of k, if dr=1, k>0.

k
x
/0 V244
Use integration by parts to find [ zInz dz.

Find the equation of the normal to y = 2® — 2z — 4 at the
point where = = —1.

x
x?2 -2

¢ concave down.

Find the values of z for which f(z) = is:

a undefined b increasing

Find the total distance travelled by a particle in the first
5 seconds of motion if the particle is moving in a straight line

and its velocity is given by v = t® — 3¢%¢%-9%¢,

Find the exact coordinates and nature of the stationary points of:
z—3
22 —5

—x

a y=ze b y=

Find f tan® 2z dx.

Find where the tangent to y = z° +2z 41 at the point where
z = —1 meets the curve again.

a Find, from first principles, the derivative of
y = ax® + bz + ¢ where a, b, and ¢ are constants.
b Hence find the z-coordinate of the vertex of the general

quadratic function y = az? + bz + c.

y

Y =COoSZT

Rectangle ABCD is inscribed under one arch of y = cosz.
Find the coordinates of C such that ABCD has maximum area.
Find the exact area of the region enclosed by the graph of
y =8z — 2° and the x-axis.
A particle moves in a straight line with displacement function
s(t) =12t — 3t + 1 cm, where ¢ > 0 is in seconds.

a Find the velocity and acceleration functions for the

particle’s movement.
b When is the particle’s:

i speed decreasing ii velocity decreasing?

Use integration by parts to find f arctanz dx.

Find the intervals where the function f(z) = 2®—32*—-9z+5
is:

a increasing b concave up.

Find the volume of the solid formed when the region enclosed

by the graph of y = 2% — 22 and the z-axis is rotated about
the z-axis. Give your answer as an exact value.

4
1
Find the exact value of dx.
/0 Ve +4
. dy .
Find —= if:
in e i

a ot —zyt+y=21 b eVsin2z =1

Integrate with respect to x:

2

a xze ” b 5° c (z2+1)°
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k s

The shaded region has area 0.42 units?. Find k.

The kinetic energy of a moving object is given by K = %mv2

where m is its mass in kg and v is its velocity in kms™*.
When a rocket is fired, the three quantities X, m, and v vary.
Suppose a rocket’s kinetic energy is increasing at a constant rate
of 50000 unitss ™!, while its mass is decreasing at 10 kgs™*
as it burns fuel.

At what rate is its velocity changing when the rocket has mass

4000 kg and velocity 8 kms™'?

Find the exact value of the area of the region enclosed by the
graphs of y = 2% — 32 and the line y = x.

3
Find / |z — 1| dz.
0

Two roadrunners start at an intersection of two roads, facing 45°
apart. One runs at 28 kmh ™! and the other at 32 kmh™". Find
the rate at which the distance between the runners is changing
after 15 minutes.

a Show that fsecmdx =In|secz +tanz| + ¢

b Find fsechdm.

An open cylindrical bin is to be
made from PVC plastic and is
to have a capacity of 500 litres.
Find the dimensions of the bin
which minimise the amount of
PVC plastic used.

Find fac\/?m: — 4 dzx.

. z 42 . A B
Write ——mM8M88 the fi — .
a Tite (z—l)(m+3) n the form m—1+m+3
T+ 2
b H find ——dux.
ence fine (m—l)(m+3) k33

Find the volume of the solid formed when the region enclosed
by the graph of y = Inx, the z-axis, the y-axis, and the line
y = In3 is rotated about the y-axis. Give your answer as an
exact value.

il

Ve

\/§
Use the substitution z = 2siné to find /
1

Find f ztan? z dez.
2

T
_ = 2 :
w3+1d93 , a>0

a
Find the value of a such that /
0
sinz

Fi ————
a Find (14 cosz)?

b Hence find the exact value of the area enclosed by the
sinz

curve y = T+ cosa)®

the z-axis, = = %, and

;3
. sin” x
Find = dz

. cos? o

b4

45

46

47

48

49

50

51

52

53

Find the coordinates of the point of inflection on the graph of
lnx

=—
; . i .
a Differentiate = with respect to .
b Hence find the coordinates of the stationary point of the
function f:z+— 3.

Find f 2% sinz dz.

12z
Find —dr, 1<z <1
/ V122
Find the exact values of the z-coordinates of the stationary
points of the function f : x — 2™ — 6e® — 3z% 4+ 122 + 5.

Use integration by parts to find f arccos z dz.

sinx

%
Find the exact value of / _—
1 +cosz

0

A sloping wall makes an angle of 120° with the horizontal
ground. A 13 metre ladder leans up against the wall. The
bottom of the ladder slips, and moves at a constant speed of
2 metres per second away from the base of the wall. Find the
speed at which the top of the ladder moves down the wall when
the foot of the ladder is 7 metres from the base of the wall.

Fing | 20CALZ 4
1422

Use the substitution = = 2sin@ to find f V4 — x? dx.

Exam Set 1 NO CALCULATORS

1

2

3

A

3
a Find > (2r+27).

r=1
n

b Find an expression for > (2r 4 27).

r=1

If log,2=1"0 and log,3 = c, express log, /72 in terms
of b and c.

i

3
Find the exact value of / (cos®z + tan® ) d.

z

6

a On the graph below, sketch the reflection of
y=f(z) = —2?+3 in the line y = =.

b Briefly explain why the reflection you have drawn is not
the inverse function of y = f(z).

¢ Find the equation of the inverse of z +— —22+3,2<0
and illustrate both the function and its inverse.

Factorise f(z) = 22° — 2% — 8z — 5 into real factors, and
hence determine the values of z for which f(z) > 0.

The radius of a circle is 4 cm. Find the exact value of the arca
of the minor segment of the circle cut off by a chord of length

4\/5 cm.

Mathematics HL - Exam Preparation & Practice Guide (3" edition)
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gt and

In triangle PQR, sinPﬁQ =
PR = 7 cm. Find the possible values of PGR, giving your

answer in degrees.

QP = 3 cm,

Find the exact value of sin @ if 3cos26 +2 = 7sin4.

Find the exact value of cos (arcsin 2 + arccos %)

Consider the points X(3u, 2, 1) and Y{(u, 1—3p, 2u—1),
where p is a constant.

If O is the origin, find all values of p for which OX is
perpendicular to Y.

22
Find — dx.

/ vz +2
If the polynomial z"+az>—6 leaves a remainder of —3 when

divided by (x —1), and a remainder of —15 when divided by
(z+3), find the values of @ and n.

b
x+c
The graph of f has asymptotes z = —2 and y = 3, and
passes through (2, 4).

Consider the function f: 2 +— a +

a Find the values of a, b, and c.
b State the domain and range of f.

¢ Find f~ and state the domain and range of f~*.

k
Findkif/ 3v10 — z dxz = 38.
1

Each of two circles with the same radius passes through the
centre of the other. Find the area common to both circles if the
radii are 6 cm, giving your answer as an exact value.

The graph of z +— kz? — 3z + (k +2) cuts the z-axis in two
distinct points. Find the set of possible real values of k.

1 — 2 is a zero of the polynomial 2z° — 922 + 20z — 25.
Find the other two zeros.

Find all values of %k for which this
system of equations has a solution
other than the origin

(z, y, 2) = (0, 0, 0).
a Prove that sin(A + B) +sin(A — B) = 2sin Acos B.

Hence, or otherwise, find the exact value of the period of
the function f(z) = sin 5z cos 2z.

¢ Find fsin 5z cos 2z dx.

20 —2y+ kz=0
z+4z=0
kx+y+2z=0

d Hence find the exact value of f 0% sin bz cos 2z dx.

[AB] is a diameter of a circle of radius 5 cm, and P is a point on
the circle. P moves at a constant rate in a clockwise direction
on the circle, and completes one rotation every 107 seconds.
Find the rate of change in the area of triangle ABP when

PAB = =

5 and P is moving towards B.

Use the substitution z = sinu to find the exact value of
3
V1 — 22 dx.
0

ABCD is a rectangle such that A and B are points on the graph
of y =+/1— 22, and C and D lie on the z-axis. Let C have
coordinates (a, 0).

a Write an expression for the area of ABCD.
b Find the exact value of a when the area is a maximum.
¢ Find the maximum area of the rectangle.

23

24

Two dice are rolled. The score is the smaller of the two numbers
that appear. If the same number appears on both dice, then the
score is that number. What is the probability that the score is 4?

In the triangle shown,
find @ in terms of b.

25 Prove that forall n € Z%, n > 1,
Y T ) 1
/ tan™x dz + / tan™ " “x dx = .
0 - n—1
Exam Set 2 CALCULATORS

1

10

11

A geometric series with common ratio r has second term 6 and
a sum of 49. It is known that % < r < 1. Find:

ar b wu,, the nth term of the series.

Eight different books are to be placed in a row on a bookshelf.
Three of the books are mathematics books. How many
arrangements are possible if:

a there are no restrictions

b the mathematics books are always placed together

¢ there has to be a mathematics book at each end of the
shelf?

A sector cuts off an angle of 53° at the centre of a circle of
radius 7 cm. Find:

a the perimeter b the area of the sector.

. . . 1\°
Find the constant term in the expansion of (2932 + ~) .
z

Find the points of intersection of the graphs of zy = 4+
and y =€ —3z+ 1, where —5 <z < 5.

For what values of z in the interval [0, 2x] is

arccos(sin 3z + cos 2z) defined?

A receptionist walks to work every day.

If it is not raining, the probability that he is late is %.
If it is raining, the probability that he is late is %
The probability that it rains on a particular day is %
On one particular day the receptionist is late. Find the
probability that it was raining on that day.

X is a binomial random variable for which the number of trials
is 7, and the probability of success of each trial is p. Find the

possible values of p if P(X =4) =0.25.

Find a unit vector parallel to Ai + j — Ak and perpendicular
to 3i —4j+ k

In a school, 2 of the students travel to school by bicycle.

Seven students are chosen at random.
Find the probability that exactly 4 of them travel to school by
bicycle.

A box contains 1000 fish with 3.7% not suitable for sale. If 20
fish are chosen at random from the box, find the probability that:
a all of them are suitable for sale
b exactly one of them is not suitable for sale.



12 The coefficient of z* in the expansion of (ax + 3)° is equal

to the coefficient of 2° in the expansion of (az 1 3)”. Find a.

13 Consider the functions f(z) =
g(z) = 3z.

;T:—g, .’.L'7'é —5 and

a Calculate (go f)(4) as a rational number.

b Find ¢g~'(z). !

¢ Find the domain of g~ ~.

14 The graph of the function f:z — ax® +bz?4+cz+d hasa
maximum turning point at (0, 1) and a minimum turning point
at (—2, —2). Find a, b, ¢, and d.

15 A police radar gun measuring the speeds of cars on the road is
known to produce errors at random that are distributed normally
with mean 0 and standard deviation o.

We say the error E is distributed normally as
E ~ N(0, o?).

The police will not fine a driver without being 99% confident
that a car is travelling at greater than 60 kmh™" in a 60 kmh™*
zone.
Suppose they are 99% sure that a car is travelling at greater than
60 kmh™! when they record a speed of more than 65 kmh™*
on the radar gun.

a Explain why the distribution of readings for a car travelling

at 60 kmh ™ is given by the random variable X = 60+4-F.

b Find the standard deviation o of the distribution of errors
given by the radar gun.

16 If a+ b+ c¢=0, showthat axb=D>b x ¢.
D

17 Find the exact value of p if p > 0 and / (z® + ) de = 2.
0

18 Let f and g be two functions such that
g{x)=32z—2 and (fog)(z)=x+2. Find f(9z—8).
19 The diameters of discs produced by a machine are normally
distributed with mean 73 mm and standard deviation 1.1 mm.

Find the probability of the machine producing a disc with a
diameter larger than 75 mm.

20 Independent events A and B are such that P(A) =0.35 and
P(AUB) =0.75. Find P(B).
21 A couple is told that the probability that they will have blonde
haired children is % The couple would like to have 5 children.
a What is the expected number of blonde children?

b TFind the probability that 3 of the 5 children will have
blonde hair.

¢ Find the probability that more than 3 of the 5 children will
have blonde hair.

22 a Find the exact value of the area enclosed by the curve

1
MRV
b The region in a is rotated about the x-axis.
volume of the solid generated.

the y-axis, the z-axis, and the line z = 1.

Find the

23 When a biased die is rolled, the numbers from 1 to 6 appear
according to the following probability distribution.

11213 4 1 5|6
2 1] 3 1] 1
77|14 | 14 |7 |Y

a Find the value of v.
b Find the exact values of E(X) and Var(X).

¢ Write a brief interpretation of the values found in part b.

24

25

Exam Set 3

a Prove that cos(A+ B)—cos(A— B) = —2sin Asin B.
b Prove by mathematical induction that, for all n € Z™,

. 2
sinz + sin3z + sin 5z + ... + sin(2n — 1)z = BN n

sinz

a Given the points A(3, 0, 2), B(1, 0, 3), and

—  — 3
C(2, —3,5), showthat ABxAC=[ 5 |.
)
b Students are using equations of planes to model two
hillsides that meet along a river. The river is modelled
by the line where the two planes meet.

20 —y+4z=14

One of the hillsides contains the points with coordinates
A(3,0,2), B(1,0,3), and C(2, —3, 5).
The other hillside has an equation 2x —y + 4z = 14.

i Show that A and B are two points on the river.

ii Show that an equation for the river is

3—2A
r= 0 for A € R.
24 A

iiil Show that B is the closest point on the river to C.
iv Find the shortest distance from the river to C.

" NO CALCULATORS

Let f(z) =244z for —co <z < —2 and
g(z) =3 -2z
Find: a f '(z) b (go f)(=3).

In triangle ABC, ABC = 20, ACB = #, AB =3 cm, and
AC = 5 cm. Find the exact value of the area of the triangle.

The probability that a salesperson leaves her mobile phone
in a shop is %.

salesperson discovers her mobile phone is missing. What is the
probability that she left the mobile phone in the first shop?

After visiting two shops in succession, the

Find the exact value of cot A if cot 24 = % and A is obtuse.

a For what real values of m will the line y = mx + 16 be
a tangent to the parabola y = 2 + 257

b Given f(z)=a*+z(2—k)-+k?, find the possible real
values of k for which f(z) > 0 for all real values of z.

Solve logg (43:2 — bz — 6) =1+ 2log; z.

1
2 1
Find the exact value of 71
/0 V1 —z?
The velocity of a particle, in metres per second at time
t seconds, is given by v = t° —3t* +2¢. Calculate the distance
travelled by the particle in the first 3 seconds of motion.

Find the exact values of @ if 0 € [0, 2n] and
cosf +sin g = V2.

Find the exact value of the z-coordinate of the stationary point
, x> 0.

xlnz

of the function f:z e

Mathematics HL — Exam Preparation & Practice Guide (3 edition)
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An infinite geometric series with common ratior, 0 <r <1
is such that the sum of the first 3 terms is half the sum of the
series. Find the exact value of r.

2z =2 —1 is a solution of the equation
2% —62% + 13z — 10 = 0. Find the other two solutions.

For these functions state the domain and range:

a z~— +/b—2x b x— “distance from nearest integer”

. 1+z
a Find /m dz.

b Use integration by parts to find f z?Inz dz.

a Simplify sin(arcsina+ arcsinb), giving your answer in
terms of a and b.

b Find the exact value
of @ in the diagram:

a cm

2 cm 3 cm

Find the exact value of the z-coordinates of the stationary points
of the function f:z+— lo ﬁﬂ
' 83 \3z 11/
The equations of two lines are:
Li: x=32—4, y=A+2, z=2X—-1

y—5 —z-—1
Ly 0 =5¥—— =
s HETg 2
a Determine the point of intersection of Ly and the plane
204y —2z=2.

b Find the point of intersection of L; and Lo.

¢ Find an equation for the plane that contains L; and Lo.

The region enclosed by y = arccosz, y = §, y = %, and the

y-axis is rotated through 27 about the y-axis. Find the volume

of the solid generated.

Sketch the graph of f : & — 3+ -———2—, -5
z+1

z # —1, showing clearly all asymptotes.

IN

z < 5,

On the same set of axes, sketch the graphs of |f(x)| and
1

F@)

cosz + sinzcosz + sin?zcosz + ...
defined for 0 <z < 3.

is an infinite series

a Find the sum of the series.
b Determine the values of z for which the sum of the series

is v/3.

CosS ™

a Prove that =secx + tanz.

1-sinz

b Find /%dm for 0 <z < 3.

¢ Hence prove that f secz dz = In(secz +tanz) + ¢ for
0<z <3,

d Find the exact value of the area enclosed by the graph

y = secx, the x-axis, and the lines z =% and =z = Z.

4 3

Find the equation of the tangent to the curve 3z? — 2y* = 10
at the point where © =2 and y < 0.

23

24

25

Exam Set 4

1

A random variable X has probability density function f(z)
where

%x, 0zl
& 1<z<?2
E6-2), 2<z<a
0, elsewhere.

Find: a the value of a b the median value of X.

Find the coordinates of the points where the tangents to the
curve 622 +4zy + 2y° = 3 are horizontal.

On the unit circle shown,
AOP = o and BOP = 8.
[OA] is produced to meet
the line through B parallel to
the y-axis at C.
[CB] is produced to meet the
x-axis at D.
a Write down the lengths
of [OD] and [BD].
b Show that OC = <255
cosa
¢ Show that BC = cos Stan « — sin .
d Use the sine rule in triangle OBC to show that
sin(a — 8) = sinacos § — cosasin 3.

e Hence find the exact value of sin 15°.

CALCULATORS

Consider the arithmetic series 3+ 8 +13 + .....
a Find an expression for S, the sum of the first n terms of
the series.

b Find the smallest value of n for which the sum of the series
is greater than 1000.

When (14 ax)™, n € Z7 is written in expanded form as far
as the third term, the resultis 1+ 35z + 52522, Find @ and n.
In the diagram, [AB] is C

the diameter of the circle,
AC=6cm, and BC =8 cm.

Find the area of the minor
segment cut off by [AC]. 0

A discrete random variable takes the values X =0, 2, 7 with
probabilities 1, 3, and k respectively.

a Find %.

b Find the mean, median, and mode of X.

¢ Find the variance and standard deviation of X.

a Find the equation of the normal to the graph of y = sinx,
at the point where = = %.

b Find the coordinates of the point where the normal in a
meets the z-axis.

For what values of a does the function f(z) = ———
stationary points? r

a Find the exact area of the region enclosed by the curve

—0.1z2

Yy = xe , the z-axis, and = = 4.

b TFind the volume generated when the region in a is rotated
through 27 about the z-axis.



8 A particle starts from O with an initial velocity of 5 ms™*.
The acceleration of the particle after ¢ seconds is given by
a=3t2-2t+ 1. :

Find an expression for the displacement function s(t).

9 Find the exact value of sin2(arcsin £).

——— e
10 In the figure below, OB is three times longer than OA. BC

) — — —
is parallel to OA and twice its length. CD is parallel to BA.
Angle AOB is 60°.

B C

60° D
O A

Suppose A and B have position vectors a and b respectively,
relative to O, and that CD = k(ﬁ).
a Determine vector expressions for:
- == - fregoicd
i BA ii OD
. . =¥ - . s
b Find & if OD is perpendicular to AB.

. dPy dy\?
— 2
110y =ln (7 =), simplity 2+ (52)

12 Consider the graph of the function f:z +—
e =

a Find the equation of any vertical asymptotes, giving your
answer in exact form.
b Find the coordinates of the turning points.
2

T

¢ Sketch the graph of y =

for z € [-1, 2].
er =
13 Given the vectors a = —2i 4+ pj — k and
b=1i+ 3(p+4)j+ (2p—5)k, find all values of p for which
a is perpendicular to b.

14 Find the term independent of z in the expansion of

522 2\
@?‘a)-

15 Let X be a continuous random variable with the probability
density function
L4e 0<w<2
f@y=9q 8
0, elsewhere.
Find:
a the value of ¢ b the expected value of X

¢ the standard deviation of X.

16 Consider two complex numbers z =5 —3i and w = b+ 21,
b€ Q. Find b such that = € R.
w

17 The diagram alongside shows
a major sector of the circle
with centre O. The perimeter
of the sector is 100 cm. Find 850
the area of the sector.

18 Find [sin®z dz

19 In a maths quiz there are 30 multiple choice questions with five
alternative answers for each question. Only one of the answers
is correct in each case.

a Suppose you guess every question and you answer all the
questions. Find the probability of obtaining:

i exactly 20 correct answers
il at least 15 correct answers
iii no more than 25 correct answers.

b Now suppose you have studied hard and have an 85%
chance of answering each question correctly. Find the
probability of obtaining:

i exactly 20 correct answers
ii at least 15 correct answers.

20 A survey of 100 people is conducted to find out how long people
spend travelling to work. The following results were recorded:

elling 6 : reg
0<t<10 11
10<t<20 19
20<t< 30 32
30 <t <40 22
40 <t < 50 9
50 <t < 60 7

a Draw a frequency histogram to display the data.
b Find the modal class of the data.

¢ Use mid-interval values to estimate the mean and standard
deviation for the data.

21 The table below shows the number of items produced by
machines I and II, and the probability of each machine
producing a faulty item.

a If an item is chosen at random from the total number of
items produced, what is the probability that it is faulty?

b Ifanitem is selected at random and it is found to be faulty,
what is the chance that it is produced by machine II?

22 a A machine produces bags of sugar whose weights are
distributed notmally with mean 120 g and standard
deviation 1.063 g. If the weight of a bag of sugar is less
than 118 g, the bag is rejected.

Find the percentage of bags that are rejected, correct to

3 decimal places.

b The settings of the machine are now altered. It is found
that 6% of the bags are rejected, but the mean has not
changed. Find the new standard deviation, correct to
3 decimal places.

¢ The settings of the machine are adjusted once more. The
new value of the standard deviation is maintained. Find
the value, correct to two decimal places, at which the mean
must be set, so that only 3% of the bags are rejected.

d With the new settings from part ¢, it is found that 70% of
the bags of sugar have a weight which lies between = g
and y g, where z and y are symmetric about the mean.
Find the values of z and y, giving your answers correct to
two decimal places.

Mathematics HL — Exam Preparation & Practice Guide (3" edition)




23 Consider the graph of the function y = f(z) where
z—2

a Find the axes intercepts.
b Find an expression for f'(z).

¢ For what values of ¢ does the function have at least one
stationary point?

d For ¢ =0, find the coordinates of the point of inflection
of the curve, giving your answer to 3 significant figures.

e For ¢= —4, find the exact value of
i,
r — 2
— dzx.
[1x2+cw—6 o

24 Let P(u, cosu) be any point on the graph of y = cosz in
the first quadrant.

a Find the equation of the tangent to the curve y = cosz
at P.

b The tangent at P meets the z-axis at A and the y-axis at
B. Find the coordinates of A and B.

¢ Find an expression for the area of triangle AOB.

d Find the coordinates of P for which the area of triangle
AOB is a minimum.

T 2 1
25 Consider the lines L: (y) = (——3)—{—)\( 2 )
z 1 -1
T 1 2
and M: <y> = ( 0 >+u(—1), where A, g € R.
Z -1 1

a Find the acute angle between the lines L and M.
Find a vector n that is perpendicular to both lines.

¢ Find an equation of the plane P that contains the line L
and which is perpendicular to n.

d Show that a vector A—B>, where A € L and B € M, is of
—1—-X4+2u
the form 3—-2x—pu |.
24X+
e Find the values of A and p such that /ﬁi} is parallel to n.

Hence, or otherwise, find the distance between the lines L
and M. Comment on the nature of these two lines.

Exam Set 5 NO CALCULATORS

1 a Find real numbers a and b such that
(a+2i)(b—12) =17+ Ti.

b Find p and g where p, ¢ € R, p > 0, such that
(p+ qi)? = -3+ 6iv/6.

2 Find the exact value of tanz if 2sin (:r + %) =sinz.
. .. 6 >
3 Find the exact value of z if 7 2"y =1

4 a Find the z-coordinate of the stationary point of
y = (z — 3)e*®.
b For what values of z is the graph of the function

f(z) = z®® concave down?

Mathematics HL — Exam Preparation & Practice Guide (3™ edition)
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Find the largest set of values of z such that the following
functions take real values.

a f(z)=+vaz2-1 b g(z) =In(1 — z?)
Clz—1] _ [2z-3
< F(m)—T d Gz)= P

Consider the function ¢ : z —~ 2z% — 3z + sin .

Find simplified expressions for the functions f and h where
the graphs of f and A are reflections of g in the = and y-axes
respectively.

If sinA=32 and cos B =2 where A and B are acute, find

3
the exact value of sin(4A — B).

In triangle ABC, ABC = 60°, AB=5cm, BC=2cm, and
AC = k+/3 cm. Find the value of k.

Find the equation of the tangent to the curve z°y? —zy+y =4
at the point where z =1 and y > 0.

Find fm\/x —3dz, x> 3.
Use integration by parts to find f arcsinz dz.

A particle moving in a straight line has initial displacement
s = 3 metres. Its velocity in metres per second at time ¢ seconds
is given by v = 2s. Show that the displacement function
s = 3¢?* metres satisfies these conditions.

s

T _
Find the exact value of (‘canm — w) dzx.
o tanx + 1

Find the exact value of tanz if sinz = cos(z + §).
The sides [AB], [BC], and [AC] of triangle ABC have lengths
5 cm, 3 cm, and 7 cm respectively.

a Find cosABC.
b Hence find the area of the triangle.

If siny = g, find the value of cos 2.

Calculate the area of the region enclosed by the curve
z=8y—7—y> and the line = — 2y +2=0.

The displacement of a particle moving in a straight line is given
by s=4e®2 _ 03t
Find:
a the initial displacement of the particle
b the initial velocity of the particle

+ 10 m, where ¢ is the time in seconds.

¢ the exact time at which the particle first comes to rest.

a By expanding (cosf + isin®)® and using De Moivre’s
theorem, find an expression for sin56 in terms of sin6.

b Hence show that the exact value of sin36° s

24/10 — 2v/5.

In triangle ABC, BC =a, AC =5, and AB =c. D is the
midpoint of [BC], and the length of the median [AD] is m.

a Show that m? = } (2b2 +2¢% — a2).

b Hence show that the area of an isosceles triangle with equal

sides z units and base a units is given by ia\/ 412 — g2
If tanor = = and a lies in the interval |m, 4[, find the

exact value of sin2c.
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Exam Set 6

1

The region enclosed by the graph of y = 1 +tanwz, the z and
y-axes, and x = % is rotated through 27 about the z-axis.

Find the volume of the solid generated.

Adam, Amy, Ben, and Bianca are asked to sit down in a line.
a In how many different ways can the seats be chosen?

b How many different seating arrangements result in each
person sitting next to someone with the same first letter of
their name?

¢ If the seats are chosen at random, find the probability that
Adam sits next to Ben.

2
a Show that the plane r e ( 1 > =5 contains the line
1

Li: r=(-2t+2)i+tj +(8t+ 1)k, t€R.

1
b Find & when the plane r e (k ) =3 contains L;.
1

¢ Without using row operations, find the values of p and ¢
for which the following system of equations has an infinite
number of solutions. Clearly explain your reasoning.
2r+y+2=5
z—y+z=3
—2z4py+22=gq

a Use mathematical induction to prove that
in 2
cosf +cos 30 + .... + cos(2n — 1)8 = S nd
2sin 0

for n € Z*, sinf #£ 0.

b Expand (cos + isin8)3.

¢ Using De Moivre’s theorem, find an expression for cos 36
in terms of cos#.

d Find an expression for sin4f in terms of sinf and
cosf.

z .
e Find the exact value of SH% 60 de.
= 2sin@
6

CALCULATORS

Find the sum of the first 100 terms of the series
Inv2+1n2 +1In+v8 + ..., giving your answer in the form

nln2 where n € Z.

Find the area enclosed by the curve y = axz?, a > 0, and the
line y = =.

Use integration by parts to find f z2e®dz.
Solve for z: In (z? +9) — 2 =In |z + 5|.

Let Y be a binomial random variable with mean 3 and standard
deviation 3. Find P(Y < 4).

After ¢ seconds, the velocity of a particle moving in a straight

S 2t 1
line is given by v = —— ms™ .
EVeRBY V= e
a Find an expression for the displacement s of the particle,
if the initial position is s = —3 m.

b Find an expression for the acceleration a of the particle
after ¢ seconds. Simplify your answer.
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Consider f(z) = e~ and g(z) = e3®* — 1 for

0 < z € 1.5. Find the z-coordinate of the point of intersection
of the curves y = f(z) and y = g{z), correct to three
decimal places.

Suppose h and k are the values of x on the interval
—1 <z < 2.5 for which f(z)=In |4:1: — m3| is not defined.

a Find the exact values of h and k.

b Sketch the graph of f(z) on the given interval, indicating
the number of zeros of f(z). Show also the position of
any asymptotes.

¢ Find all the zeros of f(z).

The hour hand and minute hand of a large railway station clock
are 2 metres and 3 metres long respectively. Find the rate at
which the distance between the ends of the hands is changing
at 4.00 pm.

Find th thy hs of y =
ind the area enclosed by the graphs of y T3

y =4(z —1)* in the first quadrant.
A farm produces 200 tonnes of grain in its first year of
operation, and the yield improves by 3% each year thereafter.

a How long will it take for the annual crop to double?

b Find, to the nearest tonne, the total yield of crops over the
first eight years.

A sector of a circle has area 15 cm?® and perimeter 16 cm. Find
the radius of the circle and the angle of the sector at the centre
of the circle.

The area of triangle ABC is 23 cm?®. If BA = 10 cm and
AC = 8 c¢cm, find two possible values for the length of [BC].

The roots of the equation z? —kx+4 =0 are a and 3. Find,
in terms of k:
a a2 + ﬂQ

. . 1 1

b a quadratic equation whose roots are p and —.

B

A box contains two dice with faces that are numbered 1 to 6.
One of the dice is fair, and the other is weighted so that the
probability of a one appearing is 0.5.

a If a die is selected at random and tossed, what is the
probability that a one appears?

b If a one appears, what is the probability that the chosen
die was the weighted one?

Find the positive integer n such that the coefficients of z* in
the binomial expansions of (1 + )™ and (1 + 1522)™ are
equal.

Smith and Co. produce jars of jam with net weight that is
normally distributed with mean 475 g and standard deviation
7.5 g. What percentage of jars have a net weight of less than
460 g?

Find the acute angle between the two planes with equations

1 2 1

r1:< 1 )—!—x\(—l)—f—ﬂ(—l), A peR
—3 i 2
0 1 2

r2:< 1 >+s<1)+t< g ) sreh
-2 1 -1

The random variable Y follows a Poisson distribution such that
(E(Y))? = 2 Var(Y) + 3. Find P(Y > 3).

Mathematics HL — Exam Preparotion & Practice Guide (3" edition)
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Exam Set 7

1

2
3
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Let f(z) =sin2z + sindz

a Sketch the graph of y = f(z) for 0 < z < 7, clearly
showing the axes intercepts.

b Show that the line y = %az cuts the curve at the origin
and at (%, 1).

¢ Find the exact value of the area of the region enclosed by
the line y = 22 and the curve y = f(z) for 0 < @ < 7.

In a group of 45 students at an international school, 25 hold an
American passport, 15 hold an Australian passport, and 8 have
neither an American nor an Australian passport. Draw a Venn
diagram to illustrate this situation.
If a student is selected at random, find the probability that the
student:

a has both an American and an Australian passport

b holds neither an American nor an Australian passport

¢ holds exactly one of an American or an Australian
passport.

The points A(2, —1, 3), B(6, 1, 1), and D(7, 5, 6) are
three vertices of the parallelogram ABCD. Find the area of this
parallelogram.

A zoologist knows that the lengths of a certain species of
tropical fish are normally distributed with mean length m cm
and standard deviation 0.12 cm. If 20% of the fish are longer
than 13 cm, find the value of m.

A student takes 25 Mathematics tests over an entire year, with
each test marked out of 10.
He inspects the results of these tests, and finds that

25 25
S x=109 and Y z,°= 579,
r=1 r=1
where z, refers to the score obtained in the rth selected test.
Find:
a the mean score obtained in the student’s tests over the year

b the variance of the scores obtained during the year.

Consider the two lines
z—1 y—3 =z-1

Li: =
ol 3 5~
3—z 29y—3 z+41
Lo: = = .
Ty 3 2
a Write the vector equation of each line in the form
r =rg+ Au.

b Show that the two lines do not intersect, and state whether
or not they are parallel.

¢ Find, in the form ax + by + cz = d, an equation of a
plane that is perpendicular to Ly and which intersects ;.

d Find a vector that is perpendicular to both lines.

e Hence, or otherwise, find the distance between L1 and Ls.

NO CALCULATORS

a Find all non-real complex numbers z such that 2> = 2z,
b Given z =1z + 24, where z € R, for what values of z
is jz] < 2]z—1—14]?
Solve for z: logg(z -+ 3) =1 — logg(z — 2).

Find the coordinates of the stationary point of the curve

y=xe ®

10

11

13
14

15
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The first term of an infinite geometric series exceeds the second
term by 9. The sum of the series is 81. Find:

a the common ratio of the series
b the first term of the series.

Suppose f(z) = ;—i—z z #2, and g(z) = (f o f)(=).
Find:

a g(z) b (g09)(2).

A and B are acute angles such that sin A = % and

5 - 8
sin B = T

Find the exact value of tan(A + B).

Find the exact values of z such that 0 < z < 27 and
\/§ sinxz = tanx.

1 0
a Given a:(l)andb:(l), find a x b.
-3 2

b Find a vector of length 5 units which is perpendicular to
both a and b.

The function f(z) = = il has a turning point at
7

-5z +7
(3, 5). Find the values of a and b.

A particle is moving along a straight line. After ¢ seconds, its
displacement from O is given by s = A cos 2¢+ B sin 2¢ metres
where A, B € R. The particle starts from rest at s = 5.

a Show that the particle’s acceleration is given by
a=—4sms™ 2.

b Find A and B.

¢ Find the velocity of the particle at the time when it first

has a displacement of 3 metres.
Find the area enclosed by the curve 3? + 2y — 3z = 0 and
the line 2z —y—1=0.

5 > 2'
x4+ 2 r+3

Solve exactly for = €]—o0, oof,

Find the exact value of tan 75°.

a Show that the lines

344t —1+12X
rn=\| 4+t and rz = 7+ 6
1 543\

intersect, and find the coordinates of the point of
intersection.

b Find an equation of the plane containing these 2 lines.

Use integration by parts to find f zarctanz dz.

If log(x%y®) = a and log (g) = b, express logz and logy
in terms of a and b.

Find the value of 6 € [0, 7] if 2cosf + 2secd = 5.

The graph of y = asinbz + ¢ where a, b, c € R and

2r
0 <z < — is drawn below.

b
On the same set of axes, sketch the graph of y = —2asin (%a:)
Y
- * >
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19 Find k if y = Ae™ and F+3E+2y_0'

20 Find all points on the graph of y? = 3—xy where the tangents
have gradient —%.

21 Given that events A and B are independent events with
P(ANB)=10.3 and P(ANB’)=0.4, find P(AUB).

22 If sind=-2

s and 0 <A< 37”, find the value of tan2A.

23 a Let z = r(cosf+isinf). By using z = re®,

that
b i

show
Z" = r"™(cosnf + isinnb).
Express 147 and 1—¢ in the form rcisf
where r and 8 are given as exact values and r > 0.
ii Hence prove that
(144" + (1 —4)™ =22+ cos (2F).
iil Prove that there is no integer n for which
1+)"+ 1 —-5)" =64

24 a Find the exact value of the the area of the region bounded
by the graph of y = cos®z, the x-axis, the y-axis, and

b Usec integration by parts to prove that, for n € Z, n > 3

1 . 7 n—1 2
/ cos" zdr = =sinzcos" T+ cos" “rdu.
n n

¢ Hence find the volume of the solid generated by rotating
the region in a through 27 about the z-axis.

25 Suppose a and b are the position vectors A
of points A and B, and that triangle OAB M
is equilateral. Let M be the midpoint of a
[AB]. B
0 b

—
a Express OM in terms of a and b.

b Use vectors to prove that OM L AB.

¢ Explain why |b — a| = |a|, and use this result to prove
that b e (b — 2a) = 0.

d Illustrate this result on a sketch of AOAB.

Exam Set 8 CALCULATORS

1 On the first day of an exercise program, Paula jogs 500 metres.
Each day she plans to jog 50 metres further than her distance
on the previous day.

a How far will she jog on the 30th day?

b What would be the total distance Paula has jogged after
30 days?
. . 1 1 . .
2 Find the coefficients of P and — in the expansion of
x
1o
(2+2)°
3 The weight W; of radioactive uranium remaining after ¢ years
is given by the formula W; = Woe“ﬁ%‘ﬁ grams, t > 0. Find:
a the half-life or time required for the weight to fall to 50%
of its original value

b the time required for the weight to fall to 0.1% of its
original value

¢ the percentage weight loss after 1000 years.
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Three suppliers A, B, and C produce respectively 40%, 25%,
and 35% of the total number of a certain component used by
a washing machine manufacturer. The percentages of faulty
components in each supplier’s output are 5%, 3%, and 4%
respectively.

Find the probability that a component selected at random is
faulty.

Find the area of the region enclosed by the graphs of

0.1z

y=e and y=2Inz.

Consider the points A(3, 1, —2), B(1,0,4), and C(8, 3, 0).

— . —
a Show that AB is perpendicular to AC.
b Find the size of angle ABC.

Visitors to an island have increased by 6% per annum each year
since the year 2010.
a If4000 people visited the island in 2010, how many would
be expected to visit the island in 2020?
b For each of the years 2010 to 2020 inclusive, each visitor
to the island is charged $5. What is the total amount the
visitors are expected to pay over these years?

a Find the domain of the function
f:z=Ine+In(z+3) —In(z? - 9).

b Show that f(z) can be written in the form In (

=)
r—3)"

Use the substitution v =1 — z to find f 221 =z da.

¢ Find an expression for f~'(z).

Find the real number a, for which 1 + a¢ is a zero of the

quadratic polynomial z? + ax + 5.

Determine the quartic polynomial f(z) which cuts the z-axis at
—2 and 3, touches the z-axis at 1, and cuts the y-axis at —12.
Give your answer in expanded form.

How many times must a pair of dice be rolled so there is a better
than 70% chance of obtaining a roll where the same number
appears on both dice?

In how many ways can nine different raffle tickets be divided
between two students so that each student receives at least one
raffle ticket?

Z is the standardised normal random variable with mean 0 and
variance 1. Find a such that P(|Z] < a) = 0.72.

Find the equation of the tangent to the curve
4+ zlny —y =3 at the point (2, 1).

Two circles with radii 5 cm and 8 cm respectively are such that
their centres are 10 cm apart. Find the area common to the two
circles.

The velocity of a particle at time ¢ seconds is given by
v =elcos2t ms™t.
a Write down an expression for the distance travelled by the
particle in the first five seconds.
b Find the distance travelled by the particle in the first five
seconds.

Let r=2i—j+ 2k, s=3i —j+ 2k, and t=2i + 2j — k,

be the position vectors of the points R, S, and T respectively.
Find the area of the triangle RST.

Mathematics HL — Exam Preparation & Practice Guide (3™ edition)



19 A continuous probability density function is described by:
2—5x, for k<z<0
fle) = {0, otherwise.
a Find the value of k.
b Find the mean of the distribution.

20 A professional typist makes on average 2 errors per 500 words
of typing. Find the probability that when typing a 1500 word
essay, the typist will:

a make no more than 5 errors

b make no more than 5 errors given that at least one error
has been made.

21 Consider points A(4, 2, —1), B(2, 1, 5), and C(9, 4, 1).

—_ . —

a Show that AB is perpendicular to AC.

b Find an equation of the plane containing A, B, and C, and
hence determine the distance from this plane to the point
(8, 1, 0).

¢ Find an equation of the line through A and B.

d Determine the distance from D(8, 11, —5) to the line
through A and B.

22 The function f is defined by f(z) = esjnzz, 0<z<.
a Find an expression for f'(z).

b Hence find the exact coordinates of the minimum and
maximum turning points of the graph of y = f(x).

¢ Find f''(x).

d Find the equation of the tangent to the curve y = f(z)

at the point where z = 2.

e Find the exact value of the z-intercept of the tangent found
in d.

f Find the area enclosed by the graphs y = f(z)
y=1

and

23 The random variable X has a normal distribution with mean 90.
Given that P(X < 88) ~ 0.28925, find the proportion of
scores between 90 and 92.

24 a i Using mathematical induction, prove that

n?(n +1)?

n3~
=TT

il Hence find 1%+ 2% + 3% + .... + 100°.

n n 2
b Prove that 2 S = (ZT‘) .

for neZ™.

r=1 r=1

25 An alarm clock is used to wake a swimmer for early morning

training. The probability that the alarm rings is .

If the alarm rings, there is probability % that the swimmer
arrives for training, but if the alarm does not ring, the probability
that the swimmer arrives for training is %
a Find the probability that the swimmer arrives for early
morning training on a given day.
b Find the probability that, on a randomly chosen morning

on which the swimmer does not arrive for training, the
alarm did not ring.

Mathematics HL - Exam Preparation & Practice Guide (3 edition)

Exam Set 9
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NO CALCULATORS

a Find integers a and b such that (a+ 3%)(b—1) = 13 +4.

b The complex number z =54 ai where a € Z, is such
that |z4+1+4| = 2|z — 2 — i|. Find the value of a.

In an aritbmetic sequence of 30 terms, the sum of the even
numbered terms exceeds the sum of the odd numbered terms
by 8. Find:

a the common difference, d

b an expression for S, the sum of the first n terms.

Find the area enclosed by the curve y = zv/4 — 22 and the
x-axis in the first quadrant.

Find the domain and range of fog, where f: z — /z
and g: z — 1 —sinz.

Find all real values of z for which 2|z — 3| < |z + 7].

Alongside is the graph of Ar Yy
y = f(=). (=1,20)s

It has local minimum and :
maximum points at (0, 0)

and (1, 1) respectively.

8Y

a On the same diagram,
draw the graph of L —— 1 ©
y:f(il)—l)"'—'g‘ ‘ : ; Y ’

b State the coordinates of the local minimum and maximum
points of y = f(z — 1)+ 3.

Simplify sin (% — 6‘) cos (% + 9) csc (m — 26).
Find f sin®z cos®z de.

a Find the coordinates of the points on the curve
3% + 2zy —y? =7 where z = —2.

b Find the equation of the normal to the curve at one of these
points.

Consider two vectors p and q such that
(p+q)e(p+q) =25 and that |p|>+|q|* = 25.
a Find |p+q].

¢ Draw a diagram that represents the relative positions of
p, q, and p+gq.

b Prove that pe q = 0.

Consider two complex numbets w and z such that |w| = |z|,
arg(w) = %, and arg(z) = §. Find the exact values of:

a arg(wz) b arg(w + 2).

Find the domain and range of the function
frxze|z—-2|—-4]z+1].

Find where the graphs of the functions zy =2 and
3+ =9 meet.

The graph of the function y = 62% + pz + ¢ cuts the z-axis
at 2 and —%.

Find the values of p and q.

If tanB =2 and 7 < 8 < 2=, find the exact value of

3
tan (g)



16 The graph of y = asinbx + ¢, where a, b, and ¢ are integers,
is shown below.
41} Yy . i

LY
Find the value of: a

17 Find the z-coordinate of the point of inflection on the graph of
.} 1 1
y=2z"In (ﬁ) , ©>0.

18 In triangle ABC, BC =a, AC=b, and AB =c.
D is a point on the segment [BC] such that AD = b and
BD:DC =1:3. ABC = 60°.
a Use the cosine rule to find two different expressions for b%.

b Hence find an expression for a in terms of c.
19 If f(z) =32%+5z— 2, find f'(x) from first principles.

20 Use integration by parts to find f e*sinz dx.

1 —t
Consider the vectors a = ( 2 ) and b= ( 1+¢ )
-2 2t

Find ¢ such that:
a a and b are perpendicular

-

b a and b are parallel.

22 Find the exact values of z if 0 < & < 7 and
2sin’z —sinz — 2sinz cos T -+ cosz = 0.

23 In the figure, ABCD is a parallelogram. X is the midpoint of
[BC], and Y is on [AX] such that AY:YX =2: 1.

B(4,4,-2) X

C(10,2,0)

A(1,3,-4) D

a Find the coordinates of D, X, and Y.
b Prove that B, Y, and D are collinear.

24 a i Write 1 —4v/3 and 1—4 each in the form rcisé.
o (=wE)T
ii Hence simplify —(IT, giving your answer
—1i

in the form « + 4y where z and y are real numbers.

b Solve 2° = /3 —i, giving your answers in the form
rcisf.

e’ —e "

e*+e~=’

a Find f'(z) and hence show that thc graph of y = f(z)
has no stationary points.

b Find f"(z).

25 Consider f(z) =

In3
¢ Find the exact value of / f(z)dz, giving your answer
0

in the form ln k where k is a rational number.

Exam Set 10 CALCULATORS

1 Each year, the population of seals on an island increases by 3%.
In 2005 the population was 1250. Assuming the same rate of
growth continues, during what year would the population be
expected to exceed 2000 for the first time?

2 Find the angle between the plane 2x + 2y — z = 3 and the

-1 1
line r = 4 | +pl =2 ), peR
3 -1

3 How many different arrangements, each consisting of 5 different
digits, can be formed from 1, 2, 3, 4, 5, 6, and 7, if:
a cach arrangement begins and ends with an odd digit
b odd and even digits alternate?

h A and B are independent events with P(A) = 0.27 and
P(AU B) =0.8. Find P(B).
5 a Sketch the graph of the function f(z) = cos2z — sin 2z,
0
b Find the maximum value of cos2z — sin2z on this
interval.
6 Given |a|=4, |b|=5, and a x b = 12j — 5k, find the
possible values of a e b.

7 A sample of 80 batteries was 3

tested to see how long they (t hours)
last. The results are shown 0<t<10 3
opposite. 10<t <20 6
Use mid-interval values to 20 <t <30 9
estimate: 30 < t < 40 8
a the mean battery life 40 <t <50 12
b the standard deviation 90 < &< 60 14
in battery life. &5 70 1
70<t <80 8
80 <t <90 7
90 < t < 100 2
Total 80

8 An employer randomly selects five new employees from twelve
applicants consisting of five men and seven women.
a Find the probability that no men are selected.

b Find the probability that 3 women and 2 men are selected.

9 O and B are fixed points such that OB = 8 cm. A is a point
on a circle with centre O and radius 5 cm. A lies initially on
[OB], and rotates in a counter-clockwise direction about O,
completing one rotation every 2 seconds. Find the rate of
change in the area of triangle AOB when A is moving away

from [OB] and AOB = 30°.
b / %ln:c dz
T

11 The probability distribution of a discrete random variable X is
givenby P(X =z)=a(3)", for £=0,1,2,3, ...
Find the value of a.

10 Find: a [tan’zdz

12 A function is defined by f(z) = 2° + 322 + bz + 4, where b
is a constant.

a Find the coordinates of the point of inflection of this
function.

b For what values of b would the point of inflection found
in a be a stationary point of the function?

¢ For what values of b would the function have no stationary
points?

Mathematics HL - Exam Preparation & Practice Guide (3 edition)
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Two functions f and g are defined by
fiz—22—-3 and ¢g: z— 3(2—2).

Find: a (fog)(—4) b 712

20% of students do not obtain a score of 35 or more in their IB
aggregate. Find the probability that out of 9 randomly selected
IB students, exactly 6 of them will obtain a score of 35 or more
in their IB aggregate.

A and B are acute angles such that sin A =2 and
tan(A4 B) = -8

_ 5
15+ Show that cos B = I5-

Prove, using mathematical induction, that
L 2
S 4r) = 22T UETD

r=1

for ne Z7.

Consider the two planes P and @, with equations

6 1
P:ro<—2>—|—8:0 Q:ro<—3>:0.
3 5

Find an equation of a third plane R which is perpendicular to
both P and @, and contains the point (2, 2, 3).

A publisher finds that in the draft of a new 750 page book, the
probability of at least one typing error per page is 0.01. Suppose
X is the Poisson random variable representing the number of
errors per page. Find the expected number of:

a errors per page b pages with exactly one error.

The complex number z is such

that 1 < |z] <2 and

0 <arg(z) < I.

The position of z is shown on

the Argand diagram alongside.

Mark on the diagram the positions of:

bz ¢ iz d 22

e vz

The mean test score for a mathematics class was 64, and

a —z

the standard deviation was 8.352. Assuming that the test
scores were normally distributed, find the proportion of students
scoring at least 80 for the test.

P is a point in the first quadrant on the graph of y = 10 —ze”.
A and B are points on the z and y axes respectively, such that
OAPB is a rectangle. Find the maximum possible area of the
rectangle.

Find the area enclosed by the curves

m;1)+1 and y =22 —1.

Yy = x arccos (

22 +1

e(t

The function f is defined by f(z) =

a Determine the bebaviour of f(z) as = — oo.

b Find f/(z), fully simplifying your answer.

2 ; ; . ;
¢ Show that (1, —) is a stationary point, and state its
e

nature.

d Find an expression for f”(z), fully simplifying your
answer.

e Hence find the exact coordinates of the non-stationary
point of inflection on the graph of f.

f Sketch the graph of y = f(z) for 0 < z < 5. Clearly
show the two points found in ¢ and e, and the exact
coordinates of the endpoints of the graph.

24 The depth of water in a shipping channel at the entrance of a
harbour is given by x = 6 + 2cos ( ‘;—gt + %) metres, where
t is the number of hours after midday on Sept 1.
a At what time will the first high tide occur?
b How much time elapses between consecutive high tides?

¢ A ship in the harbour is ready to leave at 3.00 pm on
September 2. If it needs a depth of at least 5.5 metres,
what is the earliest time it could safely exit the harbour?

25 The following normal distribution graph models the age at
death X for people in a developing country. The mean is
43 years and the standard deviation is 7 years.

Z

g r
_—— T T T T T T T > )&

a Complete a Z-scale and an X-scale on the given number
lines.

b The unshaded region A corresponds to 9% of the
population. What is the greatest age at death of any person
in the smallest 9% of the population?

¢ The unshaded region B corresponds to 11% of the
population. Find the lowest age at death of any person
in the top 11% of the population.

d Find the area of the shaded region.

Exam Set 11 NO CALCULATORS

1 a Write —8 in the form rcisé.
b Find the cube roots of —8 in the form a + b where

a, beR.

2 The function f is defined by f: xz+ /5 — 2z, z < %
Find f=*(5).

3 Suppose f(z) =z + 2. Find the equation of the function F'
obtained by stretching f vertically by a factor of 2 and
horizontally by a factor of %, then translating the result by
% horizontally and —3 vertically.

4 Let f(z)=2z® — 92% + 30z — 13.
a Find f(3).

b Factorise f(x) completely into linear factors.

5 Find the exact value of tan A if tan (A + %) =3,

6 Consider the equation 2°** =571,
Find the exact value of z, giving your answer in terms of log, 5.

7 Sketch the graph of sin(z+y) =0 for —27 < z < 27 and
0<y <4r.

8 Findaif/ (3z° — 8z +2)dx = 12a and a > 0.

9 The function f is defined by f(z) = 4ze™ for z > 0.
For the graph y = f(x), find the coordinates of:

a the turning point b the point of inflection.



10

11

12

13

14

15

16

17

19

20

Consider the geometric series 1 — tan®z + tan*z — .....

a Determine the values of , where 0 < z < 2w, for which
the sum of the series converges.

b For the values of  found in a, determine the sum of the
series.

¢ For what values of z in the interval [0, 27] does the sum
of the series equal 37

State the range of values that k may take if the system of

r—y—z=1
equations 2z +y+2z=2  has:
dr—y—2=k%k

a an infinite number of solutions b no solution.

Use mathematical induction to prove that, for all n € zt,

2"t < pl

Suppose P(N) =2, P(M | N) =2, and P(M | N') = 3.

Find: a P(N') b P(M'NnN").
Solve for x given 0 < z < 27
a sin2z +cos2x =1 b cos2x = —cosz
22
Use the substitution 4 =1 — z to find —— dzx.
(1-=)?

a Differentiate

x
, simplifying your answer.
B fying y
b Hence find the z-coordinate of the minimum turning point
x
V-6

The graph of f(z) is given.

of the function y = z > 6.

4

[

a Draw the graph of

y =|f(z)|, onthe
same set of axes.

e

b Find the y-intercept / ‘

1 —4 ]L 2
f=)

¢ Draw the graph of

1 =2

Yy = f_(x_) on the same | v

set of axes.

By

of y=

iy
4

a For what values of b does the infinite series

a a
a+b—2+b—4+....

b For the values of b found in a, find an expression for the
sum of the series.

converge?

¢ By making suitable substitutions for a and b, express 0.32
in the form %, p,q € Z.

The area bounded by the curve y = ﬂ, the z-axis, and
T

the line = = 6, is rotated through 27 about the z-axis.
Find the exact value of the volume of the solid generated.

o

5 3
s s Qi T s s
(cos§-zsm-§) (cosz +zsm4)

Simplify =
(cos 15 — isin %)
giving your answer in the form a + b where a,b € R.
Let the vectors a, b, and ¢ be
a=2i—j+3k b=i—-3j—k, ¢e=2i—j+k

a Show that bx ¢ = —4i — 3j + 5k.

b Verify for the given vectors that
ax(bxc)=Db(aec) — c(aeb).

22

23

24

25

1

2

3

A

8 = 64, giving your

a Write down the solutions of w
answers in the form z + iy.
b Hence, determine the solutions of the equation

(z+1)8 = 64(z — 2)°.

Given the sequence defined by wun42 = Un + Un41 Where

ur=uz =1 and n € Z", use mathematical induction to

prove that " n
1+v8\" _(1-+V5
2 2
Up = 3
V5

Field ABCD is a quadrilateral A
with sides AB = 50 m, 0
BC =20m, CD =30 m,
an/c\l AD =40 m.A 40m 50m
BAD =6 and BCD = 26.

a Find the value of cos 6.

b Hence find the area of D B

the field. 30m~26/20m

The function f is defined by f(z) = — FOF  fop
0<z< 2m. cosz + 2
a | Find f'(z).
ii Find the exact coordinates of the turning points of
y = f(2).
b i Find f"(z).

il Find the exact coordinates of the points of inflection
of the graph of y = f(z).
¢ Sketch the graph of y = f(z) for 0 <z < 27.
d Find the exact value of the area enclosed by the graph of

- : _ _ 3
y = f(x), the z-axis, z =%, and x = =F.

Exam Set 12 CALCULATORS

Find the coefficient of 27 in the expansion of (1+2z)(2— ).

On Peter’s first birthday, his grandmother gave him $100. For
each subsequent birthday, she gives him 10% more than on his
previous birthday.

a Write an expression for how much Peter receives on his
nth birthday.

b Write an expression for the total amount Peter has received
for the first n birthdays.

¢ On which birthday does the total amount received by Peter
first exceed $4000?

Using the digits 2, 3, 4, 5, 6, 7, how many 3 digit numbers can
be formed if:

a repetition of digits is permitted
b digits cannot be repeated

¢ digits cannot be repeated and the numbers formed are
greater than 400 and even

d the digits in each number are in ascending order from left
to right?

2
Find the exact value of u if / L dx = %
0

1+ux

Moathematics HL — Exam Preparation & Practice Guide (3" edition)
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T e m+1=.y2;1:Z__

and the point (1, 3, —2)
lie on the plane P.

a Find an equation for P.

b Calculate the shortest distance from the plane to the origin.

A bag contains 4 red and 9 blue balls. If two balls are drawn
at random without replacement, what is the probability that one
of them is red and the other is blue?

Sketch the graph of y = x arcsin (% - 0.5> for

-1 <<z <3.

On your graph, indicate the coordinates of the endpoints, axes
intercepts, and turning point.

The diameter of the circular top of an inverted conical container
is 20 cm. The height of the container is 20 cm, and the container
is being filled with water at a constant rate of 30 cm®s *. Find
the rate at which the depth of water is increasing, when the
depth is 15 cm.

A player rolls a biased tetrahedral die. The probability of each
possible score is shown below.

1 2 3 4
2 1 2
7 3 & 21

Find the probability of a total score of six after two rolls.

2 1
Consider the vectors u = (2), v = ( 2 ), and
3 -3

w =1+ (2~ A)j + (A+1)k. Find the parameter A such that
the three vectors u, v, and w are coplanar.

The first term of an arithmetic sequence is 285 and the tenth
term is 213.

a Find, in terms of n, an expression for the nth term, ..

b How many terms of the sequence are positive?

Find nif 3 () = (3)-

Customers arrive at random at a grocery store at the rate of
12 per hour. Find the probability that 5 customers will arrive
at the store in a half-hour period.

In triangle ABC, AB =5 cm, BC =7 cm, ACB =6, and
BAC = 26. Find 6.

In a certain university, 58% of the students are male. From the
results of a survey, 73% of the female students and 48% of the
male students do not own a car.
a Find the probability that a student selected at random does
not own a car.

b If a student is selected at random and does not own a car,
what is the probability that the student is male?

Use mathematical induction to prove that, for all n € Z™,
i1

dx—n(me””) = (z +n)e”.

Find the value of a where a > 0, if:

a a
X
a A m\/1~m2dw:0.2 b /O 332——|—1d$:1

18

19

20

21

22

23

24

Find the area of the parallelogram determined by the vectors
a=3i—4j+k and b=2i +j — 5k

The velocity of a particle moving in a straight line is given by
v=4t>—9t2+2m s_l, where ¢ is the time in seconds, ¢ > 0.

a Find an expression for a, the acceleration of the particle
after ¢ seconds.

b Find the minimum velocity of the particle.

¢ Find an expression for s, the displacement from O of the
particle at time ¢ seconds, given that when ¢ =0,
s = —6m.

d Find the time when the particle first passes through O.

e Find the total distance travelled in the first 5 seconds.

The scores in a Biology examination are distributed normally
with mean 56% and standard deviation 30.512%.
a Students needed to get 72% to get a “6” or better.
What percentage of students gained a “6” or better?
b If the pass mark was 40%, what percentage of students
taking the Biology exam actually passed?
¢ Micah obtained a score of 94%. If only the top 10% of
students got a “7”, what grade did Micah receive?

d Micah received a score of 87% for English, a subject with
marks normally distributed with mean 63% and standard
deviation 18.31%.

i Determine whether Micah performed better in
Biology or English.

ii What grade would he get in English if the same
percentage of students got “7”’s and “6”s in English
as in Biology?

Let f(z)=2" neZt
a Express f(z-+h) inexpanded form in decreasing powers
of z, showing the first 3 and last 3 terms of the expansion.

b Hence find f/(x) from first principles.

Find the exact value of the volume of the solid formed by
rotating y = sinz, 0 < z < &, through 27 about the z-axis.

The functions f and g are defined by:
f(z) =2zsinz and g(z) =2z for 0 <z < 27,
a Find the exact coordinates of the points of intersection of
the graphs y = f(z) and y = g(x).
b Write down an equation which would give the
x-coordinates of the stationary points of y = f(z).
¢ Find the coordinates of the stationary points of y = f(z).
d Sketch the graphs of y = f(z) and y = g(z) on the
same set of axes.
e Use integration by parts to find [ 2zsinw da.

f Find the exact arca enclosed by the graphs of y = f(z)
and y = g(z).

An advanced mathematics class consists of 7 girls and 9 boys.
a How many different committees of 7 students can be
chosen from this class?
b How many such committees can be chosen if class
members Haakon (a male) and Josefine (a female) cannot
both be on the committee?

¢ How many committees of 7 students can be chosen if there
must be more boys than girls on the committee?

A P e e R o S R s,



25 Scooter was born on the 6th of January 2001 in Adelaide. The
day was an unusually hot day of 40°C.

a The daily maximum temperature in Adelaide in January
is normally distributed with mean 33°C and standard
deviation 3.5°C. Find the proportion of January days in
Adelaide that will have a daily maximum temperature of
more than 40°C.

b While on holiday in Prague, Scooter met Pokey who was

born on the same day (January 6th 2001) as he was. After
some conversation they discovered that Pokey was born
in Prague on a day when the minimum temperature was
—12°C.
Given that the daily minimum temperature in Prague in
January is normally distributed with p = —3.2°C and
o = 4.9°C, calculate the proportion of January days in
Prague that will have a daily minimum temperature of less
than —12°C.

¢ Use your knowledge of the normal distribution to explain
which city experienced the more extreme temperature on
the day when Scooter and Pokey were born.

d How cold would it have to be in January in Prague for the
weather to be comparable with Adelaide’s hottest January
day on record, which was 46.4°C?

TRIAL EXAMINATION 1

NO CALCULATOR 120 marks / 3 hours
SECTION A (56 marks)

1 A discrete random variable X has the probability distribution:

0 1 2 3 4

N ERERE
a Find the value of k. (2 marks)
b Calculate P(0 < X < 4). (2 marks)
¢ Find E(X +1). (2 marks)

2 52?4+ 2z —3 =0 has roots o and 3.
a Without solving the equation directly, find the values of

1 1 1

— 4= and —.

5 + 3 and — 7 (3 marks)
b Hence find a/l quadratic equations which have roots é

and % (2 marks)

3 In triangle ABC, ABC = 26, ACB =0, AB = 3 cm, and
AC =5 cm.

a Show that cosf = %. (3 marks)
b Find sin(ABC). (3 marks)
. : 3z —1
4 Find all values of z for which | 3 \ > 1L (6 marks)
z

5 The results of matches played by the local football team seem to
depend on the temperature during the game. When it is hot, the

probability that the local team wins is %, and when it is cold,
the probability is 1%. During the season, 40% of the games are
played in hot conditions.

a Display this information on a suitable diagram. (1 mark)

b On one particular day, the team won. Find the probability
that the weather that day was hot. (4 marks)

6 Consider the illustrated graph of y = f(z) where
f(z) = az® + bx® + cz + d.

a Find the values of a, b, ¢, and d. (4 marks)
b Find the y-intercept for the graph of g(z) = 2f(z — 1).
(1 mark)

¢ Find the coordinates of the point of inflection of
y = g(z). (3 marks)

7 The radius of the base of a cylindrical can is r cm, and its
height is 2r cm. Find the rate at which the surface area of the
cylinder is increasing when the radius is 5 cm and the volume

is increasing at 57 cm®s™ L. (7 marks)

SE —
8 Use the substitution = = sec6, to find / —%-x—l dr in
simplest form. (6 marks)

9 If y==ze™®, use mathematical induction to prove that

7 _1\n+1 _
&y _ (V=) foan nezt (7 marks)
dz™ e
SECTION B (64 marks)

10 a On an Argand diagram, show vector representations for

z=rcisf and z+41, where 7 <6< 3. (3 marks)

b Show that |z+ 1| = /72 + 2rcosf + 1. (3 marks)
¢ If arg(z+ 1) = o, show that

cosq = \/%. (4 marks)

d If |z| =1, use cto show that o = g (5 marks)

e Give geometrical evidence to support the result in d.
(1 mark)

11 Consider the function f(z) = it

, k>0, z>0.

a Find the coordinates of the stationary point on the graph

of y= f(x). (3 marks)
b Find the coordinates of the point of inflection on the graph
of y= f(x). (3 marks)
“ kinz
¢ Find £ such that / dx = 10. (2 marks)
1

d Use integration by parts to show that

2
/an) dm:—l(lnm)z—zlnm~g+c
% x z x

(5 marks)

e Hence, find the exact value of the volume of the solid
formed by rotating the region enclosed by the z-axis,
y = f(z) where k=1, and the line = = €%, through
27 about the z-axis. (3 marks)

Mathematics HL — Exam Preparation & Practice Guide (3™ edition)



12 A plane has equation 2z —y + z = 15 and a line has vector

equation:
T 1 —4
(y) = <a>—|~/\< 2 ) AER.
z 3 a

The line is perpendicular to the plane.
a Find:

i the value of ¢ (3 marks)
ii the coordinates of the point where the line meets the
plane. (3 marks)

b Point P(3, —1, 2) does not lie on the plane. Find:

i PA ifAisa general point on the given line
(2 marks)

ii X suchthat PA is perpendicular to the line
(2 marks)

iii the coordinates of the foot of the perpendicular from
P to the line (1 mark)

iv the shortest distance from P to the line. (2 marks)
€ 2z—y+2z=15 and z+ 3y — 2z =8 are two planes.

Find the equation of a third plane which is perpendicular
to both these planes and which cuts the z-axis at —5.

(3 marks)
. ae”®
13 Consider f(z) = ———— where a >0, b>0.
b—ae==

a Show that f'(z) = —(b_—asZ*z)Q' (3 marks)
b Deduce that f(z) is never zero. (5 marks)
¢ Find the equations of the asymptotes of f. (2 marks)
d Draw a sign diagram for f'(z). (1 mark)

e Suppose a=3 and b=1.
i Draw a fully labelled graph of f. (2 marks)

ii Find the area of the region enclosed by f, the axes,
and the vertical line z =1In2. (3 marks)

CALCULATOR
SECTION A

120 marks / 3 hours
(54 marks)

1 ﬁ (nx —1) = (z —1)(2z — 1)(3z — 1) .... (10z — 1).

n=1

a Find k given that
10

1:[ (ne—1)=k(z—-1)(z—3)(z—3) . (5 — 55)
e (2 marks)

b Hence find the integer coefficient of x” in the expansion
of (z—1)(2z— 1Bz —1)....(10z —1). (4 marks)

2 [AB]is achord of a circle with
centre O and radius r.
AOB = 0 radians.

a Prove that the shaded
segment has area

A= 1r30 —sinh).

7 (2 marks)

b Chord [AB] divides the circle into two segments such that
the ratio of areas shaded : unshaded = 1 : 3. Find 8 in
degrees, to one decimal place. (6 marks)

Mathematics HL - Exam Preparation & Practice Guide (3" edition)

k(z* +3), for 0<z<2
0, elsewhere.

Consider f(z) = {

a Show that for f(x) to be a well defined probability density

function, k = 2—36. (2 marks)
b Find P(X > 0.6). (1 mark)
¢ Find the median of the distribution of X. (3 marks)

Suppose X is a binomial random variable where the number of
trials is 12 and the probability of success at any trial is p.

Find the possible values of p, given that P(X = 3) = +5.

(5 marks)
2c0820 41 =>5sind where 7 <0 <.
a Show that 4sin® +5sinf — 3 = 0. (2 marks)
b Hence find 8, correct to 3 decimal places. (3 marks)
The random variable X is normally distributed with
P(X > 20) =~ 0.386 and P(X > 25) =~ 0.183.
Find the mean and standard deviation of X. (7 marks)
If log,3 =7, find:
a the exact value of log, 27 (2 marks)
b the exact value of log, 53 (2 marks)
¢ ' the value of a, to 3 significant figures. (2 marks)

3z is an odd function.

(2 marks)
b Sketch the graph of y = f(z) for —m <z < 7
(2 marks)

a Prove that f(z) = z°sin

a
¢ Find / 22 sin® @ dw. Give reasons for your answer.
—-a

(2 marks)

15 mature scallops have shell widths (to the nearest mm) of:
70 72 80 T4 T4 67 T1 78
72 68 76 72 70 75 71
a Find the:
i mean

il variance. (2 marks)

b Assuming the widths of scallops is normally distributed,
with the mean and variance found in a, find the probability
that a randomly chosen scallop will have width between

70 mm and 80 mm. (2 marks)

¢ Would your answer to b be reliable? Explain your
answer. (1 mark)
SECTION B {66 marks)

10

a By making the substitution © = +/z — 1, show that:
v —1
/ xx =2vVx—1—-2arctanvz—1+ec

(4 marks)
1 —

b Does / xx— ! dz exist? Explain your answer.

- (2 marks)
2 —
¢ Find the exact value of / xT—l dzx. (2 marks)
1

d i Sketch the graph of y = xx— 1. (2 marks)

ii Find the coordinates of the local maximum.
(2 marks)

— e e - o . - — - - -



e i Draw the solid obtained by rotating the graph of
y = f(z) from z =1 to z =10 through 2=
about the z-axis. (2 marks)

ii Find the exact volume of the solid formed.
(3 marks)

11 Vectors a and b are the position vectors of points
A(—4,12,8) and B(4, 8, 0) respectively.
a Find M, the point with position vector %a + 3b.
(2 marks)
b State the ratio in which M divides [AB]. (2 marks)
¢ Find the point on (AB) that is three units from A in the

direction of B. (4 marks)

d Find the equation of the plane containing A, B, and O.
(4 marks)
e Find the size of the angle ABE, where E is point
(0,0, 1). (4 marks)

12 a Use z=rcisf =re® to prove De Moivre’s theorem.
(2 marks)
b Hence show that if z = rcis@, then |z_2| = -:—2 and
arg(z7?) = —26. (2 marks)
¢ Suppose z=+v3—4 and w =2+ 2i.
i Write each of z and w in polar form. (4 marks)
7

il Hence write —— in terms of 2 only. (3 marks)

wi

d By completing the following argument, find a formula for
cos 38 in terms of cosé only, and also a formula for
sin 30 in terms of sinf only.

cos 30 + i sin 30
= cis 360
= [cis 0] {De Moivre}

= [cos 8 + isin 0]°

(3 marks)
e Hence find the exact solutions of the equation
3z —4z® = 1. (3 marks)
13 Pam has a coin with ‘1’ written on one side and ‘2’ on the
other. She also has a six-sided die on which one face has a ‘1°,
two faces have a ‘2’, and three faces have a ‘3.

‘When Pam tosses the coin and rolls the die, X is the random

variable for the sum of the numbers on the coin and the die.

(4 marks)
(2 marks)

a Determine the probability distribution of X.
b Find: i P(X =4) il P(X<3)

¢ Sam has his own coin and die marked the same as Pam’s.
Suppose he throws his objects at the same time.

i Find the probability that one of their sums is 3 and
the other is 4. (2 marks)

ii Now suppose that Y is the random variable for the
least of the four results when Pam and Sam throw
their coins and dice simultaneously. Find:

(1) P(¥=3) (2) P(¥=2) (3) P(Y =1)

(4) E(Y)  (5) Vax(Y)
(8 marks)

TRIAL EXAMINATION 2

NO CALCULATOR 120 marks / 3 hours
SECTION A (63 marks)

Find the derivative of xcosx, and hence find

f rsinz de. (2 marks)

ksinz, if 0<z< %
b e = {O, elsewhere
is a probability density function for the random variable
X. Find:
i the value of &

ii the mean value of the random variable X.
(2 marks)

(2 marks)

2 The sum of the first eight terms of an arithmetic sequence is
—4, and the sum of the next eight terms is 188.

a Find an expression for u,, the nth term of the sequence.

(5 marks)
b Hence find the number of terms needed in the
corresponding series for the sum to equal 25. (2 marks)
1 4
3 a Expand and simplify <2x - ;) : (3 marks)

b Check your expansion in a by substituting =z = 1.
(1 mark)

¢ Find (2v3 — %)4, giving your answer in simplest

form. (2 marks)

& Consider the two lines with equations:
Li: z=3 44, y=A+4, z2=2\—1,
-k z-1
Ly: :r—l—l:———y2 ==
a Find the value of & for which these lines are coplanar, and

hence determine the point of intersection of the two lines.
(3 marks)

b Find a vector p which is perpendicular to both L; and L.
(2 marks)

¢ Show that an equation of the plane with normal vector p
and which contains L1, is —6z + 8y + bz = 3.

(2 marks)
5 a Show that the antiderivative of cos®6@sin6 is —3 cos®f.
(2 maiks)
b By making the substitution z =siné, find
3
x
—dz. 6 marks
| = © marks)
6 Consider the graph of T e e
y = f(z) shown. -
a Draw the graph of :
Yy = |f(:13)’ on the ) - (4,2)
same set of axes as y=/(=)
shown.

i
b
T e
8Y

(1 mark)

b Find the y-intercept of y = L

(@) (1 mark)

Mathematics HL — Exam Preparation & Practice Guide (3™ edition)



¢ Draw the graphs of y = f(z) and y = _j_'(la—:j on the

same set of axes. (2 marks)

d For the given function f(z), find z such that [f(z)]* = 1.

(2 marks)

7 Suppose X is a Poisson random variable with parameter m,
and m < 2.

a The mean of P(X =0) and P(X =2) is P(X =1).

Find m. (6 marks)

b Find the exact value of P(X < 1). (2 marks)

8 a Simplify (1 + cise)(1l — cise) and hence write
1 + cisa in terms of a. (2 marks)
b Show that
14 cisa + cis2a + cis 3o + ... + cisna
1—ci . .
= BN rovided cisa #1 and n € ZT.
1—cisa
(3 marks)
¢ Hence simplify:
14 cis(&) + cis(3F) + ...+ cis(2E). (2 marks)

9 Consider the vectors a, b, and ¢ where ¢ = |a|b + |b]a.

a If 6 is the angle between a and ¢, show that

cosf = ?.br_c—llallw. (3 marks)
b If ¢ is the angle between b and ¢, find cos¢. (2 marks)
¢ Explain why 6 = ¢. (1 mark)

0 2
d Given the vectors a = <3 ), b = (—2) find all
4 1

vectors which bisect the angle between a and b.

(2 marks)
SECTION B (57 marks)
10 a Prove that sin Asin B = § cos(4 — B) — 3 cos(A+ B)
for all values of A and B. (2 marks)
b Hence, prove that:

i sin3zsinz +sinzsinz = sin? 2z (2 marks)

il sinbzsinz + sin3zsinz + sinzsinz = sin® 3z
(3 marks)

¢ Hence, predict the sum of:
i sin3z+sinx
il sinbx +sin3z +sinz
iii sin9z + sin 7z + sin 5z + sin 3z + sinz (3 marks)

d Solve for z € [~%, Z], the equation

kil sin[(2k — 1)z] = 0.

(3 marks)

11 Consider w = % where z =z +14y and i=+/—1.

a If z=4i, write w in the form 7cisf. (2 marks)
b If z=4, find the value of w'%, (3 marks)
¢ Show that in general,
w:(m2-a:-|—3;2+y)+i(y—w+l). (4 marks)
2+ (y+1)°
d Under what conditions is Re (w) = 1?7 (2 marks)
e Under what conditions is w:
i real ii purely imaginary? (2 marks)
f Find |z| given that arg(w) = %. (2 marks)
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12 D is the point (2, 4, 2).
L, M, and N are
the midpoints of line
segments [BC], [GF],

and [CE] respectively.

a Find the coordinates of L, M, and N. (3 marks)
A — —
b Find ML and MN. (2 marks)
— —
¢ Find ML x MN. (2 marks)
d Find the area of triangle LMN. (1 mark)
e Find the equation of plane LMN. (1 mark)
f Find the coordinates of the point P where the line segment

[GC] meets the plane LMN. (2 marks)

g Find k given that LGE measures arccos(k). (3 marks)

13  a A curve has equation z2y® +y® = £+ k and passes
through the point (1, 2).
i Find k. (1 mark)
ii Find —(-ig (2 marks)
dx

ili Find the equation of the tangent at the point (1, 2).
(2 marks)

b A manufacturer needs to make
cylindrical containers out of
tin-plate. They need an open
top which will be sealed with a
plastic cap. For a container of
fixed volume we need to find the
shape of the container which will
minimise the amount of tin-plate
used to make it. Let the radius
be 7 and height by h.

i Write expressions for the volume V' and outer surface

area A of the can, in terms of  and h. (2 marks)
i Show that A =nr? +2Vr~L. (2 marks)
iii Find %, and the relationship between r and h
when rrie 0. (3 marks)

iv Prove that the surface area A will be minimised for
the case in iii. (2 marks)
v Illustrate the shape of the container which minimises
the amount of tin-plate required. (1 mark)

CALCULATOR 120 marks / 3 hours
SECTION A (62 marks)
1 For the given figure: B
4cm
80° c
cm
A" %em P
a Find the length of [BD]. (3 marks)
b Find the area of triangle BCD. (2 marks)
¢ Find the shortest distance from B to [DC]. (2 marks)



2
y=5T+2
T
When the shaded region is rotated about the y-axis through
180°, a solid is generated.
A(a, b) is the point of intersection of y = ¢” and y = 3z+2.
a Explain why the volume of the solid generated is given by
V=n flb(lny)Z dy — ma®(b—2). (2 marks)
b Find a and b correct to 4 decimal places. (3 marks)
¢ Hence, find the volume to 3 decimal places. (2 marks)
3 a Use mathematical induction to prove that
S i(i 4+ 4) = n{n+ 1)(2n + 13)
1= 6
forall neZ". (6 marks)
60
b Hence find Y i(i +4). (2 marks)
i=40

4 A and B are two independent events for which
P(ANB')=02, P(BNA')=03, and P(ANB) =a.

a Find the possible values of a. (3 marks)
b For the larger of the possible values of a, find:
i P(B|A) it P((AUB)). (4 marks)

5 The sum of the first four terms of an infinite geometric series
is three quarters of its sum to infinity.

a Find the exact value of the common ratio of the series,
given that it is positive. (3 marks)

b How many terms of the series need to be added to reach
99.9% of its sum to infinity? (5 marks)

6 p(z)=2® — 62* +ax® + bx® + cx + d is a real polynomial.
The graph of y = p(z) cuts the z-axis three times only, at —2
and 14 +/2. The graph has y-intercept —20.

a What is the nature of the other two zeros of p(z)?
(1 mark)

b Use the sum and product of the roots theorem to find the

other two zeros of p(z). (4 marks)
¢ Write p(z) as a product of real linear and quadratic
factors. (2 marks)
d For what values of z is p(z) > 0? (2 marks)
7 Consider the system of equations z+y—z=7

2r—y+z=11
3x+y+az=h

a Write the system in augmented matrix form, and show that

1 1 -1 7
itreducesto |0 1 —1 1 . (4 marks)
0 0 a+1|b—-19

b If a # —1, what can be said about the solution of the
original set of equations? (1 mark)
¢ If a=—1 and b =19, find the form of all solutions
of the equations. (2 marks)

d When does the system have no solutions? (1 mark)

8 Consider the equation cosf-+sinf = where 6 € [0, 27].

S

a By squaring both sides of this equation, show that
sin 20 = —%. (2 marks)

b Find the solutions of sin20 = —1 for ¢ € [0, 27].

(3 marks)
¢ Show that only two of the solutions in b are solutions of
cos@ +sinfh = :}5 (2 marks)

d Explain why only two of the solutions in b were solutions

to the original equation. (1 mark)
SECTION B (58 marks)
. . ; 2z —1
9 Consider the rational function f(z) = 3
a Find, by algebraic methods:
i the y-intercept of f (1 mark)
ii the z-intercept of f (1 mark)
iil the equations of all asymptotes of f. (2 marks)

: . 1
b Describe the transformations needed to transform y = p

into y= f(z). (3 marks)

¢ Draw a fully labelled graph of y = f(z). (2 marks)
d For what values of z is f'(z):

i negative ii undefined? (3 marks)

e Find, correct to 5 decimal places, the area bounded by f,
the z-axis, and the vertical lines z =0 and z = %
(3 marks)

10 Consider f(z) = 4cos®xz — 3cosz.

a Find all values of z at which y = f(z) has stationary

points. (4 marks)
b Use technology to graph y = f(z) for z € [—m, 7).
(1 mark)

¢ From b, what do you suspect 4cos®z — 3cosz will

simplify to? (1 mark)
d Prove your result in ¢ algebraically. (3 marks)
e Hence:
i find an exact root of the equation 4t> — 3t = ——%
(3 marks)
i find ze[-%, 5] suchthat cos3z = —cosz.
(3 marks)

11 A line in space has parametric equations
c=2—1t, y=14+1¢, z=1+3t tcR.
A plane has equation 2z +y — 3z = 22.

a Find the point of intersection of the line and plane.

(3 marks)
b Find the size of the acute angle where the line meets the
plane. (3 marks)

¢ A straight line contains the point A which has position
vector a relative to the origin O(0, 0, 0).
The direction of the line is given by vector b.
Show that the shortest distance from the origin to the line

2 (aeb)?
b|*

is 4/|a (6 marks)

d Hence find the shortest distance from the origin to the
given line. (3 marks)
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12  a When P(z) is divided by (z —a)?, the quotient is Q(x)
and the remainder is bz + c.

i Write P(z) in terms of @(z), (z—a)®, and bz+c.

(1 mark)

ii Hence find P(a) and P'(a). (2 marks)

ili Deduce that the remainder is P’(a)(z — a) + P(a).

(3 marks)
iv Find the remainder when P(z) = % is divided by
(z +2)% (1 mark)
T
b Using the substitution z = 3cosd, find | — dz.
% / V9 — 2
(6 marks)

TRIAL EXAMINATION 3

NO CALCULATOR 120 marks / 3 hours
SECTION A (58 marks)

1 When a cubic polynomial p(z) is divided by z(2z — 3), the
remainder is ax + b, where a and b are real.
a If the quotient is the same as the remainder, write down
an expression for p(z). (2 marks)
b Prove that (22 — 1) and (z — 1) are both factors of
p(z). (1 mark)
¢ Find in expanded form, an expression for p(z), given that
it has y-intercept 7 and passes through point (2, 39).

(3 marks)
a? b2
2 Suppose In (?> =k and In <a§> =2
a Show that b= 3%, (4 marks)
b Find r and s given that a = ™", (2 marks)
3 a Find constants ¢ and b given that
g2 _ 8 + g for all z € R. (3 marks)

22—1 z+1 z-1
-2

b Hence evaluate /

T
z2 -1

dz giving your answer in
4

logarithmic form. (3 marks)

3
_9 )
¢ Explain why / 52—-—1 dz does not exist. (1 mark)
L —

Use integration by parts to show that

f rsin2z dx = % sin 2z — % cos2z + c. (3 marks)

b The graph of f(z) = zsin2z, z € [0, 7] is given below.

A

Show that B = 3A.

5 A circle has centre O and C
diameter [AB]. D is the
midpoint of chord [AC].

Let OA =2 and OC =c. A 0 B
a Find vectors TC and
(T) in terms of a and c.

(3 marks)
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b Hence prove, using vector methods, that [AC] and [OD]
are perpendicular. (3 marks)

¢ What theorem has been proved in b? (1 mark)

6 Let f(z)=x?+4z, z €]—oc0, —2] and g(z) = /3 — 2z.
Find:

a the domain of g(z) (1 mark)

b (gof)(-3) (2 marks)

¢ f (). (3 marks)
7 Solve for z:

a 22 geri=15 (3 marks)

b sin’z +cosz = 1.25, = € [-, 7] (3 marks)

8 The graph of f(z) = 3cos2z +sinz for z € [0, 27] is
illustrated, but not drawn to scale.
Y

1 C
-« ° > E G/ " >
2m
-1
F
a State the coordinates of A and H. (2 marks)
b Find the exact coordinates of the stationary points at B, C,
D, and F. (5 marks)
¢ Find the exact values of the z-intercepts at E and G.
(6 marks)
SECTION B (62 marks)

9 a Show that:
i cos(A+ B)+ cos(A— B) =2cosAcosB
il sin(A+ B)+sin(A — B) = 2sin Acos B

(3 marks)
b Hence show that:
i cos30+ cosf =2cos20cosl
ii sin360 +sinf = 2sin 20 cosd (3 marks)
¢ If z =cisf, what are 2% and 2%? (1 mark)
d Use b to show that z® 4+ z = 2cosfcis26. (3 marks)
e Hence find ]zs + z[ and arg(z® + z). (1 mark)
f On an Argand diagram with 6 ~ 25°, illustrate z, 22,

2%, and 2% + 2.

Show that arg(z® + z) = arg(2?). (3 marks)
g Use your Argand diagram to find all values of 6, where

0 €[—-%, 5], suchthat 2+ 2% is purely imaginary.

(2 marks)
10 a i If f(x) =tan®z, find f'(x) in terms of secz
only. (2 marks)

ii Hence show that
[sec*zdz = tanz + § tan’z +c. (3 marks)

b One part of the graph of
y = sec’z is shown.
Find:

i the value of a
ii the coordinates of A.

= x
3

x=a
(2 marks)




¢ Find the exact value of the area of the shaded region.
(2 marks)
d If the shaded region is rotated about the z-axis through
360°, find the volume of the solid generated. (3 marks)
e If the shaded region is rotated about the y-axis through
360°, explain why the volume of the solid generated is

Tor [ ()]
—_— arccos [ — dy. (4 marks)
9 ) N
2t+5
11 Suppose r= | —2t—1 |, t € R is an equation of line L.
t

The plane P has a normal vector 3i — 4j — k and passes
through the point A(—1, 0, 4).

a Show that the point B(9, —5, 2) lies on the line L.

(1 mark)

b Give an equation of the plane P. (2 marks)
¢ Show that the line L meets the plane P at the point
C(1, 3, —2). (2 marks)

d The line N through the point B(9, —5, 2) is perpendicular
to the plane P. Find an equation of the line N.

(3 marks)

e Show that the point of intersection of the line N and the

plane P is the point D(3, 3, 4). (2 marks)

f Find the coordinates of the point B on the line N such
that the plane P bisects the line segment [BB'].

(2 marks)

g Decide if the vector i — 2j — 2k is parallel to the line

(CB'). Give reasons for your answer. (2 marks)

12 a Use mathematical induction to prove that 2473 4 337+1
is divisible by 11 for all n € Z™ . (8 marks)

b a, b, and c are consecutive terms of an arithmetic sequence.
a, b+1, and c+29 are consecutive terms of a geometric

sequence.
Given that a + b+ ¢ = 33, find all possible values for
a, b, and c. (8 marks)
CALCULATOR 120 marks / 3 hours
SECTION A (58 marks)
1 a If z=rcisf, find in terms of » and 0:
i 28 [ (2 marks)

b Given —11-+ai= (1—ai)® where a € R, find the

possible values of a. (4 marks)
-;-e_bz, 0<z<l, b#0
2 Suppose f(z)= ]
0, otherwise.
a Show that if f(z) is a well defined PDF, then
et +20—1=0. (3 marks)
b Find b correct to 3 decimal places. (1 mark)
¢ Find the mean p of the distribution of X. (1 mark)
d Calculate Var(X). (2 marks)

3 A, B, and C are lamp posts
on the edge of a circular
lake of radius r metres.

O is the lake’s centre.
a Use triangle ABC

to find the value of
(AC)?.

(2 marks)
b Use triangle AOC to find the value of (AC)?. (2 marks)
¢ Calculate the radius of the lake. (1 mark)
d Find the measure of BAO. (2 marks)

4 A sample of 20 randomly selected cockles is taken from a
population of thousands of cockles, with no replacement. If
a cockle’s shell is cracked, it is unsaleable. It is known that
3.2% of shells in the population are cracked.

a Explain why this sampling method is not strictly binomial,
but the binomial model gives a very good approximation.
(2 marks)

b Suppose X = the number of cracked shells in the sample
of 20 cockles. Find:

i P(X <2 it P(X >4). (4 marks)

5 a By finding (—?— (z" ' Inz), show that
z

. $n+1
Jz"Inz do = m((n—l—l)lnm—l)—}—c
provided n # —1. (5 marks)
b Find fa:" Inz dz when n = —1. (2 marks)

6 The displacement of a particle moving in a straight line is given
by s =tsin (-;—) + 2cos (%) metres, where ¢ is the time in
seconds.

a Find an expression for v, the velocity of the particle at
time ¢, in metres per second. (2 marks)

b The particle starts at rest. When does the particle first
change direction, and what is its position at that time?

(3 marks)
¢ Find the exact value of the acceleration of the particle after
5 seconds. (3 marks)
7 a Find the exact value of z if
arctan (%) + arctan 6 = arctan 3. (5 marks)
b If y = arctan (ﬂ), find @ (3 marks)
& dz

8 A circle with equation z2 4+ y® +ax + by +c = 0 passes
through the points (0, 3), (2, —1), and (8, 7).
a Find three equations involving a, b, and ¢ only.
(3 marks)
b Write the equations in augmented matrix form. Simplify
the result to echelon form. (3 marks)

¢ Find the values of a, b, and c. (3 marks)
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SECTION B (62 marks)

9 The results obtained in a Science examination are distributed
approximately normally with mean 56.7 and standard deviation

18.2. All final results are integers.
a A student who did the Science examination is selected at
random. Find the probability that the student had a result:
i between 65 and 85 inclusive

ii at least 70. (2 marks)

b An ‘A’ grade is awarded to a student whose result is in the
top 10%.
An ‘F’ grade is given to a student whose result is in the
bottom 15%.
Determine the:
I smallest result for which an ‘A’ is awarded
ii largest result for which an ‘F’ is given. (4 marks)

¢ Four of the students are chosen at random. What is the
probability that two will get an ‘A’ and the other two will
get an ‘F°? (3 marks)
d Suppose 20 of the students are chosen at random.
Find the probability that:
i none receive an ‘A’

ii at least three receive an ‘A’. (3 marks)

. . 12 4 2sin 2z
1 th t = —_—
0 a Consider the function f(z) FpEp .
i Sketch the graph of y = f(x) for z € [0, 27]
using the given grid:

AY

[=>}

yt;

X

T

y
ol
~)
=
e [0
(]
[\

(3 marks)
ii Find the exact coordinates of any maxima turning
points. (4 marks)
a + bsin 2z
¢ — sin 2%
plastic sheeting used on the tops of verandahs. The
constants a, b, and ¢ are positive.

. 1~ 2cos2z(a+bc)
i Show that h'(z) = (c—sin20)2

b The formula h(z) = gives the profile of

(3 marks)

ii Hence find the maximum (M) and minimum ()
values of h(z). (2 marks)
ili If the height of the profile is H, show that

[T 2(a + be)

C_Q—T. (2 marks)
iv Check the formula in iii using the specific example
in part a. (2 marks)
11 L and L, are two lines in space given by:
Coxz+1 _z=1
L1. 9 = = = B) = )\
r—1 % —.2
Ls: =1—-y= = .
2 3 1—y 5 7
a Write the equations of L, and L2 in vector form.
(2 marks)
b Show that L1 and L2 do not intersect, and also that they
are not parallel. (5 marks)
¢ Find a vector which is perpendicular to both Ly and Ls.
(2 marks)
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12

“s=c+ud

L1 and Ly are two skew lines in space. There exist points
P on L2 and Q on L, where PQ is the shortest distance
between lines L; and L. When this occurs, [PQ] is
perpendicular to both L, and Ls.
We now translate Ly to L, where L passes through P,
and Lo and L{ form the shaded plane.
A and C are two fixed points on L1 and L, respectively.
i Explain why the vector in the direction of [PQ] is
b x d. (1 mark)

ii In triangle CAR let CAR = 6. Hence show
that the shortest distance between L; and Lo is
[(c—a)e(bxd)

4 ke
b d (4 marks)
Find the shortest distance between the original lines L
and Lo. (3 marks)
y U’L'j v
£ /\
> Ui
P@.y) -
«df? -
T

IR

A missile is launched at an angle 6 to the horizontal ground.
At the point P(z, y) on its path, the horizontal component of
its velocity is v, = wocosf, and the vertical component is
vy = vgsinf — gt. wvg is the initial speed of the missile, and g
is the gravitational constant.

Show that at P,
x = (vocosf)t and y = (vosind)t — gt°. (4 marks)
2

By eliminating ¢, show that y = (tan 6)z — (sec?§) gj 2°

o
(2 marks)

What is the nature of the missile’s path? Give evidence to
support your answer. (1 mark)

Show that the missile reaches its maximum height when
. v sin 26
29
v sin?6
2g
Find the range of the missile, which is the horizontal

, and that the maximum height is

(4 marks)

distance it will travel before landing. (1 mark)
What value of 0 will achieve maximum range for the
missile? (1 mark)

Suppose v = 300ms ™, # =45°, and g = 9.81 ms™2.
Find:
i the maximum height reached

ii the range of the missile. (2 marks)

SPX3 rockets have an intitial velocity of 400 ms™*. If
the target is 9.5 km away, at what angle must the missile
be fired at in order to hit the target? (2 marks)



SOLUTIONS TO TOPIC 1 (ALGEBRA)

18 + 16 + 14 + 12 + .... is an arithmetic series with
u; =18, d=—-2 and n = 30.

S, = g—(,’Zul + (n—1)d)
Sao = 22(2 x 18 + 29 x (-2))

= —330
48+24412+6+.... is a geometric series with u; = 48,
r=1% and n = 30.
ul(l—r”)
Sp = ———=~
1—17r
48 (1 - ($)*
Ss0 = ( (f) )z%‘o
2
mBa - s L —(—2a
T (@) g
a Sa 2a
=T XTr?2 XI
9a
=z 2
__log8 1 og (517)
a log, 8= Togd b log, (.2_7) Tog 9
_ 3log2 _ —3log3
" 2log?2 ~ 2log3
= 3 - _3
=32 =732
¢ log, V3= log\{?—)
3 10g§
_ 1log3
—log3
- _1
=3

4 (2—ai)®=(2—-ai)?(2—ai)

= (4 — 2 x 2ai + (ai)*)(2 — ai)

= (4 — 4ai — a®)(2 — ad)

= 8 — 4ai — 8ai + 4a%i® — 2a® + a®i
=8 — 12ai — 4a® — 2a® + %

= (8 — 6a®) + i(a® — 12a)

5 Ty = (17«2) (Qm)IQ—r (%)r

- (12) 212*1":612—1“(_1)7’%*27"

T

— (12) 212—r(_1)r$12—3r

ka

a 12—-3r=3
r=3
Ty = (132) 212_3(—1)3w3
= —1126402°
The coefficient of z* is —112640.
b 12-3r=0
r=4
Th = (142) 212~4(_1)4$0
= 126720

The constant term is 126 720.

6 u; =27 and us =8 the series sum § = 1u_1r
uir® =8 27
rs—% _1—%

r=2 =81

9

8 logs(2z—1)=—1

2 1
2% \* 27a % i i sl
501 ) “\ 12 5 =%—~1
8§ _9
4a* " 2703 3 ;E
9z—2 42 r=3
108a
36
3a
Ag
3-3iV3 ‘ 3
. - > R
= 6(1 — 3) g

= 6(cos(—%) +isin(—3%))

10

12

-3/3

3—3i/3

n!

n!
AR Y e v S e Yy

n! n!

- rli(n —r)! t (r— 1)!(77,'—1— 1—7)!
_nl(n+1-r) nlr
Trln+1-7)!  rln+1-—7)
_nlln+1-7r)+nlr

T orln+1—7)
_nln+1)—nlr+nlr

N riln+1—r)!

_ (n+1)!

T orl((n41) —r)!

= (";H) forallm, r€Z", r<n

. _2n—|—1
T3
un+1_u”:2(n+1)+1 _2n+1
3 3
_2n+3—-2n-1
N 3

=2 forall nezt

consecutive terms differ by —g—, so the sequence is
arithmetic with d = %

b ulz%l:l and d:%

Now wun =u1 + (n—1)d
U50=1+49X§':33%
Sn=g(ul + Un)

Sso = 32(1 +33%) = 8662
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[ Let u, =117
up + (n—1)d = 117
1+ (n—1)2 =117

n—1=174
n =175
So, 117 is a term of the sequence. It is the 175th term.
40
d i > un =250
n=1

S = %(Qul + (n—1)d)
Sio=2(2x1+39x% 2)
= 560

60
il > un = Se0— S2

n=30
= F (O +59(3) - F 20 +2(3)
= 1240 — 2992
= 9403
13 8278 =16°7° 14 log, A= ‘llzggcf
(23)293—3 _ (24)2—w logcg
9fz—9 _ o8—dz logy 9 = log—35
60 —9=8— 4o . g
10z = 17 log, 9 = logs 9
- % logsz 5
_ 8logz 5
- log5 9
_ 8log, 5
a 2
=4logs 5
15 (cos(2) —isin(Z))" = (cos(~2F) + ésin(~2))"°
. T
= (cis (- 3))
= cis (——207")

I
|
(1
I
-

16 There are 12 numbers up for selection and we choose 3.
the total number of combinations is C32 = 220.

17 1+2)" = (7)) x1"x2"+ (7)) x 1" x &'
+(5) x 1" x 2 4+ () x 1% x &™
Now set « = 1:
A+ =(5) x1"x1°+ (7)) x1" x1!
+ () x1" x4+ (D) x 1% % 1™

=+ (D+(G)++(2)

3z+1 _ 390

s =1Inz" +In(z — 1) — In(z — 2)
3" (3" -3) 2
RETorr ) SN o Gt
5 (z—-2)
=5
2
34+4i (143 31 2
£ 1_32*(@) ® ?( 5_\/5>
:—E‘;’Jr;“.;gig?; 3/1-2\"
— 7 =
7 i \/5
3+ 95+ 41+ 124 &
ST 1o :§<(1_2l)>
 3413i—12 ’ 9
1 —9(-1) _3(1—4i4+4°
_ —94+13i o 5
10 _§<—3—4z'>
= -1+ 1 i\ 5
—9-12%
T 5
=95 — 122
I
_ —9i 412
T -5
=g
22 T,p1=(7)(3z)""(2)"
:(:) x 3" x 2" x g™
Coefficient of %: n —r =3
r=n-—3
By =1, Ng] %3 02w g’
Coefficient of z: n—r=1
r=n—1
Ty = (n’jl) Xx3x 2" xz
Now [(,7,) x3x2" " x21={(",)x3*x2"3

n!

oD oy < X2 T

n!

— 33 277.73
R R
nx32x2"_1x7:2(l_—%(—73——_—22><33x2”_3
nx22><7:2w————2—)x3
6

56n = n(n —1)(n —2)
56n = n(n® — 3n+ 2)
56n = n® — 3n° +2n
n® —3n® —54n =0
n(n® —3n —54) =0
n(n—9){n+6)=0
n=9 {nez}

23 Writing the system in augmented matrix form,

3 —a 2 4
1 2 311
-1 -1 1 |12

r=0
_n
18 a Y15 b g, =nl=r)
1—7r 1-—7r
and u; =1 w1l — 7"7)
Sy =
1—r Tlg L—r
: 187
1op=2 _1(1_(5))
3 - 1
1 -3
"=3 _ 3+ _1.\
=32\~ 2187)
_ 1093
720
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[3——a o
~ [0 64+a —-11]|—-1| Ro—3Rs— R;
0 1 —2 | 13| Rs —» Rs+ Ro




3 -a 2 4
~10 6+4+a —11 ~1
0 0 —2(6+a)+11 | 13(6+a)+1
Rs — (6 + a)R3 — Ry
From the last line, there is a unique solution when
—2(6+a)+11#0

—2a #1
a;é—%
24 .
z—2
z+2=1i(z—2)
Let z=a+bi

(a+bi)+2=1i((a+bi)—2)

(24 a) + bi = ai + bi> — 2i

(2+a)+bi— b+ (a—2)i
Equating real and imaginary parts:

24+a=-b e (D
and b=a—-2 ... (2)
Substituting (2) into (1): 2+a=2—a
2a=0
a=20
b= -2
So, z = —2i.

25

nonk

non0 different from
previous digits

there are 9 X 9 x 8 X 7 = 4536 numbers

b Numbers that do not have a “7” as one of the four digits:

nonn

non () non 7 and different
and non7 from previous digits

there are 8 X 8 X 7 X 6 = 2688 numbers that do not
contain a “7”.
there are 4536 — 2688 = 1848 numbers that do
contain a “7”.

26 P,is: “1x2+2x5+3x8+....4+n(B3n—1) =n*(n+1)"

for nc Z".

Proof: (By the principle of mathematical induction)

(1) f n=1, LHS=1x2=2 and RHS = 1*(1+1) =2

P is true.

(2) If Py is true, then
1x242x54+3x8+....+kBk—1)=k*(k+1)
Thus 1x24+2x5+3x8+...+k(38k—1)

+k+1D@Bk+1)-1)
=k k+1)+(k+1)3(k+1)—1) {using P}
=(k+1) (kK*+3(k+1)—1)
= (k+ 1)(k* + 3k + 2)
=+ )k+1)(k+2)
=(k+1)*(k+1]+1)
Thus P41 is true when Py, 1s true. Since Py is true, P, 1s true

forn € Z*.
{Principle of mathematical induction}

27 a ur =1 and Uy = —23
Uy — Uy = —23 — 1
o (ur + 14d) — (ur + 6d) = —24
8d = —24
sood=-3
and u; =1 —6d
=19
SO, U7 = U1 + 26d
=19+ 26(—3)
= —59
b Sp = %(Uq 4 un)
Sa7 = 2 (u1 + uar)
= 21(19 — 59)
= —540
28 47 44 =172""1)

2% _17(2° ) +4=0

2x2% —17(2°)+8=0
2X? —17X +8=0 {letting X = 2%}

SLo(2X -1)(X—8)=0

X = % or 8
2% =271 or 23
z=-—-1or3
29 a M = ab®
log, M = log; (ab®)
. logy M = log, a + log, b°
. logy M =logya+3
b D=2

b2
a
log, D = log, (§>

log, D = log, a — log, b°
log, D = log, a — 2

30 Let z2=a-+0bi, so 2" =a—0bi, a, bER.
Now, 2% = (z%)?
So (a+bi)® = (a— bi)®
a® + 2abi + b%% = a® — 2abi + b*i
(a® — b®) + 2abi = (a® — b®) — 2abi
Equating imaginary parts gives

2ab = —2ab
4ab=0
a=0 or b=0.

So, z=a or z=0bi, a,bER.

z is either real or purely imaginary.

31 a Thereare (121) = 55 ways of choosing 2 people from 11.

b

6 men 5women

There are 6 x 5 = 30 handshakes between a man and a
woman.
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32 |1—i|=+/12+ (-1)2 N
-3 . L a
i 9
022
arg(l —i) = —% —1 1—i

1—¢:\/§cis(—§)

(-9 = [Vaais (-5)]"
= (V2)"cis (- 4F) {De Moivre’s theorem}
= 32v/2cis ( 37
=32v2 [cos ( %’r) + isin (—37”)]
— 30V [—% i (—715)}
=-32—-32;
Un41 12 (%)n

33 =
a Un 12 (g)n—l

:§ forall neZ"

So, consecutive terms have a common ratio of %

Thus, the sequence is geometric with r = 2

=
b us =12 (%)4
=12 ()
_ 64
= 27
=) Uy 20
[ 4 i Zunz ii Z’Ll.n—Sm)
n=1 1-r n=1
2\0 —
_ 12 (3) g, —ud=r")
1— % l1—r
12 12(1-(3)*)
=TI 20 = 5
3 1-3
=36 ~ 35.9892
3—(1
agb 1 s
34 298" = 3 and 31;_4-]'.- =9
2028 =271 and 37937 (FD =32
9o t3b _9=1 4 ga—b=1_ g2
So a+3=-1 .. (1)
—a—b—-1= e (2)
From (2), a=-3-10
Substituting into (1), —3—b+3b= -1
2b=2
b=1
a=—4

35 a l=cis0=cis(0+4k2r) forall k€Z
So 2° = cis (k2m)
2 = [cis (k27)]F

z =cis (
21 < 6w
z =cis 0, cis ?) cis ( ) cis (—5——) s

ﬂ-) {De Moivre’s theorem}
) {letting k=0, 1, 2, 3, 4}

s
CIS( 5
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b w:cis(%")
Now w® =1
w’—1=0

(w—D(w* +w’ +w’ +w+1)=0
w P+l +w+1=0 {w#1}

36 c0s 360 + ¢ sin 30

= cis 30
= (cis#)® {De Moivre’s theorem}
= (cos 0 + isin 9)?

cos® 0 + 3icos® sin @ — 3 cos Bsin® 6 — isin® §
= [cos® 6 — 3 cos Osin” 6] + i[3 cos” Osin f — sin® 4]
Equating imaginary parts,

sin 30 = 3 cos? #sinf — sin® §
= 3(1 —sin” @) sin 0 — sin” 6
= 3sinf — 4sin® 6

37 logsz+logs(x—2)=1
logg (z(z —2)) =1
' =z(x—2)
3=2z?-2z
2 —2z-3=0
(z—3)(z+1)=0
z=3 {z>2}

38 Consider the z™ term in: (1 +z)*™ = (1 +z)"*(1 + z)"
Onthe LHS, Tp41 = (2:) 1"z™, so z™ has coefficient (2:) .
On the RHS, we have
1+z)"1+=2z)"

[(B)+ (D e+ + () 2"+ (0)2"]

il

ATt ()7 (2)#7]
the coefficient of "

(6) () +(3) (W2) o+ (W20) () +
=) (5)+ (1) (1) +- +(n’11

() =0}
=)+ (D HE) e+ ()
Equating coefficients of =™,

By =Y+ () +(5) + e+ (2

39 22— 2414i=0

1:&\/ 1)(1+14)
2(1)
1+/1-4—4
- 2
1++/=3—45
- 2
Let a+bi=+—-3—4%, a,beR

(a+b)® =—3—4i
a® +2abi —b* = -3 —4i
Equating real and imaginary parts,

a? = =-3 .. (1) 2ab=—4 ... (2)



From (2), ab= -2, andso b= ~§
_9\2
Substituting into (1), a® — (T) B
a® —~ % +3=0
a
a*—4+3a®=0
(@®+4)a*-1)=0
a==l1 {a € R}
sob=TF2
V3—4i=1-2 {a>0}
So, =———-—————1i(1_21>:i or 1—1
2
40 P, is: “bn® 3n® 2n is divisible by 67 for n C ZT.

Proof: (By the principle of mathematical induction)
M Ifn=1, 5x1*-3x12-2x1=0

=0x6
P is true.
(2) If Py is true, then 5k% — 3k% — 2k = 64 where A is an
integer.

5(k+1)° —3(k+1)* —2(k+1)
=5(k%+3k+3k+1) -3k +2k+1) —2(k+ 1)
= (5k% — 3k® — 2k) 4 15k> + 9k
= 6A + 3k(5k +3) {using Py}
=6A+3(2B), BeZ
{k(5k + 3) is divisible by 2, since either k is divisible
by 2, or k is odd = 5k + 3 is divisible by 2}
=6(A+ B), where A, BEZ
So, Py is true.
Thus Pj41 is true whenever Py is true, and P is true.

P, is true for n € Z™".
{Principle of mathematical induction}

41 a Since they are consecutive terms of an arithmetic sequence,
(K* +5) — (3k) = 3k — (k+ 1)
k—~3k+5=2k—1
k> —5k+6=0
(k-2)(k—-3)=0

k=2o0r3
b Since they are consecutive terms of a geometric sequence,
2
% = E?f_l {equating ratios}

4+ k% + 5k +5 = 9k2
K —8k*+5k+5=0

Using technology, k =~ 1.32 is the only solution which
satisfies 0 < k < 5.

42 let z=a-+bi and w=c+ di.
Then (z+w)* = (a+bi+c+di)”
=((a+c)+(+d)y)"

=(a+c)—(b+d)i
= (a— bi) + (c — di)
:z*—i—w*

43

hb

45

a Let 21 =1+4v3 and 20 =1+1.
47 joa] = /12 + (V)2
\/—3‘ . :2
() cos@:%, sin@-—*é*‘;’
N 1 >R ==
3
Y .
21=2c1s§
Wi |zl = /12 4 12
22
1 — 3
) % - cos¢>—%, S.m(,zS—\/L5
- R P
Y Z2 \/§cis;’4E
1+14v3
So z= -
1+4
_ 2cis §
N \/icis%
- (%) cis (% — %)
20is-1'5
b i ( 2c1sﬁ)
= (v2)"cis 2%
arg(z") = %%

If 2" €R, arg(z") =knm, kel
The smallest positive value of n which satisfies

B =kr is n=12.

If 2™ is purely imaginary, arg(z") =% +km
B =5+kn
The smallest positive value of n which satisfies

nT __ T : —
=% +kr is n=6.

Toa = (2) (k)" (%)
:( )kQ r 9 — 1

.=
x2

_ (2) LT 9— &

For the constant term, 9 — 32—T =0
3r_
2
. r==~6
Tr = (§) k°2°
84k = —10%
3
¥ =}
k=3
a Writing the system in augmented form,
(1 3 k|2
E -2 3|k
14 -3 10}5
(1 3 k 2
~ |0 —2-3k 3-k*|—-k| Re— Ro—kRx
L0 -15 10 —4k | —=3 | Rs — Rs — 4R,
1 3 k 2
~ |0 —15 10—-4k| -3 | Re=Rs3
|0 —2—3k 3—k° Rs=Ry
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M1 3 k 2
~ |0 —15 10 — 4k -3
0 0 25—22k—3k?|6—6k
R3 — 15R3 — (2+ 3k)R2
[1 3 k 2
~ {0 =15 10 — 4k -3
10 0 —@Bk+25)(k—1) | —6(k—1)
b If k=1, thelastrowis 0 0 0 | O

and the system has an infinite number of solutions.
¢ If k=—2, thelastlineis 0 0 0 | 6(1+2)
and the system has no solutions.

d If k41 o —--23—5, the system has a unique solution.

2
46 a log,(5a) b log,, <;—5>
=log, b5+ log, a
=z+1 =logaa2~loga25
=2-2log, 5
=22z
47 a uz =20 and ug = 160
wr? =20 and wir® = 160
wr® _ 160
uir?2 20
=8
r=2
and 412° =20
U = 5
b U0 = D X 92
= 2560
12
Z Un = S12
n=1
Now S, = ul(r——_l_)
r—1
5(2'% — 1)
Bug ==
= 20475

48 6 of the 24 upstairs seats are taken. We hence choose 18 people
from the 48—(8+6) = 34 remaining passengers to sit upstairs;
the rest sit downstairs. ‘

there are (3) = 2203961430 ways.

49 a Suppose n=1. 9' +bis divisible by 8if b=7
So, b="1. 0<b<9}
b P, is: “9™ + 7 is divisible by 8” for n € Z*
Proof: (By the principle of mathematical induction)
() fn=1, 9"+7=16=8x2
P; is true.
(2) If P, istrue, then 9¥ +7 =8A where A € Z".
9t L7 =9x9" 47
=9x (9 +7)—9xT+7T
=9x84A-9x7+7 {using Pr}
=9x8A-8xT7
=8(94-17)
Py s true.
Since P is true and Py is true whenever Py is true, P,

is true for n € Z7.
{Principle of mathematical induction}
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50 Let 21 = |21|cisf and 22 = |z2|cis¢.
z1 _ |z]cis@
z9 - [Zz]CiSQﬁ

_al s -

=l cis (0 — @)
So arg(ﬂ) =0—¢

22
= arg(z1) — arg(z2)

Then

{property of cis}

51 Let ui, u2, and us be consecutive terms of an arithmetic
sequence with difference d.

u; =uz —d and us = uz +d.
Now w1 + ue +ug = 18
s —d+us +uz +d =18
3ug, = 18
’U,2=6
Also, u12+u22+u32=396
oo (6—d)? 6%+ (6+d)* =396
36 —12d + d° + 36 + 36 4 12d + d° = 396
2d* = 288
codi=144

d==+12
So, the numbers are —6, 6, and 18.

52 a logigc M =2z -1

1010g10 M e 1021:—1
M=10"""
b log, N = 2log,d —log, c
. log, N = log, d* —log, c

2
log, N =log, <%—)

2
.
c

z2—|—3_

22—1"

2 4+3=k(z*-1)
24+3=k? -k
2(1-k)=-k-3
2 k=3
1—k

53 k

sy =3

1% <0

the equation has imaginary roots if

Sign diagram:

+|—§+‘k
—t : -

So, the equation has imaginary roots for —3 < k& < 1.

54 ($+2)(1_x)10
= (z+2) (1 +(1)1 (—ZL;)()+....+(4)1 (_$)4)
+ (%) (=) + ..
D (10t (D)2 (D))

| |

So, the terms containing z° are (140) z°> and —2 (150) z5.

the coefficient of z° is (lf) —2 (150) = —294




=145
T 2434
_(=1+5\ (2-3i
_(2+3i>(m)
=2+ 3i+10i — 154
N 4 — 942
13 + 134

13
=1+

114+ = /12 + 12 +J
1
=2

55

ISE

1414

arg(l+1) =% 1
2 =/2cis (%)
o [V ()]
= (V2)"cis (1—?11)
= 64cis(w)

= 64 (cosm + isin)

= —64

56 ¢ 1=3""
Take the logarithm to base 10 to get:
log(2°") = log(3 ™)
oo (z—1)log2=(2—x)log3
zlog2 —log2 =2log3 — zlog3
zlog2+ xlog3 =2log3 +log2
z(log 2 + log 3) = log 3% + log 2
zlog6 = log 18
__log18
~ log6
z = logg 18
So, a=6 and b=18.

57 uw; =18 and d= -3
If the series has n terms, then
Sn = —210
%(211,1 + (n—1)d) = —210
g- (2 x 18+ (n — 1) x (=3)) = —210
%(36 —3n+3) = —210
n(39 — 3n) = —420
3n® —39n — 420 =0
3(n® —13n — 140) = 0
3(n—20)(n+7)=0
n=20 {n>0}
So, there are 20 terms in the series.

58 lz—3| =]z —1]
[(z +iy) — 3| = |(z +iy) — 1
[(z —3) + iy = |(z — 1) + iy
oV E- =@ 12 +¢?
-3+ = (z—1)* +4°
P —6z+9=2—2z+1
4r =8

=2

{De Moivre’s theorem}

59 If all pairs of points defined different lines, there would be
() =55 lines.

There are (‘,_f) = 6 ways of choosing a pair of points from
the 4 collinear points, of which we include one.
So the total number of lines is 55 — 6 + 1 = 50.
60 P, is: “1+2x2'43x22+ ... 4nx2" = (n-1)2"+1"
for neZ*.
Proof: (By the principlc of mathematical induction)
(1) ¥ n=1, LHS=1 and RHS=(1-1)2' +1=1
Py is true.
(2) If Py is true, then
1+2x2 43 x 22+ ... +kx2" = (k-1)2F+1
So 1+2x2'43x2%+ .. +kx2 4 (k+1)2"
=(k—12+1+(k+1) x 2 {using P}
=kx2*—2"+14+Ex2"42°
=2xkx2+1
=(k+1]-1)2"" +1
Pyy1 is true.
Since P; is true and Py, is true whenever Py is true, P, is
true for n € Z*. {Principle of mathematical induction}

61 a In augmented form, the system is:

-2 3 4

1 -4 | =7

0 k-1 0 Rs — Rz —2R»
There is a unique solution if k& # 1. Thus k; = 1.

b For k # 1, equation 3 gives (k—1)z =10

- -2 3| 4
2 -3 2|1
13 —4 k| -2
1 -2 3 4
~ |0 1 ~4 | =7 | Re — Ry — 2R,
0 2 k—g —14 R3—>R3—3R1
1
0
| 0

z2=0 {k-1#0}
So in equation 2, y —4(0) = -7
coy=-T
and in equation 1, = — 2(~7)+3(0) =4
ox=-10
the unique solution is z = —10, y = -7, z=0.

¢ When k=1, there are infinitely many solutions.
Letting z = ¢, equation 2 gives y — 4t = —7
y=4t -7
Thus in equation 1, z —2(4t —7)+ 3t =4
c—8t+14+3t=4
xz=>5—-10
So, when k = 1 there are infinitely many solutions of
the foom z=5t—10, y=4t—7, z=1t, tER.

62 a |n|=+/32+42 +3
=/9+16 4 3+4di=2
=5

- 3 >R

arg(z1) = arctan (%)
=~ 0.927
Joal = /B + (82
= v64 464
=82

arg(z2) = %
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4 P(Zl)

Z
~ 3 N8 1l o
R(z1+22)

Q(#2)
n—1Y) __ (TL~1)|
63 n (i) =" i1 D)
n!
T —Ditn—r)
n!

:r(:) forn,reZ, nzr

6h Let z=ricisfd and w=racis¢
71 Cis 6

Z
w  rpcisd
7 5 B
= 6—
2 cis (6 — 9)

r1 |z
= —_— = — 0
o 'LU|’ w#

{property of cis}

65 a 42 =2"+422° +2°
>+ 2 +1 {if x>
> (z+1)°

b P,is “4™ > 3n* for nc Z".
Proof: (By the principle of mathematical induction)

() f n=1, LHS=4'=4 and RHS =3x1>=3
4 > 3, so P is true,

1, 2% > =, and m2>1}

@) If Py istrue, 4% > 3k>
Now, 4%t =4 x 4*
> 4(3k%) {using Py}
> 3(4k%)
>3(k+1)° {usinga, k>1}

S0 Pj41 is true.
Since P is true and Py is true whenever Py is true, Py,

is true for n € ZT.
{Principle of mathematical induction}

66 a 2=z
(rcis8)® = (rcis8)*
. r2cis20 = rcis(—6) {De Moivre’s theorem}

r? =r and cis20 = cis (—0)

cis 26
cis (—0)
ocis30=1
b rP=r
r’—r=0
rir—1)=0
r=1 {r>0}

Now cis30 =1
30 =0+2kw, kEZ

2km
0="—, keZ

Rl
6=0,32, 4 {0<0< 27}
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67

68

69

70

"

cis0=1
. 211’____ —21 . . 2_7—r
Cls 5~ = cos 3~ +18in 3
— 1, V3
__2+ 2 v
msT —cos—+zsm3gl
1 V3.

== =2

2
So, the non-zero solutions to 22 =2* are
z:l,—%—kﬁ?i or —%—@i
Time period = 33 months = 11 quarters
Interest rate = 8% p.a. = 2% per quarter
r=1.02

the amount after 11 quarters is
11
U2 =uUp X7
= 3500 x 1.02"!
~ 4351.8101

So, the maturing value is £4351.81.

Each person is either in or out of the committee, so there are
212 = 4096 possible committees.

There are (112) = 12 1-member committees, and

(12) =1 0-member committee.

0
Hence there are 4096 — (12 + 1) = 4083 committees with at

least two members.

z=1iz"
z + iy = i(z — iy)
= +y

z =y {equating real and imaginary parts}

P, is “n® +2n is divisible by 3” for n € Z*.
Proof: (By the principle of mathematical induction)
1) fn=1 1"+2x1=3=3x1
P is true.
(2) If Pgistrue, k®>+2k=3A where AcZ
(k+1)° +2(k+1)
=k +3k° 43k + 142k +2
= (k* +2k) + 3k> + 3k + 3
=3A4+3(k*+k+1) {using Py}
=3(A+k +k+1)
Ppyq s true.
Since P; is true and Pg41 is true whenever Py is true, P, is

true for n € Z*. {Principle of mathematical induction}

The sum of the integers between 100 and 200 which are not a
multiple of 4, is (100 + 101 + 102 + .... 4+ 199 4 200)
—(100 + 104 + .... 4+ 196 + 200).

Now 100 + 101 + 102 + .... + 199 + 200 is an arithmetic
series with w3 = 100, n =101, and wu, = 200.

Sn = %(ul + un)
So1 = 121 (100 + 200)

= 15150

Now 100+ 104+ ....4+196 4+ 200 in an arithmetic series with
wy = 100, n =26, and wu, = 200

Sz = 22(100 + 200)
= 3900
the required sum = 15 150 — 3900
= 11250



i

0 i%
_ ibtie
_ (i(0+9)
= cis(0 + ¢)

72 a cisfcis¢ b (rcisd)” = (re')"
— Tn(eiQ)n
= rneinG

= 7" cisnf

= cis 2w
=1
So w’—1=0
(w—1)1+w+w®+w® +w')=0
l+wt+w’+uw+uw'=0 {w#1}
1+ w+w +w? = —w
L +w)(Q+w?) = —w

4

73 T = (3 W (2)

9—r
=(%)xz 7 < B % L
9—-3r zr
=(2)xb xaz 2
For the coefficient of 23, 9 —23T =-3
P

To = (3)0°z°
Now, 2~ has coefficient —4032, so (g) B° = —4032
b® = -32
b=-2

74 a Let up =3k —11
ur=3x1—-11=-8
Up+1 — ur = (3(k+1) —11) — (3k — 11)

=3k+3—-11-3k+11

=3
Since the difference between consecutive terms is constant,
ug is an arithmetic sequence with u; = —8 and d = 3.

LY Bk—11) =8,
k=1
5536 = g (2u1 + (n — 1)d)

5536 = g(2>< (—8) + (n— 1) x 3)
11072 = n(—16 + 3n — 3)
3n2 ~19n — 11072 =0
o (3n+173)(n- 64) =0
n==64 or —122

Since n must be an integer, n = 64.

Since the ratio between consecutive terms is constant, ux

is a geometric sequence with u; =1 and r = ?—;-

k=1 T—r

1

5 =
1-3%

75 If the mathematics exams are consecutive, then we can treat
them as one subject, giving 7 exams to order.
This pair of mathematics subjects has 2! orderings, so there are
7! x 2! schedulcs that cannot be used.
There are 8! total orderings.

So the teacher can choose from 8! — (7! x 2!) = 30240

schedules.
76 a w = ei(%i)
raxn\ 3
P 'LUS = (61’(—2?))
27i

=e

= Cis 27
=1
wP—1=0

(w—-1)1+w+w’)=0
l+wtw® =0 {w#1}

. 7 . 3
b i v =uvviuw i w” =
= 2
w S.ow =

—=1
w =

Swgl»A =

il (1-w)?=1-2w+w’
=1+w+w® —3w
= —3w

(1+w)2

I
g

77 P,is: “3" >n’+n” for neZ".
Proof: (By the principle of mathematical induction)
(1) ¥ n=1, LHS=3"=3 and RHS=124+1=2
P; is true.
(2) If Py is true, 3* > k*>+ k&
gE+l _ 3y 3k
> 3(k* + k)
> 3k* + 3k
> 2k” + k° + 3k
>24 k2 43k {k>1}
>k 4+2k+14+k+1
> (k+1)°+(k+1)
So, Pyy1 is true.

{using Py}

Since P; is true and Py is true whenever Py is true, P, is

true for n € Z*. {Principle of mathematical induction}
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78 a Let 2°=-27;
2% = 27cis (37”)
2’ =2Tcis (¥ +k2), kL

S
z = 3cis (% - %l) {De Moivre’s theorem}
is

=, 3cis B {k=0,1,2}

3[2’1 =3cisT 5
=3cis Ik /T\ =3Jcis =2 11"

b Let 23 =3cisZ

z=3cisg, 3¢

5> 22 —3c1s

ilm
6

z223 = 3cis I x 3cis 1T
— 187
=9cis (—6 )
= -9
. 2
2= (3c1s %)
=9cis7

= 3cis =&

2
= —9 and so z2z3 = 2y

¢ ziz2723 = z1(2) {from b}
3

= Zl
= —2T¢
79 a (%)) =560 triangles
b There are 5 possible points on the circle and ( ) possible
points within the circle.
there are 5 X (121) = 275 friangles.
¢ There are (g) = 10 triangles with all vertices on the
circle. Hence there are 560 — 10 = 550 triangles with at
least one of the vertices within the circle.
1
80 a 2"+ =
Zn
=" o z—n

= (cis8)" + (cis6) ™"

= cis(nf) + cis(—nf) {De Moivre’s theorem}
= cos(nf) + isin(nd) + cos(—nb) + i sin(—nd)
= cos(nf) + isin(nd) + cos(nd) — isin(nd)

= 2cos(nb)

1 4
b (z-i—;) :z4+422+6+%+i

Pz
4
(z-}-i) = (z4+-%;>+4(z2+—15>+6
z z z
(2cos0)* = (2cos4f) + 4 (2cos20) + 6
16 cos” 6 = 2cos 46 + 8 cos 20 + 6

costl = 1cos40 + £ cos20 + £

81 a (2,4), (2,-6), and (-1, 3) lie on a circle with equation
22+  +ar+by+c=0
22 +4% +a(2) +b(4)+c=0
22 4 (—6)* +a(2) + b(—6) +¢c=0
(-1)? +3%*+a(-1)+b3)+¢c=0
2a+4b+c=-20
20 —6b+c= —40
—a+3b+c=-10
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82 Rate permonth = 3% =%2 . R=25%%

83

b In augmented matrix form, the system is
-1 3 1]-10
2 4 1] -20
2 -6 1]|-40

1 -3 —-1| 1071 R1— —R:
~ |10 10 3 |—-40| R2 — R2+2Ry

0 0 3 |-60] R3 — Rs+2R;

3¢ = —60

sooe=—20

Using row 2, 10b+ 3(—20) = —40
10b = 20

Sob=2

Using row 1, a —3(2) — (-=20) =10
Loa=—4

So the equation of the circle is
2?4y —dr+2—-20=0
(-2 -4+ (y+1)°*-1=20
(z-2°+(@y+1)>=25
Thus the circle’s centre is at (2, —1).

12
a After 3 months, her amount is
60(1 + R)® 4+ 60(1 + R)* + 60(1 + R)
which is geometric with
u1 =60(1+R) and =1+ R.
(1+R)?®—-1
1+R~1

3
0.05\ | (1+4P) -1
=60(1+———) [T

12

So, Ss3=60(1+R) [

= $181.50

b After k years or 12k months,

12k
S12 = 60 <1 + 9—‘) &__.3)5—
12 TN

Siok 7 14460 ([1.004 166]*** — 1)

¢ After 20 years, k =20
Saa0 ~ 14460 ([1.004 166 6]**° — 1)
~ $24765 {nearest $}

1 1

a —+—+—+ vt —
Ul Uz Un
1 1 1

ur  uir  uir? uyrn—1

o N 1
The series is geometric with first term — and common
u

. I
ratio —.
T
1 1
—+—+—+ +—=
Ul U2 Um,

= (..i)
Ty \rlo g

3072

1 1 1
b it+ittotms

is the sum of the reciprocals of 3, 6, 12, ...,
which is geometric with w, =3, r = 2.
Up = wr™ . 3072=3x2"!

2" = 1024

2"~ =219 andso n=11

1-2"
1 ~
Su=3 (210 211) ~ 0.666



SOLUTIONS TO TOPIC 2

(FUNCTIONS AND EQUATIONS)

1 A function is a relation in which no two different ordered pairs
have the same z-coordinate. A graph of a relation is a function
if all possible vertical lines on the graph cut the relation no
more than once.

2 a Domain = {z |z > 2}, Range = {y | y € R}

b Domain = {z |z > -1,z # 1}
Range = {y | y € R}
¥ 1
f(z) = —vz+1
> 1 Z
3 a f(9(x)=rf(4-2)
=34-z)+1
= —3x -+ 13
b (go fiz) =g(B3z+1)
=4—(3z+1)
=3 -3z
So (go f)(—4) =3—3(—4)
=15
¢ fis y=3zx+1, so Flis z=3y+1
_xz—1
=— 1
s, _ xr —
e =5
.4
1
so fi(3)=2 5
=1
6
4 a For areflection in the y-axis, we replace x with —x
thy tion i =——.
e equation is y p
. . g2
b The translated image is vy Py oy
which is -2 +2
4= i ’
¢ For a horizontal stretch with scale factor 3, we replace =
T
ith =
with 2
L 2 S 6
the equation is y = - whichis y = p
3
5 AY
y=-14277
~ =
y=-1 i
6 a The axis of symmetry is = = CET
b f(—1)=2(-1)2+4(-1) —20 = —22
the turning point is at (—1, —22)

10

i y=2(z+1)%-22
ii f has zeros at
—4 /42 — 4 x 2 x (—20)

= 2% 2
_ —4+ /176
- 4
=—1++/11
So y=2(z+1+VII)(z+1—V1I).
a Y
y:em—l
1
€
" e
b Domain = {z |z € R}
Range = {y | y > 0}
a Ty .TZQ/'
= 3 T
b Domain = {z | z > 2}
Range = {y | y € R}
x = 2 is a vertical asymptote.
— y=f(=)
.......... yo Ll
f(z)
..... — y:f(-mm)
------- y=Ff(z-2)
mm y=2f(a)
mm y=—f(a)

A

8y

-1
\

fis y=2° 42z, z €]—o0, —1]

so flis z=9%+2y, y€]-oo, —1]
t+1=9y"+2y+1
z+1=(y+1)°

Hr+1=y+1
y=—=ve+1-1 {as y< -1}
so [l e)=—vzF+1-1
Any point of f(z) which lies on the line y = = will be an
invariant point.

(=1, —1) is an invariant point.
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11 a

b c
prg=——=-3 ad py=-=3

p’+¢=®m+a9°—2pg

- (-4 -2(3)

y=1f"'z)

b fz) is y=2"""
so fM(z) is x=2Y""

logz = (y— 1) log?2

logz
=y—1
log 2 o
y=log,z+1

f_l(m) =logyz+1
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> T

14 (ho f)(z) = h(z® +2)
=3—-2(z*+2)
=221

15 Let P(z) =2z —2°+4z—1
P(-1) =2(-1)° = (-1)* +4(-1) - 1
=—6

by the Remainder theorem, the remainder when P(z) is

divided by =+ 1 is —6.

16 y=Fkr—2 meets y =3z +z+1
where kx —2=3z4+z+1
322+ (1—-k)z+3=0

Now this quadratic has A = 0 since the graphs touch.

(1-—k)?—4x3x3=0

(1-k)>=36
1—-k=x6
k=146
k=-50r7
2—2z, <0
17 a |lz—2[+]z[={2 0<z<?2
20 -2, 22
Y
y=lz—2[+z|
2
b i |z—2|+]|z|=2
z €0, 2]
ii |z—2{+z>3
z € ]—o00, —3] or [2, oo]
18 f(@) is y=e*1
so fl(z) is z =T
Inz =Ine®tt
Inz=2y+1
_Inz-—1
2
s f_l(x)zlnx2—1
: 7 _1]:17—1
i =22
~ 0.473
19 a y
flz)=22? -2z
b i
y=1£(lzl)
< T




y=|f(z)|
{11}

A

20 Let P(z) = 22° + 42® + dz — 6.
If z+2 is a factor, then P(—2) =0 {Factor theorem}
2(—2)° +4(-2)°>+d(-2) - 6=0
-16+16-2d—-6=0
d=-3

21 a A root of 0 indicates a factor z.
A root of % indicates a factor 2z — 1.
So, quadratic equations with roots 0 and % have the form
az(2z — 1) =0 where a # 0.
b A root of 2 indicates a factor 3z — 2.
A root of —% indicates a factor 4z + 1.
So, quadratic equations with roots 2 and — have the form
a(3z —2)(4z + 1) =0 where a # 0.

< Sum of roots = —4
Product of roots = (—2 + v/2)(—2 — v/2)
=4-2
=2

So, quadratic equations with roots —2 4 +/2 have the
form a(z® 4 4z +2) =0 where a # 0.

d Sum of roots = —2
Product of roots = (—1 +iv/3)(—1 — iV/3)
=143
=4

So, quadratic equations with roots —1 % i1/3 have the
form a(z® + 2z +4) =0 where a # 0.

22 P(—2) =47 {Remainder theorem}
2(=2)" —10(—2) — 5 =47
2(—2)" + 15 = 47

2(—2)" =32
(—2)" =16
n=4

23 9z* +4 = (32%)% — (20)?
= (32 + 2i)(32® — 2¢) {Difference of two squares}
24 g(z)is y=log,(2z — 1)
g7 (z) is = =log,(2y—1)

2" =9y —1
241
vy=
= 2% 4
So, g '(z) = 2+
_ 27641
1
—6) =
g~ (-6) 3
_ 65
— 128

25 Since ma®+ (m—2)z+m =0 has a repeated root, A = 0.
o (m=22—4dxmxm=0
—3m? —dm+4=0

s —Bm=2)(m+2)=0

-2 —
m =3 or 2

1

26 a i If f(m):ac—;
then f(—m):—m—(—_lzj
1
- (o)

—f(=)

=z — is an odd function.

81— |

ii If f(z) =cos2z
then f(—z) = cos(—2z)
" =cos2x
= f(=)
y = cos 2z is an even function.

b i A functionisevenif f(—z) = f(z) forall z in the

domain of the function.

-, for any value in the range of f, there exists al
least two corresponding values of « in the domain
(except in the trivial case f(z) = k with domain
z =0)
the function fails the horizontal line test, and does
not have an inverse.

Y

y=az*+ 22

-+ : b
If f(z)=a"+2
then f(-z) = (—2)* + (—2)?
e gl P
= f(z)
f(z) is even.
From the graph, we observe that the function is
strictly increasing for z > 0.

we can choose the domain restriction = > 0 for
the function to have an inverse.

27 (—2)2+4+b(-2)+(b—2)=0 {-2is a solution}
4—2b+b-2=0

b=2
the equation is z2+22=0
z(x+2)=0

x = 0 is the other root.

28 2z — 3

?—dz+4 | 22° —112 +21z - 8
~(22° - 82 + 8x)

- 3¢ +13z — 8

—(— 3> 412z —12)

zr + 4

So 2z® —112% + 21z — 8 = (x — 2)%(2z — 3) + 2 + 4
223 — 112? + 21z — 8= (z — 2)?(2z —3) + (z —2) +6
22° — 112% + 21z — 8 1 6

= 9x — S _
@—2)7 R e R )
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Y

—24

Fl@)=3(z— D)%z +2)(z—4)

1
f(z)

¢ Invariant points require f(z) =
2z+1 -2
z—2 2z+1
4z 44z +1=2" -4z +4
32° +82~3=0
S (Bz—1)(z+3)=0

— 1
.’,U—g,—?)

The invariant points are (—3, 1) and (%, —1).

31 144 isazeroof 23 +ax? —4ax+6
1+i)®+a(l+i)?> —4a(1+i)+6=0
14+3i+3% +i® +a(1+2i+i%) —4da — 4ai + 6 =
1+3i—-3—i+a+2ai—a—4a—4ai+6=0
(4—4a) +i(2—2a) =0
Equating real and imaginary parts,
4—46=0 and 2—2a=0

a=1
32 a ® -22° + 7z —13
:v—)—2‘a:4 +0z®  +32° + z + 0
—(z* +2°)
—22° 4327
—(—22° —42?)
e +
—(72* 4+ 142)
13z 4+ 0
—(—13z —26)
+ 26

quotient is z® — 2z? 4 7x — 13 and remainder is 26
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b (z—-1)2=2*-2c+1

t -2 +1 [:v4 +02® +3¢° + z 40

—(z* —-22° + %)
22° +22° + 2
—(22° —42® + 22)
62> — = +0
—(62® —12z +86)
11z -6

quotient is 2% + 2z 4+ 6 and remainder is 11z — 6

Using technology, the point of intersection is & (0.566, 0.238).

3% y=3224+2
Vertical stretch: y = 2(32% + 2z)
Y= 6x” + 4
Translation by 3 horizontally and —1 vertically:
y=6(x—3)°+4(x—3)~1
=6(z° -6z +9)+4z—12-1

= 62° — 32z + 41
35 sum of roots = a4+ B = —m

product of roots = a3 =1
1 1
N ==+ =
ow afi cu+,8
_atp

aff = of

—m

1=—

1

m=—1

36 y=dz+2 meets y = z>+3z+3 when dz+2 = 22 +3z+3
22+ B-dz+1=0
Since the graphs meet twice, this equation must have a positive
discriminant.

(B3 —dP—4x1x1>0
9—6d+d*—4>0
d*>—6d+5>0
(d=5)(d-1)>0

Sign diagram: S I I S
1 5 @

So d<1 or d>05.

37 P(1) =0 {Factor theorem}
24+a+b-3=0
a=1-b .. (l)

Also, P(—3)=0 {Factor theorem}
—54+9a—3b—3=0
9a — 3b =57



Using (1), 9(1—b) — 3b =57
—12b =48
b=—-4

a=5

So P(z) =2z° + 52" — 4z —3
=(z+3)(z - 1)(2z +1)
the three zeros are —3, 1 and —3.

{inspection}

38 a
3, z <0
b 3—z|—|z|=¢3—-22, 0<z<3
-3, z2>3
Ay
P —.|
Py 1.5 -
\___> z
-3
y=13—a|—|z|
\j

39 If o+ 2i is aroot, so is its complex conjugate a — 23

{a, b € R}.
product of roots = (a + 2¢)(a — 21)
=a2+4
a+4=a+6
a®—a-2=0
(a—2)(a+1)=0
a=—1or2

Also, sum of roots = 2a
Sob=-2a
a=-1,b=2 or a=2,b=—4

40 a y=4—In(z —2) has the vertical asymptote z = 2.
3+z
2z — 1
As z — +oo, y— %

b y= has the vertical asymptote = = %

the graph also has the horizontal asymptote y = 3.

¢ y=2e""* has the horizontal asymptote y = 0.

81 (=b)® +b(=b)* +a(—b) +ab
=—b*4+b°—ab+ab
=0
—b is a zero of z° + bx? + azx + ab
@ + bz’ + az + ab
= (z+b)(2" +a)
= (z 4 b)(z +iva)(z — iva)

42 (x+1) and (z —2)® must be factors, given the z-intercepts
of P(x).
P(z) = (az + b)(z + 1)(z — 2)?
Now P(0) =56
o (ax 04+b)(1)(—2)° =56
4b = 56
b=14

43

hb

45

46

h7

Also, P(1)=20
(ax 1+14)(2)(~1)* =20
(a+14) x 2 =20
oa=—4
P(z) = (—4z + 14)(z + 1)(z — 2)°
= (—4z + 14)(z + 1)(z° — 4z + 4)
= (~4z +14)(z* — 32° + 4)
= —4az* + 262° — 422° — 162 + 56

a (fog)(z) = fg(=)) (g0 F)(z) = g(f(z))

— elnz—l—}-l — ln(ez+l) -1
— elnx =z+1-—1
= g =T
b v Afa) =
g(z)=Inz—1

]y

¢ f and g are the inverses of one another, so f~' =g and
g =1
Since the graph does not cut the z-axis, A < 0.
(m—1°—4xmx2<0
m® —2m +1—8m <0
m®—10m+1<0
Now m?2—10m+1=0
10+ 4/(-10)2 —4x1x 1
2x1

when m =

=5+2vV6

So, 5—2v6<m <5+2V6

P(z) dividedby (z—1)(z—2) gives a remainder of 2x43.
Plz)=(z—1)(z—2)Q(z) +2z+3
for some polynomial Q(z).
P(1) =0)(-1)QM) +2(1) +3
=95
the remainder when P(z) is divided by =z —1 is 5.
{Remainder theorem}

T
3l g =
o-3< 3
T T
=5 Se=dsy
. <L 2xr—6<=zx
L 0<3x—-6< 2z

If 0<3z—6, then 32 26 andso = > 2.
Also, 3z —6 <2z, so £ —6<0 andso z <6.
2<xz <6

Let P(z) =a® +mz+m
Now P(m)=m
m*+m*+m=m
LomPem®=0
oomP(m+1)=0
m=0 or —1

{Remainder theorem}
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48 a Since (x — 1)? is a factor of P(z),
z* +az® + 22 + bz — 3
= (z —1)*(z® + cz +d) for some ¢, d
= (z® - 22+ 1)(z° +cx +d)
=zt 4 cz® + do? — 22° — 2ca® — 2dz 4+ 2 + ez +d
=g+ (c—2)® +(d -2+ 1)z’ + (c—2d)z +d

Equating constant terms: d = —3
Equating coefficients of % —3 — 2¢c+ 1 =2
c=—-2
Equating coefficients of z>: a=-2-2
. a=—4
Equating coefficients of z: b=-2-2(-3)

b=4
b So P(z)=(z—1)°(z® — 2z —3) {using c and d}
=(@z—-1)%x-3)(z+1)
Ay

49 a Domain = {z|z<3, zcR}
Range = {y |y < ~1U0Ky <2, yER}
b
<

g(z) is even.
g(zx) fails the horizontal line test, so g(z) does not
have an inverse.

50 Let P(z)=2° -2+ (m+ 1)z + (2 - m?)
Now P(2) =10
224t (m+1)2+2-m?) =0
8—4+2m+2+2-m?=0
. m>—2m—-8=0
(m—4)(m+2)=0
m=—2or4
If m=-2 Pl)=z"—2°—z-2
= (z — 2)(z” 4+ az + 1) for some a.
Equating coefficients of z2 gives
—1=-2+4a
a=1

P(z) = (=2 +a+1)

224+ +1 has A=12—4x1x1=-3,
so no more real zeros exist.
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If m=4, P(z)=2z"—2°+5z—14
= (z — 2)(z® + ax +7) for some a.
Equating coefficients of z* gives
—1=-2+a
a=1

P(z) = (z—2)(c"+2 +7)
2 +x+7 has A=12-4x1x7=-27,
s0 no more real zeros exist.

51 P(1) =6 {Remainder theorem}
2+3+p=6
wop=1
P(2) =77 {Remainder theorem}
2"t 43 x 2t +1=177
2™ =76 -3 x 2"

We need to find n» € ZT such that 76 — 3 x 2" is a power
{mezZ"}

of 2 which is > 22

too small

n=2 2" =64
m=25

So, the only solutionis m =5, n=2, p=1.

6i* + 7% + 8 + Ti+ k=0
6—-T7i—8+Ti+k=0
k=2
Since P(z) is a real polynomial, — must also be a zero.
(z+1i)(z—14) =2*+1 is a factor of P(z)
P(2) = (2> + 1)(62® + az + 2) for some a
Equating coefficients of 2°, a =17
P(2) = (2> + 1)(62° + 72+ 2)
= (2 +1)(32+2)(22+1)

the zeros of P(z) are +i, —%, and —3

52 P(i)=0

53 a>b>0
a
-> - 0
o> {a > 0}
a b
E>E {b>0}
1.1
b a
1.1
a b

56 a (fog)(z)=2z-1

(9(2))% =221
g(@) = (22— 1)°
b (g0 f)(e) =221

+ 1\3
g(x3):2m—1:2<m3) -1
glz) =24 -1



55 P(n) = 1000 4 ac*"
Now P(0) = 2000

1000 4+ ¢ = 2000 and so o = 1000

Also, P(12) = 4000

1000 -+ 1000e*** = 4000

1000e'%* = 3000

12k — 3
ek =37
1000 + ae*™ = 10000
1000e™™ = 9000

If P(n) = 10000,

n = 24 months
It will take 2 years for the population to reach 10 000.

56 a Since a is a solution of the equation,
3a® — 11a® + 8a = 12a
3a® —11a® —4a =0
a(3a®> —1la—4) =0
aBa+1)(a—4)=0
a=0, —%, or4
b If a=0, 32° 112" +8x=0
x(32°> — 112 +8) =0
z(Bz —8)(x—1)=0
z=0,%

, 5
If a=-%, 32° 112" + 8z =12(-3
32% —112” + 82 +4 =0
xz =a is a solution, and so (3z + 1) must be a factor.
3z° — 1122 + 8z +4= 3z + 1)(z* + ax + 4)
for some a
Equating coefficients of z* gives —11 = 1 + 3a

or 1

a=—4
(Bz+1)(z®—4dz+4)=0
B4+ (z—-2%=0
L e —% or 2
If a=4, 3z°—112" + 8z = 12(4)
32% — 112% + 8z — 48 =0
z =a is a solution, so (z —4) is a factor.
3z — 1122 + 8x — 48 = (& — 4)(32% + az + 12)
for some a
Equating coefficients of z? gives —11 —a — 12
Soa=1
s (z—4)B2® +r+12)=0
A - VIZ 4 x3%12
2x3
—14iy/143
6

x=4or

57 P(z) is a real polynomial, so 3 - 2¢ must also be a zero of

P(z).
(3+2i)+(83—2¢) =6 and

(3+2))(3—2i)=9+4

=13
So, x? — 6z +13 is a factor of P(z).
22> + mz® — (m 4 D 4+ (3 — 4m)
= (2® — 62+ 13)(2c + b) for some b
= 2a% + (b — 12)2° + (26 — 6b)z + 13b

Equating coefficients of 2%: m=b—-12 ... (1)
3—4m=13b .. (2)
136 =3 — 4(b — 12)
13b =3 —4b 448
176 =51

b=3

m=3-12=-9

P(z) = (2% — 6z + 13)(2z + 3)
the zeros of P(z) are 3+2i and —32

Equating constants:
Substituting (1) into (2):

58 o’ xa®+a’°—a"xa—-2=0
a*—2=0
a=+Vv2
P(2) =222 4+2%2—42-2
Since P(z) is the same whether o = £+/2, both z = /2
and z= —+/2 must be zeros of P(z).
Hence (2 —v/2)(2 +v/2) = (2% —2) is a factor of P(z).
P(z) = (2> —2)(22+1)
the zeros of P(z) are +v/2 and —1

59 (fog)(x) = flg(z))

= f(22°)
=2(2z%) -1
=dz° 1
So the function (fog)_1 is z=4dy®—1
4y3=x+1
3 x+1
T 1
_(m+1)%
Y=\
1 z+1\3
So, (fog) Zl‘!—>( ) .

60 let P(r)=z*4+22°4+82% + 62 +15
Since bi is a zero of the real polynomial P(z), so is —bi.
z® 4+ 5% is a factor of P(z)
P(z) = 2* + 2¢° + 82° + 6z + 15
= (@* +b°)(@® +cx+d) forsomec, d
= 4+ cz® + (b® + d)z® + bPcx + b°d

Equating the coefficients of z*: ¢ =2
Equating the coefficients of z: 2b° = 6
b=+v3
Equating the coefficients of z?: 3+d =38
d=25

P(z) = (z* + 3)(z* + 2 + 5)
Now #°+2x+5=0

—244/22 —4x1x5H
2x1

when = =
=—-14+2:¢
the zeros are ++/3i, —1+2;

SOLUTIONS TO TOPIC 3
(CIRCULAR FUNCTIONS AND TRIGONOMETRY)

1 a 27 radians b  140°
= (% x 120)° = (140 x {%5) radians
= 40° =k

9

Mathematics HL - Exam Preparation & Practice Guide (3™ edition)



9 sin2z = sinz, = € |-, 7|
2sinzcosz —sinz = (0
sinz(2cosz — 1) =0

sing =0 or cosx = %

z=0, +%, or £m

10 area = 20 cm?
2
%91‘ =20 So, 9=£
-
%lr =20 {l=6r} 6
1(6)r =20 = ?
3 perimeter = 40 cm or=%cm —09
 om 10410 +1 = 40
=20 11 a Period = 2%
_ 1.2
Brea. = glo b Period = 2{ =47
=3lir {l=06r} c 3
_ 1 L
10cm ‘§X202>< 10 y=sin%z 45
=100 cm

4 a A vertical stretch with factor 2, and a horizontal stretch
with factor 3.

b A translation of % units to the left, and a translation of 1 T z
4 units downwards.

Period = 7
5 a Amplitude =1 or sin’z+5= (%—%cost)—l—S
The principal axis is y =0

. s o4 2m _
Period = 2L = Z o period= 2 =m

—_1 i1
= —35c082z + 3

b Amplitude = 2
The principal axis is y = —1 12
Period = 2T" =47 (=1,m)
2
6 " Y= arccosz
- = 1 T
1 m i
] T o 3
_— sin®d _ 1+cosf  sin®f
14+cos® 1+4cosf® 1-+cosh
1 6—(1—cos’h
Y b y=csc(x) _ +C081+£059COS )
_ cos@ +cos® B
7 sin (3 - ¢)tan(¢ + ) 1+ cosd
. 5 G cos B(1 + cos §)
= (51n7”cos¢—cos—2-sm¢) tan ¢ = ~1rcosf
; sin ¢ -
= ((-1 — = cosf
((—1)cos¢ — 0 X sin ¢) "
= —sing
2tané
14 tan2 = ——— =
an T tanZ0 tan 36 = tan(20 + 9)
8 cos 2z = § _2x2 = B0 ALY
5 T 1_92 1 —tan26tan6
1-2sin"z =12 {double angle formula} _— —4 43
22 3 =3 =
2sin"z = g 1—(—§)><2
sinm::l:% ; = .12_
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15 csc(2z) — cot(2z) = -

16

17

18

1 cos 2@

sin2z  sin2z
1 —cos2zx

sin 2x
1—(1—2sin’z)

2sinxzcosz
{double angle formulae}

2sin® z
2sinzcosz
sz

cosT
=tanz

tan (%—’25) = CSC (%") —cot (%”)

.2
cos2a = sin” «
5 12 .2
1—2sin“a=sin"«a

1 = 3sin® o

sin’ @ = %
2 2
cos" o= 3
2
cot’ o = C?SQ . 2
sin” o
cotar = £v2
el 215 —6
T 2x5x5
{cosine rule}
14
o cosh=—
cos %0
0 ~ 1.287

area of triangle = 3 X 5 X 5 X sin8
=12 cm®
area of sector = % x 0 x 5
~ 16.088 cm®
area of minor segment = area of sector — area of triangle
~ 4.09 cm®

For the sine function y = asinb(z —¢) + d:

The amplitude = 2, so a = 2.

The period =7, so & =7 = b=2.

The principal axis is y =1, so d=1.

There is no horizontal translation, so ¢ = 0.
the function is y = 2sin(2z) + 1

We want to solve 2sin(2z)+1=0, 0<z <«
1

sin2x = =i
. — Iz o 1ixm
A S 2z = F oor =3
. T 117
. T =Ty 0r 5o
So, P is (%, 0) and
Qis (4. 0)

19 a Period = &F = 67
3

b Period = ¢

y=sin3z +sinz

y = sin 3z has period %”, and y =sinz has period 2.

So, y =sin3z + sinz has period 27.

20 The largest angle is opposite
the longest side.
9%+ 72 —11°
2x7x9
{cosine rule}

1lcm cosf =

9cm

cosf = 1—2—5
Tem 6~ 85.9°
1
sinx
vertical asymptotes occur when sinz = 0
the vertical asymptotes are z = 0, 7, and +27
1

cos 2z
vertical asymptotes occur when cos2z =0

2r=%5 + k2w, k€Z
z==x% +km keZ
the vertical asymptotes are

_ 37 57
T =+3, £, £,

¢ cot (E) = ﬁ-)—

2 sin (12”-)

. s x
vertical asymptotes occur when sin (—) =0

21  a csc(z) =

b sec(2z) =

and i%"'.

2
%zO—I—kw, keZ

rz=2kn, ke€Z
=0 and =z =427
the vertical asymptotes are z =0 and z = +27.

22 cos79° cos71° —sin 79° sin 71° = cos(79° + 71°)
c

= cos(150°)
— _ 38
2
23 tan2A =sin A
sin 2A .
cos2A s A
2sin Acos A )
m =sin A {double angle formula}
2cos A .
BPd—1 1 (lEndrl}

2cos A=2cos’A—1
2c0s> A —2cosA—1=0

2+ 4/(-22 —4x2x(-1)
2x2

cos A =

_1+3
T2

=

1-—

But |cosA| <1, so cosA= 3
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24 sinz — 2cosz = Asin(z + «)
= A(sin z cos & + cos z sin )
= Asinzcosa+ Acoszsina

Equating the coefficients of sinz and cos x:

Acosa=1 and Asina= -2
cosq = 1 and sinaw_—2
T A A
Now sin‘a+cosla=1
—2\2 1\2
- =) =1
( A ) * (A)
441
a2 =1
A* =5
A=+5 {A>0}
So cosa:%, sina=~%
« is in the 4th quadrant.
ar5.18
25 2sin’z —cosz =1, z € [0, 2n]

2(1 —cos’z) —cosz =1
2—-2cos’z —cosz =1
2c0s’z +cosz~1=0

(2cosz — 1)(cosz +1)=0

COST = 1

5 Or cosx = —1

2z —-3=—1%

2c =3

o=t
27 A Slf5c = 5111132}0 {sine rule}
1W , (15 sin30°)

C = arcsin [ ————
30° 12
C B

C ~ 38.7° or 141.3°

> T

y=2sin(2x +%) -1
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29 arcsin(—1) + arctan(1) + arccos(—3)

— T m oy 27
=-stz1t3

3m
4
30 sin2 @ + cos?0 =1
(%)2 +cost0=1
2
cos" =32
cosf = —? {6 is obtuse}
sin 20 = 2sin @ cos @

- 2 _5
=2X§xX—-%

= 45
9
31 sinz+cosz=1, 0<z<nw
sinz +2sinzcosz+cossz =1 . (%)
{squaring both sides}
sin2z+1=1
sin2z =0

20 =0+knm, kEZ
T = kT”, kel
=0 %7 {0<z<n}
Since we squared both sides at (*), we need to check our

solutions.
sinO0+cos0=1 v
sin§ +cos g =1 v
sin7 +cosm = —1 X
So z=0 or %
32 a A 8111820 = 311'510 {sine rule}
20 . 2sinficosf  sinf
5cm e 8 ~ 5
p cosf = £
B 8cm <
b ABC = —30
= 7 — 3arccos(%)
=~ 1.211
Area of triangle &~ 2 x 5 x 8 x sin(1.211)
~ 18.7 cm?

33 tan 2z has period %, and tan 3z has period %.
The lowest common multiple of 7 and % is .

the period = #

34 cotf+tanf =2, 0 €]-%, I
cost) sinf
sinf ' cosf

cos? 0 + sin® 6 _
"~ sinfcosf

1 =2sinfcosf
1 =1sin26

20 =% +2km, ke€Z
=% +kn, keZ

=2 {since 0€]-%, Z[}




35 tan20 =2
2
1—% =2  {double angle formula}

2tanf =2 — 2tan® 0
tan® 6 +tanf — 1 =0
—144/12—4x1x(-1)
2x1

. tand =

_—1:t\/5

Now 20 € [r, 2£], so 6 € [2’ 4]

\/5

tang = ———— {tané < 0}

36 P

T 12 cm

Q 11 cm
112 :.'172—|~122 — 2%z X 12cos60°
121 = 2% + 144 — 122
22 —122+23=0
124 4/(~12)2 —4 x 1 x 23

2x1
z=6++13, so PQ=6++13cm
37 ! = ! {provided cosé # 0}
tanf —sec® ~ sinf 4 p
cosf cosf
1

cosd X(sin&—i—l)
sinf — 1 sinf + 1
cosf@sin @ + cos
sin?4 — 1
cosfsind + cosd
—cos? 0
cosfsinf  cosf
cos20  cos?f
sin __1

cosf cosf
—(tan @ + sec )

I

38 a \/§tan(

tan (

-1, z € [, 3x]

II

)=
)=-

T
2
z

N8 NIR

% 4+ km, ke

II

+2kﬂ' keZ
x -5—3’.—T-or—§ {z € [-m, 3]}

b V3+2sin(2z) =0, x € [—, 37]

Il

Il

sin2x=—§

4r
2% = 5?; + k27, keZ

3

2m
= 5?; +kr, ke€Z

6

i m 27 5m Bm 1llwm 8=« 177
T=-% "% 3>6°3° 6376

39 sinz = 2sin(z — %)
sinz = 2(sinzcos & — coszsin %)
= 281]1:13(?) —2cosz(3)

sinz(1 — v3) = —cosz

sinz 1

cosz  1-+/3

tanm:—l——
V3-1

40 a Consider the sine function model H(t) = asinb(t—c)+d

The amplitude a = 2—;‘— =12 m.

The period is 12.3 hours, so 2771- =12.3

b~ 0.5108
The principal axisis H =4.7-1.2=3.5m so d = 3.5.
The first low tide is at t = 1+6.15 = 7.15, and the next
high tide is at ¢t =1+ 12.3 =13.3
&= 7_1_5;_133_ ~10.2
-, the model is H(¢) ~ 1.2sin(0.5108(¢ — 10.2)) + 3.5
where ¢ is the time in hours after midnight,
0<t<24.

b A H(m)
4.7

/
NIRAVERV

- 133 — ¢ (hours)

41 a  sin (arccos(* —"2’—5)) b tan (arcsin %)

n(‘?) = tan %)

wm
a5

ST

42 sinz ++v3cosz =0

sinz = —v3cosx
sinz
=—v3
cos T V3
tanz = —/3
=% or 5 {zel0,2n]}
sinf 4 2cosf

43 _—_
sin@ — cos 6

sinf + 2cos 6 = 2(siné — cos6)

4cosf = sinf

tand = 4
2tand
tan 20 = T tn?0
_ 2x4
T 1—42

&
15

&4 y = 2sin(z —
£, 1).

So, we start with y = sinz, we stretch it vertically with scale

factor 2 to produce y = 2sinz, then perform the translation.

%)+ 1 is a translation of y = 2sinz by

Mathematics HL - Exam Preparation & Practice Guide (3™ edition)



AY
3
y=2sin(z-%)+1 9
: e
y=sinz \ x|
- P -
- —T N % 5T T X
W BN T 2
S 7 —1
y=28ini~c°"“"' \
45 cos2z +/3sin2z =1, z¢€ [—=, 7]

1—2sin’z +2v3sinzcosz = 1
—2sin’ z + 2v/3sinzcosz =0
2sinz(V3cosz —sinz) = 0
sinz =0 or v3cosz = sinz
sinz =0 or tanz =+/3

= -, —%’T, 0, §,orm

SOLUTIONS TO TOPIC 4 (VECTORS)
1 aa=i—2+3k

b magnitude = /12 + (—2)2 + 32 = /14 units

1
¢ The unit vector in the opposite direction is — 711——; < —32 ) .

2 R .
PN
o~ 2a—b+3c
a’ N

< 3

N
W X e

—hb>, i
N 7

A

4 -5 1
2a«b+3c=2(_3)—< 7 >+3(2>
_ [ 8+5+3
“\-6-7+86

= ( iG ) which checks with the diagram.

7
3 a
A a » B
b
b
D a —>C
— — — —
b BC=AD=b and CD=-AB=-a
—_— —_— -
AC=AB+BC=a-+b and BD=BC+CD=b —a
— —
< CeBD = (a+b)e(b—a)

=aeb—aeatbeb—bea
=beb—aea {as ash=Dbea}
= [b]* — |al”
— —
and, if |b| =]a, ACeBD =0

— = — — :
d Since ACeBD =0, AC and BD are perpendicular.
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4

a aeb =|a]|b|cos@ where @ is the angle between a and b.
If aeb <0, then cos@® <0 and so 90° < 6 < 180°.

-2 3
b aeb= 1 o -1 |=-6—-14+3=-4
3 1

la] = /(—2)2 + 12+ 32 =14 and
bl = T I T = VT

4
———— =~ —0.3223 and so @ =~ 108.8°.
Vv 14+/11

k 4 4 k
a 1 ] and k are parallel if k |=all
3 3k 3k 3

for some a.
Thus, 4=2ak ... (1)
k=a e (2)
3k=3a .. (3)
From (1) and (2), k®* =4 andso k= +2.
Hence the vectors are parallel if k = £2.

2 4
e if k=2, the vectors are 1 and 2
3 6
-2 4
e if k= —2, the vectors are 1 and | —2
3 —6

k 4
b The vectors are perpendicular if ( 1 ) . ( k ) =0

3 3k
4k +k+9k =0 andso k=0.

0 4
So, the vectors ( 1 ) and <O ) are perpendicular.

3 0

and cosf =

a 1 The equation can be written as
rz—1 33—y
g 8
c=2t+1, y=-3t+3, z=1

SARORG)

2
a vector parallel to the line is ( -3 > .
1

ii Letting ¢ =0, a point on the line is (1, 3, 0).
ili The point (7, —3, 2) lies on the line if

z=1

7T=2t+1 e (1)
—3=-3t+3 .. (2
2=t e (3)

So, from (3), ¢ =2 and from (1), ¢t =3 which is
not possible. Thus the point (7, —3, 2) does not lie
on the line.

b There are many possible answers.

0 2
Since < 1 ) is perpendicular to < -3 ) , a possible
3 1

z 5 0
lineis | y | = -3 | +s| 1 |, whichis
z 2 3

r=5 y=-34+s, 2=2+3s, s€R.



¢ If the lines in @ and b are to meet, then

5=2t+1 .. (D)
—34s=-3t+3 ..(Q
24+3s=t e (3

and from these we see that t =2 and s=0

So, the lines meet at the point (5, —3, 2).

2
d The line in & has direction vector < -3 )
1

-1
Line L has direction vector ( 2 >
1

If the angle between the lines is 6, then

2 -1
(—3) o( 2 >|:\/4+9+1\/1+4+10050
1 1

o |—2—6+1] = V14v6cosh

7
cosf = —— and so 6~ 40.2°
V84
If two lines have two points in common, they coincide.
Alternatively, if two lines have the same direction vector and
one point in common they coincide.

An equation of a plane through (3, —1, 2) parallel to the

—2 3
vectors 1 and -1 is
3 1

-2 3 i j Kk
1 x| -1]=|-2 1 3
3 1 3 —-11
1 3 -2 3 -2 1
_‘—1 i ‘_’ 3 1‘”‘ 3 ~1‘k
=(1-—-3)i—-(-2-9)j+(2-3)k
=4i4+11j-k
So, the equation of the plane is
4z + 11y — z = 4(3) + 11(-1) — 2
dr4+ 11y —z= -1
2 — =il 3
s
a AB=| 1-2 |=| -1],
3—-1 ) 2
4—-1 5
—
AC=| -3-2|=] -5
5-1 4
One equation for the plane is:
z -1 3 5
y | = 2 +s| -1 |+t -5
% 1 2 4
b A normal to the plane in a is
3 5 i i k
-1 |x|-5]=|3 -1 2
2 4 5 =5 4
-1 2f, 3 21, 3 -1
_'—5 4‘_‘5 4”‘5 ~5’k
= (=4 +10)i — (12 — 10)j + (=15 + B)k
= 6i — 2j — 10k
=2(3i—j — 5k)

10

1

=5

-(3)

If ¢ is the acute angle between the normal and the line,
¢ =sin"" |3 +1 5]
VIF1T+25VI+1+1

. 1 1
= 8in (—\/g_gﬁ)

~ 5.60°

3
So, n = ( -1 ), and the line has direction vector

3
a A vector normalto 3z —2y+7z=06 is <—2>.
7

b There are many possible solutions, letting y = z = 0
gives (2, 0, 0) as a point on the plane.
¢ A line through (2, —1, 1) and normal to the plane has

2 3
equation 1=1§ —1 | +A[| =2 |.
1 7

This line meets the plane when
32430 —2(—1-=2X)4+T7(1+7A) =6
6+9AN+24+4X+7+490=6
. A= _ 9
62
the intersection of the line and plane is at
2+3(-&) -1 -2(-%), L+ 7(-5))
o7 _22 _ 1

or (@, —31° TE3/

the shortest distance from (2, —1, 1) to the plane
=/2-E)P+ (1= (-8 + 1= (-5))

5022 9 3
= —— = —— units.

3844 ~ /g2

a The planes 2z +4y+2z =1 and 3z + 5y =1 have

2 3
normals (4 ) and ( 5 ) respectively.
1 0

Let 8 be the angle between the normals. Then

(1))

. |6+20+0] = V2134 cos0

=4+ 16+ 1v/9+ 25+ 0cos@

26
§ = ——— and so 6~ 13.3°
COSs \/ﬁ\/3_4 SO
b 2x+4y+2=1 .. (1)
3z+5y=1 ..(Q2)
Let £ =t¢, thenin (2), y= S

5
and so in (1), 2t+4(1_53t) +z=1

10t +4—-12t 452 =5

52=142t
L+
T 5
m 0 1
So, the solutionis | v |=[ £ | +¢t| -2 |, teR
z L 2
5

This solution is an equation of the line of intersection of
the two planes.
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¢ If the points lie on the plane 5z + 13y + 72 =4 then
5t+13(1_3t) +7(1+2t) —14
5 5
25t +13 — 39t + 7+ 14t =20
20 =20

Hence, the line of intersection of the first two planes lies
on the third plane. This means that the infinite number of
points on the line are the solutions of all three equations.

12 The equation of the line in parametric form is
=142t y=-34+3t z=t.
any point A on this line has coordinates
(1+2¢ —343t, t).

[ -1+2t
PA={ —2+ 3t | and the line has 9
=341t/ direction vector 1= ( 3 > )
1

2
<i’> z—1 3+y 2z-0
/ 2 3 1

P(2,-1,3)

The shortest distance occurs when P—A el=0
—244t—-64+9%-3+t=0

Mg==ll & b=
8
oy
Thus PA=L | 5
-31

82 + 52 + (—31)2 A 2.31 units.

=
=

[un
'S

and the distance = 1—14
5—-1 4
—
-1-2 -3
T 1 4
So, Lhasequation |y | = ~1 ] +¢t| 0 |, teR.
z 2 -3

4
b The plane has normal vector n = ( 0 ) and passes
through A(1, —1, 2) -3
the equation of the plane is
4z + 0y — 3z = 4(1) + 0(—1) — 3(2)
dr — 3z = -2
¢ Any point P on L has coordinates (1 + 4¢, —1, 2 — 3t).

4
P
AP = 0
=3t

(4t)% + (=3t)2 = 20
16> + 9t* = 400
t* =16
t=+44
So, letting ¢t = 4, a point on L which is 20 units from A
is (1+4(4), —1,2—3(4)) = (17, -1, —10).

v (3)-(2) o (3)- ()

ship A is at (—1, 3) and ship Bis at (7, 4).

—
Now |AP| =20, so

b Ship A has velocity vector <_41>

its speed is /42 + (—1)2 = /17 kmh™".
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Ship B has velocity vector (:?)

its speed is 1/(—2)2 + (—1)2 = /5 kmh™".

¢ Suppose the ships pass through the same point, and that

ship A is there at time t4 and ship B is there at time .
—14+4ta=7-2ip
Ata+ 2tp = 8
2ta+tp=4 ... (1)
YaA=Yp = 3—ta=4—1s

ta—tp=-1 .. (@2)

TA=ITB =

1) + (2) gives 3ta=3
wota=1

Using (2), tg =2

When ta=1, za=-1+4=3

and ya=3-1=2
So, the two ships both pass through (3, 2). Ship A is
there after 1 hour, and ship B is there after 2 hours.

B(0,2,4) - c(1,5,~1)
A(—1,2,3) / > D(z,y,2)
— —
a AD = BC

z+1 1-0
y—2 | = 5—2
z—3 —-1—-4

z+1=1 y—2=3, 2—3=-5
z=0, y=95, z=-2
So, Dis (0, 5, —2).

—— 1 — 1
b AB=|0), AD= 3
1 -5

i j k
— ey
ABxAD=|1 0 1
1 3 -5
o 1| .J1 1 1 0
=13 -5‘"1‘1 —51““1 3’
= —3i+6j + 3k

area = |—3i + 6j + 3k|
— (_3)2 + 62 + 32

= 3v/6 units’
—
a A AB=-a+b=b-a
— — —
OP = OA + AP
p — -
a = 0OA 4 tAB
=a+t(b—a)
0 5 > B =(1~t)a+tb
— — — —
b AP:PB=2:5 . AP=ZAB
p=2a+2b
2 -3
5
4 -1
4
7
=1 -2
7
18
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aJ”rb

If {a—b| =|a+b|, then PQ = PS, and triangle PQS is
isosceles.
Since |—b| = |b], QR = SR

= -2 . . P .

PR L QS {the line joining the apex of an isosceles
triangle to the midpoint of the base is
perpendicular to the base}

So, a is perpendicular to b.

0--1 1

s
18 a AB= 1-2 =1{ -1
3—-1 2

line (AB) has equation

-1 1
r= 2 J+A]1 -1 ], AeR
1 2

2
b The line L has direction vector 0 )

1
and (AB) has direction vector -1 3.
2
If 0 is the angle between the lines, then
24+0—-2

- \/22+(_1)2\/I2+(_1)2+22
=0

cosf

6 = 90°
So, the angle between (AB) and L is 90°.

e (f e (2)()
(4

Now b is perpendicular to ¢ — 2a

(8)-(%)-

—6-3+2k=0
2k =9
k=%

2

20 The line has parametric equations z =1, y=2— A,
z=14+2\ A€eR
The plane has parametric equations z = 34+s—t, y = s5+2t,
z=~14+s+4t, s, tcR.
So, the line and the plane meet when

1=3-+s5—1 t=s542 e (1)
2—A=s5+2t A=2—-5—-2t ..(2
14+22 =—-1+s-+4¢ v (3)

Substituting (1) into (2) gives
A=2—5—2(s+2)
A=-35—-2 .. 4

Substituting (1) and (4) into (3) gives
1+2(-35s—2)=—-14+s+4(s+2)
—6s—3="5s+7
11s =—-10
=10
A=-3(-1) -2

1
the point of intersection is (1, 2— &, 1+2 (i))
which is (1, 1, 37).

2
21 a P; has normal vector n; = <1 ), and

1
P, has normal vector ng = ( 0 )

If @ is the acute angle between the planes, then
24+0—1]
V2 T2 12/12 + (-1)2
b
V6v2
6 ~73°

b The Cartesian equation of P, is 2z +y+ 2 =2, and

the Cartesian equation of P> is  —z = 5.

The planes are clearly not parallel.

Letting z=1%t, c=5+1¢

andso 2(5+t)+y+t=2
y=-8-3t
So, the equation of the line of intersection is

5 1
r=| -8 |+t -3 |, teR.
0 1

22 The line has parametric equations ¢ = 14+ X, y = 1+ 2,
z=—A
This line meets the plane 3z + 2y — 2 =1 where
31+N+2(1+20) - (- =1
3+3A+2+424+2=1
8\ =—
5

So, Pis (1—3%, 1+2(-3), —(-3

cosf =

cosf =

e

N N
N’
f
—~
[N
o
5
N=
—

i j Kk
23 bxec=|-1 3 1
0 4 —1
3 1 1 1], |-1 3
_i4 " lo —1IJ+’0 4"‘
— Tioj— 4k
-7 2
(bxc)e2a=1| —1 |e| 2
4 4
— _14-2-16
— 32

24 a Equating z, y, and z values for the two lines gives

44+t=—-14+3s .. (1)
34+2t=1-2s vy (2)
—1-2t=2+s v (3)
Adding (2) and (3) gives
2=3-35
s=1
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Using (2) with s =1,

34+2=1-2
2% =—4
t=-2

Substituting s =1 and ¢t = -2 into (1) gives

4+ (—2) =—143(1) which is consistent.
the lines intersect at the point corresponding to s = 1
and ¢ = —2, and this is the point (2, —1, 3).

b Direction vectors for lines L; and Ly are

1 3
a= ( 2 ) and b = <—2) respectively.
-2 1

If 4 is the acute angle between a and b, then
|a e bj
[a] [b]
_ |3 —4—2]
T VIF4+4/9F4F1
-3
==
1
Vid
0~ 74.5°
the acute angle between L and Ly is about 74.5°.

cosf =

25 a If y=-2x
then |x+ 2y| = |x — 4x|

=]-3x|=3x| =6
X 2y

X+ 2y

Since x and y are perpendicular, x and 2y are perpendicular.
Using Pythagoras’ theorem,

Ix +2y| = 4/ Ix]* + |2y/?

=/ Ix* + 4]y

i

= 4/ IxI* +4(3[x])?

=4/37|x?

[N
5
=3

26

= N\

©-
-

1 0
The plane has 2 direction vectors < -1 ) and ( -1 )
1 2
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1 0 i j k
Hence, n=| -1 } x{ -1 |=|1 -1 1
1 2 0 -1 2
-1 1|, |1 1}, 1 -1
—‘—1 21" |o 2‘”}0 1|k
=(=2+4+1)i-(2-0)j+ (-1 -0)k
=—i—2j—k
1
=—12 is a normal to the plane.
1
1
The line has direction vector | 2 |.
2
An angle ¢ between the normal and the line is given by (see
diagram)
1 1
2o 2| =v1+4+1V1+4+4cosg
1 2
. 7T=+/6V9cos ¢
7
cos¢p=——= and ¢ = 0.309°

Hence the angle between the line and its reflection is

2 X ¢ =~ 0.618°.
93 ~1
.
AB=|0--1|=] 1
=g e b -8
. 13 —2
A(3,~1,5) ' C=(3--1)={ 4
—5—5 -8

C(1,3,-3)

27 B(2,0, —3)

— — — — -~
AB e AC = |AB||AC| cos BAC
2 4+4+64=+1L1F64v4T 16+ 64cosBAC

-~ 70
cosBAC = ——
v/ 66+/84
BAC ~ 19.9°
28 A7
{
5k 5
3j _
2i 2 Y
3

% 2
Diagonal from origin to 2i + 3j + 5k has direction (3 )
5

2
Diagonal from 5k to 2i + 3j has direction < 3 >

-5
If the angle between the diagonals is 6 then

2 2 2 2
3 ]e 3 = 3 3
5 -5 5 -5
= 1/38v38cos
449 —25=38cost
cosf =—32 andso 6~ 108.4°
The acute angle between the diagonals is 71.6°.
Note: This angle may depend on the diagonals you select;

the two other possible angles are 37.9° and 58.2°.

cos @




SOLUTIONS TO TOPIC 5
(STATISTICS AND PROBABILITY) .

1 a Each horse is different, so the horses in the race will not
have the same chance of winning the race. It is therefore
impossible that a given horse will have exactly a 1—10 chance
of winning.

b Unless the outcomes are all equally likely,
_n4
(4) = 2

2 a There are 13 balls in the bucket, so the total number of

ways of selecting 5 balls is (%*).

2 reds can be selected in (Z) ways.

will not hold.

1 blue can be selected in (i‘) ways.

2 blacks can be selected in (g) ways.

The probability of selecting 2 reds, 1 blue, and 2 blacks is
7\ (3) (2

(3)
b Let X be the number of red balls selected.
P(X >1)=1-P(X =0)
7\ (6
_1- )6 g g0
()

8+5+5+6+10+7+2+7+8

3 7
@ 9

x + 56 = 63

z=17

b In order, the scores are 5,5,6,7,7,7,8, 8, 10
the median is 7.

¢ 7 is the most frequently occurring score, so the mode is 7.

d Since the mode, median, and mean are all 7, we expect
the distribution to be approximately symmetrical.

4 a f(x)>0 onagiveninterval [a, b], and f: flx)de =1.

5 a | Events Aand B are mutually exclusive if ANB = @.
In this case AN B contains the numbers 41, 42, 43,
44.
So, the events are not mutually exclusive.
it P(AUB)=P(A)+P(B)—P(ANB)
44 14 4

= To0 + 700 ~ Too
-7
100
b If'the events A and B are independent, P(A4 | B) = P(A4).
If A and B are mutually exclusive, P(A | B) =0 since
if B occurs A cannot occut.
But P(A) # 0. Hence, the events cannot be both
independent and mutually exclusive.

6 a 50 chicks were weighed.

b Afrequency (f)
20 s T T LA

15 e

1 0 RS

-

34 102 | —10.16
38 5 190 | —6.16 189.73
42 14 588 | —2.16 65.32
46 19 874 1.84 64.33
50 8 400 5.84 272.84
54 1 54 9.84 96.83
Total 50 2208 998.72
S fz 2208
= = —— =44.16
mean u ck 20
/ )2
standard deviation o = Z—f(i—-i)
o [998.72
- 50
~ 4.47

The mean weight was about 44.16 g with standard
deviation 4.47 g.

For f(x) to be a probability density function,
2 2 _
fo a(z+2)de =1
af02 (22 +2)dz =1

z° .
al:—?)——i—Qx:l =1

0
a(%—i—él) =1

=%

i POSSX<14) =[], (2 +2)de
3 —g‘ (1}_3 1.4
5[5,
:2_?5(&;—3+2.8—9~§—3—1)
~ 0.401

i P(X>1)= [ 3(2? +2)de

.’.Es 2
_ 3
=3 [?Jr?w]

L
(3+1-1-2)

= 0.65
i fom%(w2+2)dx:%
2—%':%3+2me:%

0
%(%3+2m> :%
ﬂs_‘_gln.Al
20 10 2

m® +6m—10=0
Using technology for m € [0, 2], we find m =~ 1.30.
So, the median ~ 1.30.

i = [ af(z)de

= f02 —2%(1'3 + 2.’L‘)d:l?

4 2
b[5 ]

0
=5 (£+9)
=12

i
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iii E(X?) = [ o? f(x)de
= f2 2 (z* + 22%)dz

0 20
_ 3 & 2,3 ’
-aff ]
230 (352 + 136)
=1.76
Var (X) = 1.76 — 1.2°
=10.32

8 From conditional probability,

P(A | B) = P—-(§(;)B)

But for independent events,
P(A| B) =P(4)
P(AN B) =P(A)P(B)

9 a The random variable is discrete.
I+i4k+5=1
k+5&=1
k=2
¢ E(X)=-2(3)+0(3) +3(55) +5(55) =1 and
Var(X) = (=2)%(3)+0%(5) +3%(FH) +5%(F)-1* = ¥
standard deviation = /3 ~ 2.48

d The distribution table is

;'w o
Slo| eo
:‘,Ir—-— ot

The median lies halfway between 0 and 3, so median = -3-

3 is the most probable outcome, so mode = 3.

10 P(AUB) = P(A) + P(B) — P(AN B)

But A and B are independent, so P(4A N B) = P(A) P(B).

Hence, P(AU B)=P(A)+P(B)—-P(A)P(B)
Let P(A) = 0.63 =z +0.36 — 0.36x
0.27 = 0.64x
z =P(A) ~ 0.422
11 The tree diagram uses: M for male L for left handed

F for female R for right handed

0.13 L
F
%r ey
0.62 M 02 L
0.76 R
a P(L) = (0.38)(0.13) + (0.62)(0.24) ~ 0.198
CP(FNL) _ (0.38)(0.13)
b B(F| L) =~ = gyegs ~ 0249
12 7 =280.9 and Zf=30
Now Z = me, so Y fx=280.9 x 30 = 2427
> f
—2 2
But, 2 = Z(mz_;) f — szff =2
2 Zfo 2
296° = 30 —80.9

Thus Y z?f = 30(296° + 80.9%) ~ 2824824

Mathematics HL - Exam Preparation & Practice Guide (3" edition)

13 a The 7 letters are all different.
there are 7! = 5040 different words.

GITTTT12]
[} 4

3 vowels 2 vowels remain
So, there are 3 x 2 x 5! = 720 ways.

-3

¢ These 3 vowels can be ordered in 3! ways.
Considering the vowels as one block, this block plus the
other 4 can be ordered in 5! ways.
total number of ways = 3! x 5! = 720

14 a The random variable is continuous.

b / sin(3z) dz =1
0
[~2cos(3)] 0 =1
—2cos(%)+2=1
—2cos(§) =1
cos(%) =3
$-%
a=2F  {only valid solution as
sin($z) must remain
non-negative}
%?’E
¢ B(X)= / zsin(3z) dr ~ 1.37

2

Var(X / z sm(2m) dz — B(X)? ~ 0.248

= /Var(X) ~ 0.498

m
d The median m is the solution of / f(z)dz = 1.
0

/ sin(3z) dz = 3
0

L~

[—2cos(%ac)]:)n =1
—2cos (%) +2=1
2 cos (—’g—) =11
cos () = 3
™~ 0.7227
m =~ 1.45
sin(3z) on 0<z < % isamaximumat z =2

the modal value of X is %’r

15 die2 65 4 3 2 1 0
54 3 2 1 0 1
413 2 1 0 1 2
312 1.0 1 2 3
2|11 0 1 2 3 4
10 1 2 3 4 5
1 2 3 4 5 6 diel

There are 6 outcomes where the difference is 3.
As all outcomes are equally possible, the probability of the

difference being 3 is =& = %.
16 P(AUB)=1-PAUB) =1-3 =1
P(AU B) = P(A) + P(B) — P(AN B)

1 =046+ 3 -P(ANB)
P(ANB) =046+ 2 — 1
P(AN B) = 0.258



17 a X is Poisson.
b mean m =12, variance = 12,

standard deviation = +/variance = v/12.

12106_12
10!

d P(X >10)=1— P(X <9)~0.758

¢ P(X =10)= ~ 0.105

18 X ~N(37, 3%).
a X is continuous.
b Since X is continuous the probability of any specified
value is zero, in particular P(X = 27) =0.
Since 27 is more than 3 standard deviations from the mean,

it is also highly unlikely to have a score that would be
measured as 27.

33 — 37 ; :
€ As = \/§ - = —%, 33 is £ standard deviations on the

left of the mean.

d P(X >37)=P(X €37) =1

5 and since 39 > 37,

P(X >39) < 3
e P(X > 39) ~ 0.252
f P(31< X <39)=0.725
g P(IX—37<2)=P(-2< X -37<2)
=P(35 < X < 39)
~ 0.495
h P(X > k) = 0.56
o P(X < k)=044
X—37  k-—37
P < =0.44
( 3 3 ) 0
;. P(Z< k_37) = 0.44
E—3T —0.151

k =~ 37 + 3(—0.151)
k =~ 36.5

19 a Y is binomial.
b n=30 and p= %
mean =np=30x £+ =6
variance = np(1 —p) =30 x £ x £ =4.8
standard deviation = v/4.8 ~ 2.19
¢ P(Y =20)= (3)($)*°(£)"°~3.38x 1078

d To get a score of at least 6+ 2(2.191) ~ 10.4, we need
at least 11 correct answers.
P(Y 211) =1 — P(Y < 10) ~ 0.0256

20 a

In general, the number plates are of the type

Total = (26)% x 9 x 10% = 15818400

b P(first letter is A) = 3
P(second letter is B) =
P(last digit is 0) =

. probability of this number plate = 2= X 7= X 15

_ _1
6760

- gl 8l

10

21

22

23

24

R = right-handed
R B B = blonde
d
U
a+b="T1 b=7l—a
a+c=44 c=44—aqa
a+d=21 d=21—-a
Now a-+b+c+d =100
a+ (71 —a)+ (44 — a) + (21 — a) = 100
136 — 2a = 100
a=18
So, b=53, ¢=26, d=3
R B
3
U
a P(RNB')=+%5 =018
b P(RNB)= <& =0.53
¢ P(RUB)= 18433426 _ 0,97
P(X < 15) = 0.613
P(X_“ < B8 g3
g a
P (Z < L 13) = (0.613
o2
2 ~0.287
g
o~ 6.97
a mean = variance = o> = 9.61
z _—9.61
b P(X =)= 8¢ e,
x!
\ 9.618¢9-61
¢ IPX=8="F—
/2 0.121
i P(X>11)=1-P(X <10)
~1-—0.632
22 (.368
i P(X>13|X>9)
_P(X>13NnX2>09)
- P(X>9)
_1-P(X <12)
T 1-P(X<8)
_1—0.827
~1-0.378
2 0.278
P(X < 24) = 0.035

P(Z < 24——“> = 0.035
ag
E‘i:_/{ ~ —1.812
o

24— p~—18120 ... (1)
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Also, P(X > 33) = 0.262
P(X < 33) = 0.738
33 —
P(Z i ) — 0.738
a
33 —u

=~ 0.6372

ag
33 — = 0.63720
(1) — (2) gives
(24 — p) — (33 — p) ~ —1.8120 — 0.63720
~9 &~ —2.449¢
o =~ 3.67
w24 + 1.812(3.67) =~ 30.7

)

25 The committee can be chosen in (167) ways.
9\ (8
() (s) ~ 0.380

()
b P(at least two of each sex)
_OO+OO+OE) g
()
¢ P(an even number of women)
LD+ GO+ EOO+@O)
()
26 Let X be the number of damaged prawns in the sample.

X is binomial with n =200 and p = 0.03
mean = np = 200 X 0.03 =6

a P(3 men and 3 women) =

standard deviation = 1/np(1 — p)
= /200 X 0.03 x 0.97
~ 2.41
27 a P(X=1)4+P(X=2)=P(X=3)
mle™™  miPe™™  mle™™
1! 20 3l
6m + 3m® = m® {x6e™}
m(m® —3m —6) =0
3+ /9 —4(1)(—6)
m =
2
- 3+£+33
m=——-—
2
So, 771:3—_*_—2—3§ {as m > 0}
b m= 3315—— V33 w4372 s0 X ~Po(4.372).
4,—4.372
i P(X =4)= f'm:'— ~ 0.192
i P(X>2)=1-P(X<1)
~1—0.068
= 0.932

SOLUTIONS TO TOPIC 6 (CALCULUS) v

{since z # 0}

1 a Domain={z|z#0, z € R}
= lim 1
z—0—

lim (E)
z—0— \T
=1

ii Similarly, lim (E> 1,
z—0t \ZT

b i

¢ f(z) is not continuous at = = 0 because f(0) is not

e 1
defined:
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y=3- 27>
3—2(z+h)?—(3—22%)
h
3 —2z% — dgh — 2R — 3 + 22
h
— lim —2h(2z + h)
h—0 h
=i ]lin}) ~2(2z + h)

Y ;
— = lim
dx k=0

= lim
h—0

{as h # 0}
= —4x

b When z=1, y=3-2=1

dy
el SN )
dz

the normal at (1, 1) has gradient §

and

. ; -1
the equation of the normal is Y T = %
z

whichis y—1=

S Ll [
NSNS

T
or y==zxr+

F(z) = /322 + 5z — 2 = (32> + 5z — 2)?
f(z) = (32 + 52 — 2)“% x (6z + 5)
_ 6z + 5
24/322 + bx — 2

2 2zx—
:mezl’:

f(=)

2
U=

is a product with

2_
and v =2

u =2z and v = 2e**78
f/(l') — 2$62m—3 = w2(262z~3)
=22¢® (14 1)

T —z—2

; fl=
fla
f=z

S’
Il

2
3
37 "2 In3 x (20 — 1)

~

cos T

o

= (sinx)e is a product with
p
S

inz and v =e®*®

~ B

! . CO3 X
uw =cosxz and v = —sinze

cos cos .’Z)

f'(z) =cosze +sinz(—sinze

cos T

= ™% (cos z — sin” 1)

/Edm:3ln|m]—|—c
x

Jcos(3z — 2)dx = §sin(3z —2) + ¢

</

o

202 —z—3

dx
31'2

=2z —In|z|—

:2x—ln|m|+§+c
z

y = In(22> + 8)

dy  4r 2z
dz 222 +8 22+4
z+2
213
z+2 and v=2>+3

b y= is a quotient with

U =

w =1 and v =2z



dy _ 1(z% +3) — (z + 2)2z

dz (z2 +3)?
22 4+3-22" -4z
CEE
_ 3—dx— z?
(22 + 3)?
¢ y = arcsin(2z)
. (O S
& G
2
s Er
d y = eone

% = g oy [1(lnm) +x (i)]

{chain and product rule}

=" (Inz +1)
5
¢ [ et
3 3 a?—8
_1
=} [In]o* _8[]
=2 (In17—In1)
=%In17
r—4
7 @) =20

Since f(3) = =, the point of contact is (3, —%)
H(z+2)— (z—4)1
(z+2)?

6
F'3) =2
the tangent has equation
6z — 25y = 6(3) — 25(—1%)
6z — 25y = 23

Now f'(z) = {quotient rule}

8 a The curves meet where
z(x +4)(x —4) =9z
z(z® — 16) = 9z

z(z® —25) =0
z(z+5)(z—5)=0
z=0o0r &5

the curves meet at (—5, —45), (0, 0), and (5, 45).

b i AreaA:/O(w($+4)(w—4)—9m)dz
-5

5

ii AreaB:/ 9z —z(z + 4)(z — 4)) dz
0

iil Area A + Area B

= / |z(z + 4)(x — 4) — 9z| dx

-5

Il

9 fsin2 3z dx f (% - %Cosfi:n) dz

— 1y 1(lyg

=3¢ — 5(g)sinbz +c
ol 1y

=35z — 75sinbz +c

3 .
10 a y=55:39:2
dy -3
-~ = —6
dx N
d%y _, 18
G 8T =

b y =z sin3z
% = 2zsin 3z + 2°(3cos3x) {product rule}
= 2z sin 3¢ + 3¢” cos 3z
d*y .
——5 = 2sin3x + 22(3 cos 3z) + 6z cos 3z
dx
+ 3z°(—3sin 3z)
= 12z cos 3z + (2 — 92°) sin 3z

z
1 ———dz =1
/0 Va2 +4
& .
%/ (z* —)—4)A%(2a:) de =1
0
k
2 1 -
2 0
k
[\/1’2 + 4} =1
0
VE2+4-2=1
VE2+4=3
E+4=9
K =5
E=+V5
But k>0, so k=+/5.
12 For f:rln:cda: we integrate u=Inz v ==z
by parts with: , 1 22
u = — V= —
T 2
2 2
x 1 T
/a:lna:dw = (lnz) (—2—> s / (;) (3) dx
=1s’Ing - i fzde
= %mQInm - iwz +c
13 y=a>—2z—4
dy
a =2z —2
When ¢ = —1, y=(-1)*—2(-1) —4
=-1
dy
—= =2(-1)-2
and = 2(-1)
=—4
So, the normal has gradient %.
Thus, the equation of the normal is
z— 4y = (—1) —4(-1)
z—4y =3
i
4 =
oa f(o)= 5
f(z) is undefined when z* —2 =0
z=+v2
roy Uz®—2) —z(2)
b .f (.’E) - (xz _ 2)2
_ —(z® +2)
T @ -2
f'(z) < 0 forall z for which f'(z) is defined, so
f(z) is never increasing.
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/ —z? -2
< f($)=(xz—_2*)5
—2z(z? —2)% — (=z* — 2) [2(z* — 2)(2
fr(y = 202 <(m2w_2)4>[ (22 - 2)(20)]
—2z(z% — 2) [(m2—2)—|—2(—x2—2)]
B @ =27
_ 2e(2*+6)
BEERE
= + | = +

— > T
/2 0 ve)
f(x) is concave down for z < —/2 and

0<z<V2.

15 v =13 — 3t2e00%

the distance travelled in the first 5 seconds

s
:/ |v| dt
0

5
= / |t3 — 32" dt ~ 28.2 units  {using technology}
0

-

16 a y=ze
L}
dz

=1xe " +z(—e

=e “(1—x)

there is a stationary point when = = 1.

*)  {product rule}

When z=1, y=1le™* =

there is a local maximum at (1, %)

z—3
>  v=my
% = 1" _(2 : (52)72_ 22 {quotient rule}
_ —a®+6z—5
@ =57
_ —(e-1)(z—5)
<a:2 ~ 5

4\_ _
\f\_/ f/ 5

When z -1, y==2 =1
When z=5, y=% = &

there is a local minimum at (1, 1)

and a local maximum at (5, 55).

17 /tan22wdw=/(sec22m—1) dx

:%tszm—m—i—c

18 Let f(z)=2"+22+1
f(-1) = (1) +2(-1) +1
=-2
Now f'(z) = 3z° +2
Fi(=1)=3(-1)"+2
=5
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the tangent at (—1, —2) has gradient 5, and its equation is
bx —y =5(—1) — (—
fr—y=-3 or y=5x+3
Now y=5x+3 meets y =2z +2x+1 where
2®+22+1=5z+3
2 —3z-2=0
The tangent touches the curve at z = —1, so (z+1)* isa
factor of this cubic.
(z+1)>3*@z—-2)=0
z=-1or2
When z=2, y=2>+2(2)+1=13

So, the tangent meets the curve again at (2, 13).

19 a y=az’+bz+c

dy
dx
. a(z+h)?+b(z+h)+c— (az? + bz +c)
= lim
h—0 h
- lim af® + 2azh + ah® +br + bh +e— ai® —bx — e
T RS0 h
. h(2az + ah +b)
= lim —~——
h—0 h

= illin}) (2az + ah +b) {since h # 0}

=2azx+b
b At the vertex of the quadratic, the gradient is O
202 +b=0
=
T 2a
20 Y

Y=COST

A

Let  be the z-coordinate of C.
Then C has coordinates (z, cos ).
So rectangle ABCD has area A = 2z cosz
A’ =2cosz + 2z(—~sinz) {product rule}
A’ =0 when 2zsinz =2cosz
. ztanz =1
z ~ 0.860 {technology}

C has coordinates (0.860, 0.652)

21 y=8z—z>==z(8—=z) cuts the z-axis at 0 and 8

8
area = / (Sm — m2) dx
0

-[¥-1]

2 3],
= (256 — 32) -0
= 236 lll’llts2

22




23

24

25

b v(t) =12 —9¢°
=3(4 -3t
= 3(2+tV3)(2 — tV3)

which has sign diagram

A\
o~

a(t) = —18t
which has sign diagram =

0
i Speed is decreasing when wv(t) and a(t) have the
opposite sign.
speed is decreasing for 0 <t < %
il Velocity is decreasing when v'(¢) < 0
Since v'(t) =a(t) <0 forall t=0
is decreasing for ¢ > 0.

, the velocity

For [arctanzdz we integrate by parts with:

u=arctanz v =1
i 1

- farctanmda:

= garctanx — z dx
1+ 22

2z
T arctanx 2/1+$2

= garctanz — %lnll-l—:vz] +c

= parctanz — 1 In(142°) + ¢ {since 1+2” > 0}

a f@)=2*-32> -9z +5
f(z)=32"—6z—9
=3(z+1)(z - 3)
which has sign diagram + _ 4+
-l 1
b 3 ‘
So, f(z) is increasing for z < —1 and = > 3.
b fi(z) =3z -6z —9
f'(x) =6z —6
=6(z~1)
which has sign diagram _ +
) :II_ —
So, f(z) is concave up for z > 1.
2
Ly V= 7r/ v dz
0
e, 2
S = / (z® — 22)% dz
- ‘ 0
2 z 2
:ﬂ'/ ot —42® + 42* da
y=12%—2z 0
I I T T
=n(2 - 16+ 32)
= 187 ynits®

4
=/ (x+4)~%da:
0

4
(z+ 4)%
= —r—
2 0
N E
=2v8 - 2V4
=4v2 -4
27 a m2—$y2+y:21
d o d d
@) — @y y?) + —(y) Gl
20 — [y2+z(2 %)} +@=0
d—y(l —y) =1° - 2
d_y . y? — 2
dz =~ 1-2xy
b e¥sin2z =1
d oy _d
%(e sin2z) = d:z;(l)
e sin 2z +e¥(2cos2z) =0
dy _ —2eYcos2xz
dz =~ e¥sin2x
= —2cot 2z
28 a [aze = dg = -1 f(—Za:)e 7 dx

-3
—
ot
8
Q
8
I
-
—_—
o
B8
=3
ot
&
8

S5 te
J@+1)%de = [2°+ 3z +32% + 1dz
= 1m7+%w5+m3+a¢+c

[}

29 [F sinwde = 0.42
[ cos m]g =042
—cosk +cos0 = 0.42
cosk = 0.58
k0952 {0<k<m}

30 K =1imv®
Differentiating with respect to ¢ gives

[ om0 )]

dt dt dt
50000 = £ (—10'02 + 2mu ‘;—:)
Particular case: When m = 4000, v = 8:

50000 = (—10(64) +2(4000)(8) Z—:)
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100000 = —640 + 64 000 %%

dv
100 6;10 = 64000 Fn
v
5 1.57

So, the velocity is increasing at 1.57 kms™2.

31 y=2%—3z meets y =1z where

22— 3z=z —
2 y=u>—3z
- —4x =0
z(x—4)=0
rz=0o0r4

area = /04 (2 — (2 — 30)) do = /04 (42— %) do

32

y=lz—1]

]Y

f03|x~1|d:c:fol(l—x)dw+f13(m_1)dx
O R

(- 4x 1) - (0-3x07)

P (X3 —3) = (Bx12—1)

wlot

33

A D

45°

B

Let A and B be the distances travelled by the 28 kmh™* and
the 32 kmh™! roadrunners respectively.

D? = A% + B> — 2AB cos 45°
D* =A%+ B* - V2AB
Differentiating with respect to ¢ gives

dD dA dB dA dB
205 =242 425 - V2 (EB z Aﬁ)
2D% = 2A(28) + 23(32) — V2(28B + 324)

Particular case:
After 15 minutes or + hour A =7 and B =38, and so

D* =7 48 —v2(7)(8)

D =+/113 — 56v2 ~ 5.814
2(5.814)%7- = 56(7) + 64(8) — V2[28(8) + 32(7)]
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11.628 % = 904 — 4482

dD
— =~ 23.
dt 3.3

So, the distance between the roadrunners is increasing at a rate
of 23.3 kmh™".

34 a —c_ld; (In |secz + tanz|)

1 d
=————— x —(secz + tanzx)
secz +tanz dz

secxtanz 4+ sec? z
secz +tanx

sec z(tan z + sec x)
secz + tanx

=8ecx

fsecxda: =lInisecz +tanz|+ ¢

b fsecawdx: fsec2acsecmdo:
Let u=-secz v =sec’z

u =secztanz v=tanz

o [seczdz
:secmtanw—fsecmtanmtanwdx

sin?
=secxtanzx — = dx
cosd x

1-—cos’x
=secxrtanx — _de
cos3 x

1 i §
—=secxtanx — — dz

cos3x cosz

=gsecrtans — fsec3mdm+fsecxdx

=secztanz — [ sec’ zdx + In [secz + tan z|

{using a}
o [sec’z = § (secxtanz +Injsec + tanz|) + ¢

35 The bin has capacity 500 litres

= 500000 mL T
7r2h = 500 000 hcm
h— 500 0200 l
nr
Surface area A = 2nrh -+ 7r° o™

T2

- <500 000) g

= 10000007 + 72

dA _ 1000000 .,

dr r2
ﬁ =0 when 27r = I—O(—)M
dr r2

277r% = 1000 000

r=4 1000000 54.2
27
500000

So, the surface area of the bin is minimised when the bin has a
base radius and height of 54.2 cm.




36 Let u=3zx—4

w—u+4 and d—u—
-3 dz ~

a3z —dds =3 U+4\/§(3)dm

=3 [ ((u+ /) du
f(u% +4u%)du

3.

e=118

:%(%u2+ u2)+c
2 5 K3
=20Bz—-4)2+ 5Bz —4)? +c
z+2 A B
37 =
(z—1)(z+3) :c—1+x+3
_Alz+3)+B(z-1)
(x —1)(z+3)
_(A+B)z+34-B
T (z—-1(z+3)
A+B=1 .. ()
SA—B=2 ..(2
From (1), B=1—-A
Substituting into (2), 34— (1—A) =2
4A =3
A=
B=1
T+ 2 . % " %
(z—1(z+3) z—-1 =z+3
42 _ % i
b /(w—l)(w+3)dw—/(m-1+x—i—3 dz
=3mn|z— 1|+ fInjz+3|+c
38

39 Let z =2sin6, so dx = 2cosfdf
When z=1, =%

When z=+v3, =3

/ _ 2cosf a8
z 4 — 4sm29

peioy
3

2cos@
= 2cos@
6

Il Il
&

|
ol

oy Wl

40 [ztan’zdz = [z(sec’ z — 1) da
= [zsec’z —zdx

= —2—+f:csec rdx

We integrate by parts with u =z
u =1 v=tanz

’
v = SeC2 xZ

2
fxtaandx = T:E +wtana:fftanmda:

— 2 — M
_»ic_ﬂtanﬁ/ﬂdx
2 coS T

2

% + ztanz + In|cosz| + ¢

a 2
41 ——de =2
, Tl

¢ 32
/0 P12 =6

infe? +1[]2 =6
1n}a3—|—1|—1n1:6

ln’a3+1|:6
d+1=¢ {a>0}

3 6
" =e —1

a= el -1
K2 a Let u=1+4cosz, @=—sinm.
dx

sinz . 2 _d_u)
(1 + cosz)? dm—/u ( dz de

Il
|
+
)

[ sinz i
" Jr (1+cosz)?
3

_[ il ]2—3’5
" [1+cosz T

o 3 . 2 P
s T S T ST
43 —dr= | T d
Ccos” T Ccos“ I

=f(1—coszm)sinm iz

cos? x

= / ([cos z] %sinz — sin a:) dx
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du .
Let u =cosx, — = —sinz.
dx

sin® z _9 du
/COS% de = /u (—EE) dr —(—cosz) +c¢

st
= By +cosz + ¢

1
=—4cosz+c
U

=secx +CcosT + ¢

1
" na iy E(wr") —Inz(2z)
L R e
_rz—2zlhhg
=T
_1-2Inz
= e
2) 2% — (1 - 2Inz)322
a2y o ( nz)3z
dz2 #0
. —22%2 3z + 6% Inz
= =
__ —5+6Inz
I
2
i_y_:() when —5+6lnz=20
dz?
6lnz =5
Inz =2
5
T =eb
f"(x) has sign diagram: = — o+ "
0 e?
There is a point of inflection at (e%, 55 )
6es
45 a Let y:m%, SO lnyzllnle—n—%
z T
L Inz(1
ldy _ (;)m* nz(1) _1-Inz
ydr x? T z2
dy 1—Inz\ 1
dz ( 2 )a:
; ; . dy
b A stationary point exists when %= = 0
7
Inz=1 . ==
When z =e, y:e%
(e, e%) is a stationary point.
46 We integrate by parts with w=2> o =sinz
uw =2z V= —COST
fa:2 sinzdr = —z° cosz ~f—2wcosa:d3:

2
=—z"cosz+2 [zcoswd

. . ’
- We now integrate by parts with—w=2%— v = cesz

w=1 v =sinx
. 2 . .
fz2s1n:vda: = —x cosx + 2 (msmm—fsmacdm)
= —x® cosz + 2wsinz — 2(—cosx) + ¢

2 ;
= —z"cosx+ 2zsinx 4+ 2cosx + ¢
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1—2z
47 ———dz
V1 —x2
1 —2z
= | ——de+ | ——dzr
/\/1—:1:2 /\/l—zc2
= arcsinz + —Lﬂdm
- Vu dx
d
{where u=1-z? £=—2$}
:arcsinx+fu_% du
1
; uz
=arcsinz + —5— +¢
2
=arcsinz +2y/1 — 22 +¢

48 f(x) = 2ze” — 6e” — 32> + 122 4 5
f(z) = 2" + 22" — 6" — 62+ 12
=¢e"(20 —4) — 6z + 12
=2¢"(z —2) —6(z — 2)
— 2(z — 2) (¢* - 3)
f(x)=0 when =2 or ¢ =3
=2 or In3
v =1

49 We integrate by parts with v = arccosx

' -1
U = —— v==x

Wi

farccos rdr = f 1 arccos z dx

-
= zarccosx — | ——— dx
V1 —z?

Let w=1-—2? d_w
dx

: farccosxdm = L arccosr — L (ld—w> dx
" B Vw \? dz

_L
:marccosm—%fw 2 dw

=2z

= Z arccos s — %(Zw%) +c

=zarccosz —\/1—z?+c

50 Let u=1+cosz, d—Z—:—sinm

When z=0, u=2. When z =%

22

Z : z
_Smr dr = l <—@) dx
o Ll+cosz 0 U dx

u=1.

= [1n|ul]i
=n2-Inl
=In2

51

120%4
z dt

By the cosine rule,
13% = 2% 4+ ¢? — 22y cos(120°)
169 = 22 + % + zy



dx dy  dz dy
95 2E 4.5y LU 4 B8 A
il A

Goty) Dt (@ r2y) L=o
Particular case: =T
169 = 72 + 4% + Ty
oy Ty —120=0
(y—8)(y+15)=0

y=28 or —15
y=8 {y>0}
dy dy
22(2) + 23 = =10 and so == -2
at that instant, the ladder is moving down the wall at
%% msec™ .
d 1
52 Let uw = arctanz, —J;—L = -].-I-—acz
arctan x du
v
2

= ~%—(a‘rctaﬂn:c)z +c

53 Let z =2siné, %:2@50.
. f\/4—a:2dm
:f\/4—4sin292c050d9

= f2 1 —sin?#2coshdf

:4fc0529d9

:4](%+%c0520)d9 2 "
:4(%9+%sin20) +c .
=26 +sin20 +c¢ 422

=20+ 2sinfcosf + ¢

= 2 arcsin (%) +2 (g) <__42;m2> +c

= 2arcsin (g) -l—%a: 4—z2+¢

SOLUTIONS TO EXAMINATION PRACTICE SET 1

1 a ZS:(2r+2’"):(2+2)+(4+4)+(6+8):26

r=1
b > (2r+27)
r=1
=24+2' 4442 +6+22 4842+ ..+ 2m+ 2"
=(24+44+6+8+..+2n)+(2+2°+2* + ...+ 27

2(2" — 1)

n
= $@+2n)  + T

N——
arithmetic sum

=n(n+1)+2(2" — 1)

geometric sum

2 log, V72 = loga(2332)%

L)
=log,(2"3")
= 3 log, 2 + log, 3
:%b—l—c

5
3 / ((:052 z + tan® :c) dz

5 1,1 2
= (5 + 5 cos(2z) +sec” z — 1) dz

= (4 cos(2z) +sec’ z — }) da

[
= [% sin(2z) + tanz — %w]i
6
zism(%’T +tan(1’§)—£—%sm(—§- —tan(%)-l—%

b The reflection z = 3 — y® is not a function since, for
some values of z, there are two corresponding values of y.

For example, when =0, y = —+/3 or v/3. Therefore,
the reflection is not the inverse of y = f(z).

¢ For the function y = —z? +3, z < 0, the inverse
function is z= ——y2 +3, y<0
2
=3—z
L y=-Vv3—=z {since y < 0}

Y

5 f(z)=22°—2>—-8x—5
f(=1) =0 hence (z+1) is a factor.
22° — 22 — 8z — 5 = (x4 1)(22% + az — 5)
—1=2+4a
a=-3

Equating coefficients of z2,

So, 22°—2°—-8z—5
= (x+1)(22° — 3z —5)
= (z+1)(z+1)(2z - 5)
= (z +1)*(2z — 5)
Flz)>0 if 22-5>0, z#—1
{since (z+1)>>0 forall z# —1}
f(z)>0 if > 3.

ng =28 _ V3
sinf = == =
9g==
3
3cm
Area = 17720 — 1r%sin(26)
=1xs (%”—sin%’l)
=8(% - ) e’
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P By the sine rule:

sin o ﬂ
3cm 7cm _7 3
sina _ 5
7 — 14
Qa o R sina:%x?:—z‘@
o = 60° or 120°
3cos20 +2="Tsinb
3(1 —2sin’#) + 2 — 7sinf =0
3—6sin”f+2—7sinf =0
6sin® 0 + 7sinf —5 =0
(2sin@ — 1)(3sinf +5) =0
sin =% or -3
But —1 <sinf <1 for all 6.
sin():%
9 Let arcsin (%) =a and arccos (%) =b
sina = % and cosbh = %

cosa = % and

Now cos (arcsin % + arccos %)
= cos(a -+ b)

= cosacosb—sinasinb
—42_3yV5
=3X375%X"3

8 —3v5
15

— — — =
10 OX is perpendicular to OY if OXeOY =0

3 H
2 Je|[ 1-3u ] =0
1 2u—1

3u® +2(1—-3u)+(2u—1)=0
3> —4dpu+1=0

s Bu—1)(p-1)=0

p=3 or p=1

Let u=2+2

z? d
—dz
vz +2
du

— = Y
and z=u—2 Vu  dz

2
- 4
u2

:fu% — 4y’ +4u‘% du

5 3 1
u? 42 42
=5 ——3 t-—T1T *tc
2 2

2
:g(:c—{—Z)%—%(:c+2)%+8\/w+2~l—c

12 Let P(z) = 2" +az” — 6.

Using the remainder theorem,
Pl)=-3 = 14+a—-6=-3
a=2

13

14

AABC and ABD are equilateral

Thus, total arca = 2 x shaded area

Also P(-3) = —15
(=3)* +2(—3)2 —6=—15
(=3)"+2x9—-6=-15
oo (=3)"=-27 andso n=3
P(z)=2*+422° -6

b
z+c
f has a vertical asymptote z = —2, so c=2.
f also has a horizontal asymptote y = 3. As z becomes
large, f tends to 3. So, a = 3.

a f:z—a+

Since the graph passes through (2,4), 4=a+ 2—11)-c
b
4= -
3+4
4
So, f:x+—3+ and a=3, b=4, c—2.
z+2

b Domainof fis z € R, z # —2.

Range of fis y € R, y # 3.

¢ fis y=3+$i2 so f71 s x=3+§%
4
:c——3=m
B y+2:gci3
F ) = = -

Domainof f~' is z € R, = #3.
Range of f~! is y€R, y # —2.

[ 310~z dz = 38
flk (10 — a:)é' de =8

[_1_(10—:(:)%]'“

|

|8

(10 — k)% — 27 = —19

s 10—k =8
10-k=8% =4
k=6
c
D

CBD = 120° = 2£°

Area of segment = 2(r’0 — r° sin )

. 2 .
required area = 76 — r” sin 6

— 6" (3 s (%)

- (3-(4)

= 247 — 184/3 cm?



16 y=ka®—3z+ (k+2) cuts the z-axis in two distinct points
if A>0.
Now A=9-4k(k+2)

=9—4k> — 8k
= — (4k” + 8k — 9)
—84+./64 —4(4)(—=9) —8+ /208
So, A=0 if k= . W9 _ 8i8 208

=-1+3Vv13

Thus A has sign diagram:
+

< »

- e
-1-3v13  -1+3/13
So, it cuts the z-axis in two distinct points if
-1-3VI3<k<-1+1V13, k#0.

17 Since 1—92i isazeroof 22°—922+202—25, 1+2i is
also a zero.
These two zeros have a sum of 2 and a product of 1+4 =25
and so come from the quadratic factor z° — 2z + 5.
Thus, 22% —92% 420z — 25 = (2® — 22+ 5)(22 — )
the other zeros are z =3 and z =1+ 2i.

18 Writing the system of equations in augmented matrix form

(2 -2 k|0
0 4]0
Lk 1 1/0
1 0 4|07 Ri— Rz
~[2 -2 k}|0} Re— R
Lk 1 1|0
] 4 07
~ 10 -2 k—8 |0} Rp > Rs—2R1
_0 1 1—-4k 0_ Rs—-)Rs—kR1
(1 0 4 07
~ |0 1 1—4k|0| R2— R3
L0 -2 k-8 |0] Rs— Rs
1 0 4 07
~10 1 1—-4k |0
|0 0 -7Tk—6{0] R3 — R3+2R>

and this has a non-zero solution if
~Tk—6=0 or k=-%

19 a sin(A+ B)=sinAcosB+cosAsinB
sin(4A — B) = sin Acos B — cos Asin B
sin(4 + B) +sin(A — B) = 2sin Acos B
b f(z) =sin5z cos 2z

= 2(2sin5z cos 2z)
= 3(sin7z + sin 3z)
% sin 7z + % sin 3z
4 2r _ 6w : 2r __ l4n
period £ = 2% period = = 5F
: 6r 127 18 24w
sinTz repeats after T, 5T, 57 S5
sin3z repeats after 1iT, 2z A2
LCM of 6 and 14 is 42 period = 22X = 2r

¢ [ sin 5z cos 2z dz
= [ (% sin7z + % Sin3$) dzx
= 3(3) (—cosT2) + 3 (5) (—cos3z) +¢

= =l — 1
= —35¢087T — gcos3z + ¢

el

d / sin 5z cos 2z dx
0
1

z
_[_1 _ 3
—-[ 17 cos 7z 60053:10]0

. Imy _ 1 1 1
= 14cos(3) s cosm + 77 cos0+ 3 cosO

=k kg og X
=-mtstuts

20

5cm

@ is decreasing
atthis instant

a9 _ —lrev —2m°
dt ~ 10ms  10ms
PAB = £ {angle at centre theorem}

]
2

A= L(AP)(PB)
1

A=1[10cos (8)] [10sin ()]
A = 50sin (£) cos (£)

1
_55

. A=25sin6
dA de
F 25cos 6 pr

Particular case:

f = = 2n
When $=3%, 0=2%

%é — 25 cos () (-1) = -5 (1) =25

at this instant the area is increasing at 2.5 cm® per second.

21 Let xz =sinu, = Ccosu

dr
du

1 i
3 5
/ l—mzdac-——/ v/1 —sin®u cosudu
0 0

o3

cos® u du

(% + %cos2u) du

e
+
ST
w
2
o
e
i
© ol

)—0-0

=

A

=] A
—_ =
e

i
ShoBR OB TE S~ S~
op

+ 4+ o+
o EN

22 Y

@«

-« D C >
—a 4 o
\j
a Area, A=2a+/1~-a? A? =4a2(1—a2)
= 4a? — 4a*

dA 3 dA _ 8a(l—2d°)
dA _ 4a(l+ V2a)(1 — v/2a)
dt A
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a4 has sign diagram:
dt +

But a > 0, so we consider the local maximum at a =

L. when the area is a maximum.

)—\/_,/ _1un1t

ADie?2

a =

ﬁ.l

< Amax_2><

23 The possible outcomes
when two dice are rolled
are shown on the grid:

There are 5 outcomes
where a 4 is scored.

e AR I S &

Assuming fair dice are
used, the probability of

this occurence is 2. 12345 6.'
Dicl

36

24 By the sine rule,
sin20  sind
a b
2sinfcosf  sinf
a T b
a
=— .. (1
cosf 5 (1)
By the cosine rule,
b’ = a® + 2% — 2(a)(2) cos §

b’ =a® +4—4a (%) {using (1)}

2a2
¥=a?+4- =2
a” + b

b = a®b + 4b — 242

b* —4b=a*(b—2)

b(b® —4) =a’(b-2)
b(b+ 2)(b— )—a b-2)
bb+2) = {p.v. b#2}
a = +/b(b+2)

In the special case when b =2 o\ 9
the triangle is isosceles and
040426 = 180° 20

0 = 45° and 26 = 90° 0

the triangle is right angled.
In this case, a® =22 +22 =8=2x (2+2)

So, again we find a = 1/b(b+ 2).

s

T Y
25 / tan” o dx + / tan™ ? z dz
0 0
Y
= / [tanz]”
0
% 2
= / [tanz]™~
0

_ [[tanm]"l] g
n—1 5

“2(tan’ z + 1) dz

sec? z dx

L TN L,
RN

S

SOLUTIONS TO EXAMINATION PRACTICE SET 2

1 a 2<r<1 sothe series converges.
uz=u1r =6 and S =49

U1
=4
1—17r 2
6
g 1—
- 49( )
6 = 49r — 497>

49r% —49r +6 =0
(7r —1)(7r —6) =10

But l<7"<1
b uir==6 so w1 (7)_-6 and hence u; = T.

-, n—1
So, Up=wr"t=7 (g) .

With no restrictions, there are 8! = 40320 different

orderings.

b The mathematics books can be in one block in 3! ways.
This block plus the other 5 blocks can be ordered in 6!
ways.

total number is 3!6! = 4320 ways.

¢ EINNENEEE

L —

4
3 Ma books other 6 books other 2 Ma books
there are 3 x 2 x 6! = 4320 ways.

3 a

Perimeter
lem

=2r+1
—2><7—|—7(53><
=~ 20.5 cm

180)

b Area
= %r29
2 % 7% x (53 x
A 22.7 em®

180)

4 F 2, 1)? (9 2v0—r (1\7
or {2z°+ =), Try1=(.)(2z") =
z z

So,ifwelet r=6, Tr=

So, the constant term is (2)

4+
2, _ .
5 zy=44+2 = y= o

providing « # 0

and y =€ — 3z + 1 is shown.

The graph of y = 4;93

=— ((tan %)n_l — (tanO)"_1>
=L -y
-

n—1
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10

1

12

arccos(sin3z + cos2z) is defined where
—1<sin3x + cos2z < 1.

The graph of y = sin 3z + cos 2z

technology:

is obtained using

4 y=sin 3z 4 cos 2z

1.16 1.98,

— Y0.709 243 \\/\/ 27 T

\J

z=0, 0.709< 2z <
<z <2

1.16, 1.98 < = < 2.43,

L, late P(Raining | Late)
4 clear % ontime _ P(Raining N Late)
P(Late)
3, lat
% rain <5’ ae _ % X %
2~ on time Cixilxd
]
19
X ~B(7,p)
If P(X =4)=0.25 then (7)p*(1—p)*=0.25
Using technology p ~ 0.464 or 0.674
Since the vectors are perpendicular
(AM+j—Ak)e(3i—4j+k)=0
3A-4—-2=0 or A=2

The vector 2i + j — 2k has length /22 +12422=3

A vector of unit length parallel to 2i + j — 2k

is Zi+ 3j- 2k

We assume the number of students in the school is large enough
to use the Binomial distribution.

If X is the number of students who travel by bike, then

X~B(T.2) ad P(X=4)= ()2 Q@]
=~ 0.0850
Let X be the number of fish not suitable for sale in 20 chosen

from the box. As these are selected from a box of 1000 (a large
number), we assume that X ~ B(20, 0.037).

a If all are suitable for sale, then X = 0.

P(X =0) = (%) (0.037)°(0.963)*°
=~ 0.470
b P(X =1)= (%) (0.037)(0.963)"°
~ 0.362

For (az + 3)%, ( ) azx)®~"3" = (5) R

i

Trgr = (
the coefficient of z* is ( ) a3t
( ) (aaz)7 r3r — (7) a7—r3rm7—7’

»

For (az +3)", Tr41=

the coefficient of z° is (2) a®32.

Thus (i’) a*3t = (;) a®3% and so 15a* = 21 x 9a°

15
0 = _—__5.
8 er0 o=ggT
a (gof)(4)=g(f(4) b g & o= B
:g(@l—_g) g tis given by x = 3y
— 7 (%) ggl(m) = %
=3(3)
=1 ¢ Domainof g7 is z € R.

14 f(@) =az®+b2® +cx+d
f(z) = 3az® + 2bx + c
Now f(0)=1, f(o=0
f(=2)=- f(=2)=0
Using f(0) =1 we have d=1.
Using f'(0) =0 we have 3a(0) + 2b(0) + ¢ =0.
So, c=0, d=1

f(—2)=— a(—8) +b(4) +0(—2) +1= -2
—8a+4b+1=-2
—~8a+4b=-3 .. (1)
f'(-2)=0 3a(4) +2b(—2)+0=10
120 —4b=10
b=3a .. (2)
Substituting (2) into (1), —8a+ 12a = —3
4a = -3
a=-32 andso b=—2
Thus a=-32, b=-%, ¢=0, d=1.

15 a Let X be the measured speed of a car travelling at
60 kmh ™",
The error in reading the speed is £ = X — 60.
So, X =60+ E.

b Since E ~N(0,0%) X ~ N(60, 0°)
P(X > 65) = 0.01
(Xg 65) = 0.99
P(x‘*—e.og 60>=0'99
g o2
5
P(zg—)zo.gg
oa
S 233
g
o~ 215
16 Since a+b-+4+c¢=10

ax(a+b+c)=0
axb+axe=0 {since axa=0}
axb=—(axc) .. (1)
Also (a+b+c)xe=0
axc+bxce=0 {since ¢cxc=20}
bxe=—(axe¢) .. (2

From (1) and (2), axb=bxc¢

4 0
Ei+_pi_ =15
4 2 E

p4+2p2:15

L pt+2p°—15=0
(P* +5)(p" ~3)=0
. p?=-5or 3
But p is real and positive, so p = V3.

18 (fog)(z)=flg(x)) =fBz—2) =z +2 {given}

and f(9z —8) = f(3(3z —2) — 2)
= f(3y —2) {letting y =3z — 2}
:y+2
=3z

Mathematics HL — Exam Preparation & Practice Guide (3 edition)



19 Let X be the diameter of a disc, then X ~ N(73, 1.1%)
Hence, P(X > 75) ~ 0.0345.

20 P(AUB)=P(4) + P(B) — P(AN B)
Since A and B are independent P(A N B) = P(A) x P(B)
Hence, letting P(B) =p, 0.75=0.35+p — 0.35p

So, 0.65p = 0.40
40 _ 8

- P=% T 13

21 Let X be the number of blonde children. Then X ~ B(5, 1).
a EX)=np=5x4=2
Expected number of blonde children is %
b P(X=3) <

=(5)H ¢

7 0.0214

P(X > 3)
=1-P(X <3)
~1—0.99816
~ 0.001 84

a Area=

R |
/Om

dr = [arcsm (—;}-”
3)

— arcsin(0)

il

units?
o
b Volume:ﬂ'/ i
5 4—x
~ 0.863 units®
For the exact value
1 A 4 B
4—22 24z 2-z
A2—-2)+B(2+4+z)=1
If =2, 4B=1 B=
If =-2, 4A=1 A

1 1 1
=2 4 4 d
volume 77/0 <m+2+2—x> T

irlnlz + 2/~ 1n|2 ~ ||
Z(In3—-In1—-In2+mn2)

7in3

dx

{using technology}

let

S

=

units®

i+ +14+14+ rty=1
S+y=1
y=7
b  EX)
=1x24+2x3+3x S +4x L +5xF+6x1
=5(4+4+9+44+10+12)

_ 43
— 14
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Var(X)
= E(X?) ~ (B(X))’
PR +2(3)+3° () + (@) +5° () +6°(3)

)+
- (%)

¢ If the die is tossed many times we expect the mean value

629

w1th standard deviation of 156"

of the tosses to be
a cos(A + B) — cos(A — B)
= cos Acos B —sin Asin B
— (cos A cos B + sin Asin B)
= —2sin Asin B

b P,is “sinz+sindz +sinbz +.... +sin(2n — 1)z,
2
-S-m—nwﬁ” forall neZ".

Proof: (By the principle of mathematical induction)

(1) If n=1, LHS =sinz

Py is true.
(2) If Py is true then
sinz + sin 3z + sinbz + .... + sin(2k — 1)z

_ sin? kx

" sinz

sinz + sin3z + .... + sin(2k — 1)z

+sin(2k + 1)z
- B8 by +sin(2k + 1)z
sinx
_ sin® kz +sin(2k + D)z sinz
N sinz
_ sin® kz + (—3) [cos(2k + 2)z — cos 2kz]
N sinz
_ sin® kz — § cos2(k + 1)z +  cos 2kz
sinx

_ 1 — 1 cos2kx — % cos2(k + 1)z + § cos 2kz
- sinz
_ i+ —Lcos2(k+ 1)z
N sinz

-2

sin®(k + 1)z . 2 i i
= =32 —2cos20

prpn {sin 5 — 5 cos20}

Thus Pr41 is true whenever Py is true and P; is true.

P, istrue forall n e Z™ .
{Principle of mathematical induction}

-2 -1
— —
a AB= 0 ], AC={ -3 {, and
1 3
i j k
— —
ABxXxAC=;-2 0 1
-1 -3 3

=(0+3)i—(=6+1)j+

3
=3i+5j+6k or (5)
6

b 1 By definition, A and B lie on the plane ABC.
For A(3,0,2), 2(3)—1(0) +4(2) = 14
so A lies on the plane 2z —y + 4z = 14.

(6)k



Similarly for B(1, 0, 3), 2(1) — 1(0) +4(3) = 14, 3 A tree diagram shows shopl  shop2

so B lies on the plane 2z —y + 4z = 14. the situation. 1
So A and B lie on both planes. Thus A and B are <6: L % L
points on the river. E N <
—92 5™ N
- = . . - 6
ii AB=| 0 Since A(3, 0, 2) lies on the line,
1 an equation is Probability she leaves it in shop 1 given it is missing is
3 i 3—2)\ _ P(shop 1 and missing) _ 3 _ s
r=|0J+A[ 0 )= 0 P(missing) =+3
2 1 242
— 1 5 —3 1 =2 b cot 24 = £
i BC=| -3 and BCeAB=| -3 e | O 5
9 9 1 S, tan24 =3
. =0 . 2tan A _5
' 1—tan?A4 ~ 3

— —_—
' So BC is perpendicular to AB.

_ 2
Hence B is the closest point on the river to C. 6tan A =5 —5tan” A

5tan’ A+6tanAd —5=0

iv The shortest distance is |BC| = 4/12 + (—3)2 + 22
— /T4 units —6+ /36— 4(5)(—5
b Thus tanA = G)(=9)
10
_ —6+/136
SOLUTIONS TO EXAMINATION PRACTICE SET 3 N 10
- _ —3+3
, s
1 a fis y=2>4+42, —co<az < ~2
-1 2 : ~3 —+/34
so f77is z=y"+4y, —oco<y< -2 But A is obtuse, so tan A = —
v +4y—z=0 4 ( 5 )(—34—\/374')
;. COtA=
. _ —15+5vV34
But y< -2, so y=-2—-+v4d+z T T 9_34
b (g0 /)(=3) = g(f(~3)) _ —15+5/3
: =9g((=3)* +4(-3)) -2
, = g(-3) =g -3V
) )
=vV3+6=3 5 a y=mz+ 16 will meet the parabola y = 2> 425
2
] sin20 sinf where mz +16 =2 +25
2 B By the sine rule, 5 = 3 5 e G0
3cn/29\ o, 3sin20 = 5sind The line will be a tangentif A =0
A Eom g C ;. 6sinfcos® = Hsind omP—4x9=0
. 2 —
sin@(6cosf —5) =0 m” = 36
as sinf #0, cosf =2 =6
b fl@)=2+@2-k)z+k®
f(z)>0 forallzif A<O
““ 0= Now A= (2—k)? — 4k?
5 =44k + k* — 4k®
- = —(3k% + 4k — 4)
Let BAC=0o° then a+30=mn =—-Bk-2)(k+2)
a=m—30 So, A has sign diagram: -+ -
sin o = sin{m — 36) - 9 2 >k
= sin 7 cos 3¢ — cos 7 sin 36 s
= (0) cos 36 — (—1)sin 36 So, A<O if k<—2 or k> 2.
= sin 36
= sin(26 + 0) 6 logs (42? — 5z —6) = 1+2logg z
= sin 26 cos 6 + cos 20 sin § For this to be a valid equation in real numbers, we must have
= 2sin f cos” 0 + (cos® O — sin” §) sin 9 (4z+3)(z—2) >0 and x> 0.
= :2x@x2_5.+(2_5_£)x.@
5 ~ 3 T \3 " 36 3
— %\/ﬁ Sign diagram of the quadratic is: + I3 S L
3 g

area = & x 3 x 5 x 2+/11 = L/11 units?

z<—% or z>2 But z>0, s0o z>2.

m Mathematics HL - Exam Preparation & Practice Guide (3" edition)



logs (42 — 5z — 6) = 1 + 2log,(x)
log,(42® — 5 — 6) = log,(3) + log,(=?)
log (42> — 5z — 6) = log,(3z%)

4z% — 5z — 6 = 32>

2 —5c—-6=0
S (z+D(z—-6)=0
r=-1 or 6

But z > 2 z =6 is the only solution.

O

¥ 1 :

—===— dz = |arcsinz

|| s = fovsina)

= arcsin(3) — arcsin(0)
x_9

I

ol

8 v=1t"—3t"+2t
=t(t®> — 3t + 2)
=t(t—-1)(t—-2)

So, v=0 at t=0,1,2s

1Lt .
D) > 1
o os=3t" =2+ + ¢ metres
s(0)=c¢
s()=31-1+1+c=c+3
$(2)=4-8+44+c=c
s(3) =8 —27+9+c=22+4c¢
c c—(—%1 c+2%

Total distance travelled = % -+ $ + 23

=22m or 275 m

9 cosf+sinf =2, 0<0<2m
(cos@ +sin0)* = 2
cos? 0 + 2sinfcos +sin® 0 = 2

1+sin20 =2
.o8in260 =1
But 0< 20 < 4n, so 29:g,§2£
=2 5¢m
g 1> 4
But 9=% gives cos +sinf = —/2
§=1x
=1

Hint: Squaring equations can produce incorrect solutions, so
all solutions must be checked.

10 flz) = e=n®
fl(z) = ¢®lne (1 Inz+zx (E-))

xz
zlnz

=e (Inz+1)

Since % > 0 for all , f'(x) is zero only when Inz = —1.
f'(z) =0 when z =e!

So, the z-coordinate of the stationary point is l
e

Mathematics HL — Exam Preparation & Practice Guide (3’ded[ﬁon)
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13

15

3
ui(r° =1y ( 1 )
=zu
L r—1 2\1T -+
r3—1—w~21-
rP=1
r=3/1

2 — i is a solution
2+ is also a solution {theorem on real polynomials}
These have sum = 4 and product = 5 and so come from the
factor 2% — 4z + 5.
Thus 23 — 622 + 132 — 10 = (2* — 4z +5)(2 — 2)
the other solutions are 2+ ¢ and 2.
a Domain = {z |z < 5}. Range = {y|y >0}
b Domain = {z |z € R}. Range = {y|0 <y <05}

l1+z
/—4+z2 dx
1 &
~/—M d$+/4——+:122 dz

T 2x
:%arctan(§)+%/4+x2 dz

= %arctan (g) +-§-1nl4+m2l +ec

:%arctan(g) +%In(4+m2)+c

{44+ 2°>0 forall z}

b We integrate by parts with u =Inz v =a?
N
Tz e
3 2
2 z°Inz z
<1 = — [ =d
/m nxdx 3 /3 i
3 3
L
_z nm_%_oc__+c
3 3
’lnz 28
=73 9t

a Consider sin(arcsina -+ arcsinbd)
Let arcsina = 0, arcsinb = ¢
sinf =a and sing =b

“ b
\/l—a2 V1-b?

sin(arcsin a 4 arcsin b) = sin(f + ¢)
= sinf cos ¢ 4 cosfsin ¢

=a(\/1~62)+(\/1_a2)b
=ay1-024b4/1 — a2

4cm

2cm 3cm

e

7N



By the cosine rule,

42 4+52 -  41-q°
8= = . (1
o8 2% 4x5 40 @
4242° —g®>  20-a®
= = . 2
and osd= = 16 @
41 —a® 20-—a®
Th =
T 16
82 — 2a” = 100 — ba®
3a® =18
a’=6
a=+6 {as a>0}
22 +1
a1\ e
z
16 =1 =
/(@) = logs (3m+1> 3
1 2
flz) = 3 [ln(m +1) — In(3z + 1)]
’ 1 2z 3
f(x)“ln?) [m2+1 3:)3—1—1}
’ X 3
= h —_—
So, f'(z) =0 when pe e Sl P
62> + 2z = 32° +3
322 +22-3=0
=24 4/4-4(3)(=3)
= 6
L T2EVA0 _ ~1£10
o 6 - 3
But for f(x) to exist o + must be > 0
P 3z +1 ’
As 22 +1>0 forall z then 3z+1>0 w>—%
-1+ +/10
Consequently, = = —3
So, only one stationary point exists and it is at = = %

a Lj meets the plane 2z +y —2=2

17
when 2(3A —4) + (A +2) — (22 —-1) =2
BA-5=2 - A=1
CU:%, y—%, Z:%
So, they meet at (%, 1—57, %)

b The lines meet if

A+2)—-5 —-(2x-1)—-1
rogy- Q¥D=5_ A=)
From the first equation 2(3A —4)=A—3

6A—-8=X-3
A=1

Substituting A =1 in the equation for Lo, we have

(5 4) = (1+§)~5:—(2—21)—1

s == -1 = =]
As this checks, the point z = -1, y =3, z=1 lies

on both lines.
3 1
. Ly has direction .

1 2

2 -2
As (-1, 3, 1) is a point on both lines, the equation of
the plane that contains both L1 and Lg is

¢ [Lj has direction (

T

y 3 1 2

3 1
or 1] x 2

2 —2

ij k
=13 1 2

1 2 -2

1 2], [3 2. |3 1
*tz —2 ‘_‘1 —2‘”‘1 2‘1‘
= (~2—4)i— (=6 —2)j+ (6 — 1)k
— —6i+8j + 5k

the equation is
—6 + 8y + 52 = —6(—1) + 8(3) + 5(1)

which is —6x + 8y + 5z = 35.
s 2
18 Ay V== z* dy
&
5 2
zﬂ'/ cos” y dy
Y =Aarccosx z
;LT =CosY w =
‘?r —7r/31+lcos2 d
L - 2 2 Yy ay
-t 5 ; % i
i =7r[%y+4sin2y]z
]
:w(%—i-%sin 35—)
T L it
_E_Zsm(%))
:ﬁ(%
2 .3
= I3 units
19 Vertical asymptote is = = —1.
Horizontal asymptote is y = 3.
e\fy
:—-—\\'l .
- y=3+ 2
o z+1
2
v -<-> y:‘3+x_+1
r=-1
Note that the graphs of 3+ 2 and ‘S—i—i
o P z+1 z+1
coincide for all y > 0.
Ay
/ \
y=3
_1 4\( =
Y= g e >
- y=34 2
¥= z+1
5
. \ < Y= 1 3
z=—5 z=-1 3+x+1
20 a cosz+sinzcosz+sin® zcosz+ ... is geometric with

z 1 2 -2

(1) () () (8)

U1 = cosx, r =sinz.

Nowas 0 <z <%, 0<sinz <1,

U1 COSET
1—¢r 1—sing’

So, the series converges and S =

Mathematics HL — Exam Preparation & Practice Guide (3% edition)



bIf S=v3 ——r _ 3
1—sinz
cos®z

1—2sinz +sin®x

cos’z =3 — 6sinz + 3sin’x
3sin’z — 6sinz+3=1—sin’z
4sin®z —6sinz+2=0
2sin’z — 3sinz+1=0
oo (2sinz — 1D)(sinz—1) =0
sina::%orl
But 0<sinz<1 {0<z<%}

So, sinz=1% andso z=1%

cosx
1—sinz
_ cos T 1+sinz
- (1 ~sinw> <1 +sinm)
cosz + sinx cosx
1—sinzx
cosz + sinx cosx
cos2
1 sinz

21 a LHS=

COST  COST
=secz +tanx which is the RHS

-qy-~—cosa:
dz — ’
cos.x do = — —co'sa: s
1—sinx 1—_sma:
1 du
= | ——d
_/ud:c "
=—-/—1-du
U

=—Infu|+ec

= —In(l —sinz) +c¢ {sinz <1}

b Let u=1-sinz,

¢ From a,

cos T
/seca:—!—tanmdm:/———-,—-dw
1 —sinx

/secwd:c:/—ggif—d:v—/tanmdw
1—sinz

= —In(1 —sinz) —/ 208 b

cosS T

—sinx
dz

£= —ln(l—sinm)—i—/
=1In|cosz| — In(l —sinz) + ¢
Ccos
= (1 —-sinx) e
{as cosz >0 for O<z<§}
=In(secz +tanz) +c {from a}

cCosx

d Area

i
=/ sec z dx ‘H
I

- [ln(seca: + tan ,7;)} %

z

=In(2+v3) -In(v2+1) 1

2++3
=In itg?
<1+ 2) units

<4

I T © X
6 4 3

M 7 _ . . ;
lathematics HL - Exam Preparation & Practice Guide (3" edition)

22 3z — 24 =10
dy
6r -4y — =0
Yz
Now when z =2, 3(4) —2y* =10

2% =2
y=—1 {since y <0}

At (2, —1), 6(2) —4(=1) % —0

dy
Pt 12
dy
dz — 3

*. the tangent has equation y — (—1) = —-3(z — 2)
y+1=-3z+6
y=—-3rx+5

23 a Since f is a
density function
the area between
graph and the
z-axis is 1.

=5(6-2)

Since area from 0 to 2 is % + -;; = -é,-, we have to find

a so that the area between the graph and the z-axis for

2<z<ais%.
f; S(6—z)de =3
f2a(6~a;)da:=6

2@
z
[63)—?] =6

2

<6a——(;—>—(12—2)=6

2
~32—+6a~16=0

a®—12a+32=0
s (a—4)(a—8)=0
a=4 or 8
But if @ = 8, the graph lies below the z-axis.
So, a =4 is the only solution.
b The median value of X is the point m for which

P(X<m)=PX>m)=1
From the above discussion m = 2,

24 62> + dzy + 2y2 =3 .1
dy dy
= —= =0
122 + 4y + Az e + 4y o

dy
c B +4y) = = —122 — 4
( Y) e y

dy _ -3e-y
de ~ z4y

Y _0 wh
diL‘_ when y = —32

Substituting into (1), 622 + 4w (—3z) + 2(—3z)% = 3
62° — 120% 4+ 182% = 3

122° =3

2__ 1

r =3
=41

_ 1
When z = 1, Y =—3 and when r=-1, y=3%.
the points are (%,—%) and (..% 3) ‘
E 2 L



25

s
T _ o
A 2
B
1
= il ﬁa [1 P(ILO)
3 D ,:VU
a In AODB:
ocosﬁ—OD—OD \
T OB 1
OD = cos 8
° sinﬁ—@—@
OB 1
. BD =sing
b In AODC, COSOLZQ, so OC= oD
ocC cos &
OC:SEE—’Q {from a}
cos o
(4 tana—DC
~ OD

DC=0ODtana = cosBtan o
BC=DC—-BD =cosftana —sinf

d By the sine rule in AOBC,

sin(a — 8) _ sin (% — a)

BC 1
sin(a — ) = BCsin (-’25 — a)
=BCcosa

= (cosBtana —sin ) cosa  {from ¢}
= <cosﬂ i sinﬂ) cos o
cosa
=cos@sinw — sin Bcos
=ginacos § — cosasin 3
e sin15° = sin(45° — 30°)

= sin 45° cos 30° — cos 45° sin 30°

{from d}

Sk
X

< S
i

X
=l
(SIS

il

S

%I/_\
b
=

i

N

SOLUTIONS TO EXAMINATION PRACTICE SET 4

1 a 3+8+13+.... is arithmetic with u1 =3 and d =5

Thus S, = 32‘-[2“1 + (n—1)d]
- g[6+5(n— 1)]
_n(bn+1)

2

b For S, > 1000, n(5n+ 1) > 2000
Using technology, n > 19.9
and so the smallest integer n is n = 20.

2 (1+az)"”
=1"+ (71’) 1" *az) + (;) 1" 2(az)® + ....

-1
=14 nazx + E(E—)cfzz <+ puus

Thus na =35 and n(n—;lch = 525
o (n® = n)a® = 1050
n’a® — a(na) = 1050
1225 — 354 = 1050

35a = 175

a=5 and n=7

AB = /62 + 82 = /100 = 10 cm
. AO=0B=5cm

2, g2 @2
By the cosine rule, cosf = %—5@— = é% = 775

g 24
So, sinf = -g-g o5
24

-3

area of segment = %7‘2 (8 —sin @)

- .;_ X 25 (arccos (2—75) - Z—é)

~ 4.09 cm®
4 a Since $+2+k=1, 7 | 7
__ 1 3y _ 9
k=1-(3+3) =% 212

b Mean p=0x 5 +2x 2 +7x & =8 =33,
median is 2, mode is 2
; 2
¢ Variance o2 = 02 (575) + 22 (%) 42 (Egg) — (%)
=~ 7.810
and standard deviation o ~ +/7.810 =~ 2.795

d
5 a If y=sinz then 2Y _ cosz
dz
dy
T _ 1 —_ 3
When =35, y=3 and 85—32&

the normal has gradient —%, and the equation of the

normal is y—%:—% (m—%).
b The normal meets the z-axis when y =0
b= 6-3)
szt
=i 4§

the coordinates are (—;‘i—g +Z,0).

ar + 2
z2+1°

a(z® +1) - (az + 2)2z
(:IZ + 1)2
_ az® + a — 20z — 4z
($2 + 1)2
—az® —4dz +a
(z® + 1)?

6 As f(z) = f(@) =

Mathematics HL — Exam Preparation & Practice Guide (3" edition)




Now f(z) has stationary points where f'(z) =0
—az’ —4zx+a=0
ax® +4x —a=0

This equation has real solutions when A = 16 — 4(a)(—a)

>0
16+4a> >0

and this is true for all ¢ € R.

4
Areaz/ ze 0" dg
0
du
dzx
When =0, u=0. When =4, u=—1.6.

—0.2z.

Let u=—0.1z%

4
/ e (—5 du
0

dx
~1.6
-5 |, e” du

-5 [eu]—1.6

0
= —5e % 4 5¢°

)da:

So, area

=5 —5e 46 units?

4 4
b Volume:w/ y2da:=7r/
0 0

~ 14.1 units® {using technology}

2

= 2
z2e” %% dg

a=3t*—2t+1
33 2?

Now v:fadt:—B———2——+t+c

L=t - Ht+te
But v(0) =5, 5=c¢
Thus =2 — 2+ ¢t+5ms”

A
- i e e d
Jodi=m2=mto+H+
=0, so d=0

t*

= — — —+ — +5t
s 1 +2+

S0

1
v

Now

But s(0)

8

3
9 Let arcsin (%) =40
sinf =

and so cosf =

3

5

4

5

Now sin2 (arcsin g) = sin 260
= 2sinfcos ¥

2(3) (3)

2

=

[

5

= —_—>
10 a i Ba ii OD=O0B+BC D
— —
=BO+O0A =b+2a+ kBA
=—-b+a

=b+2a+4k(—b +a)
=(1-kb+(2+k)a
b IfOD is perpendicular to AB then 6304@):0

S l2+k)a + (1—k)bjefa—b]=0

S (2+k)aea— (24 k)aeb
+(1—kbea—(1—k)beb=0

Mathematics HL — Exam Preparation & Practice Guide (37 edition)

But aeb = |al|b|cos(60°) = 1% |a] |b]|
(2+k) |a]* — $(1+2k) Ja||b] — (1 — k) [b|* =0
But |b| = 3]a]
(2+k) |a> — (1 +2k)3 |a)> — (1 — k)9 Ja* = 0
(2+k—3—-3k—9+9) |a*=0
(- +7k) |a* =0
~ L +Tk=0 o k=1

dy 2x

_ 2 _ ay _
11 y =1In(z*—3) has e and
Ly Ly | (@)2
dz? dz? dz
2(z? — 3) — 22(2z) =227 -6 " 42>
BNGEDR @3 @3
_ 2% — 6 —42? 2276
EGEEE T @
_ —22% — 6 _ 2(z* - 3)
T @ ERDE
2
T x2-3
z2
€
12 @)= ——
a The vertical asymptotes occur when e” —1=10
e =1
z=0

the vertical asymptote is = = 0
b From technology:
the maximum turning point is (—0.604, —3.18),
the minimum turning point is (0.864, 1.54).

if

13 a is perpendicular to b aeb=20
(=2i+pji—k)e(i+3(p+4)j+(2p—5k) =0
—24+p(3p+12)—(2p—5)=0
3p°+10p+3=0
o @Bp+1)(p+3)=0
L op=-7 or p=-3

14 Applying the binomial theorem to 2% — 2) 1z
5z/
- —r [(—2\"
Tria = (%) (329 (2)
=(7) B) M (=) T

5

=(F) =) (3

The term independent of z will have 24—-3r=0

12—2r o4
) 2243

r=28
So, the constant term is (182) (-1)~8 (g)_‘l



15 a Since f is a density function b E(X)

2 2
/(%”)dw:l =f, z5(z+3)ds
0 2
2 ) =3 [, (@®+3z)de
[1—64-(;71]0:1 1 $_3+:g$_2
513 2
1
s+2c=1
1 _ 1/8
U =35(3+6)—-0
S & 1
Thus, f(z)= 3(z+3) :

< E(X2)2f02 z? iz +3)dx
f (z® + 32°) dz

[m4+3m:|
4 3 o

=1(12-0)=2

0o

Thus o =E [(X — p)®] = E(X?) —
o? =& - (1)* ~0.32639

2 5-3i\ /b~ 2
W= <b+2i) (b—%)
_ 5b— 6+ (—=3b—10);
- b2 +4

B (5b—6) +(—3b—10)i
T\ 44 b2 +4

So, Z s real when ( St 10)
w
b

b2 44

17 The perimeter
=2r +r (275 x &)

&) =7 (2+ %)

Thus 7 (2+ ZE%) = 100
100
T+ )
area = 37°60
~ 3(14.7066)° (Z55)

~ 519 cm?®

~ 14.7066

18 fsinga:dx:fsinzxsinwd:v
= [(1 - cos® z) sinz dz

:fsin:n—fcoszxsinwdm

Let u=coszx = —sinzx

d_u
* dz
.. 3 2 d’LL
sin“zdr = —cosxz — | u (——) dx

dx

=~cos:c+fu2du
3
:—cosa:—}—%——i—c

3
:-—cosar—}-%cos T4 c

19 a Let X be the number of correct answers. X ~ B(30,

i P(X =20) i P(X >15)
_ 30 1 20 4 10 :1—P(X<14)
(zo) (5{8 (5) 1—0.99976
= 3.4 x 10 ~ 0.000 24

i P(X < 25) ~0.9999 ~ 1
b Now X ~ B(30, 0.85).

i P(X =20) i P(X > 15)
= (3) (0.85)*°(0.15)"° = 1 - ll’(fi < 118126
~ 0.006 72 -
20 a 35

4 frequency |

3)

25
20
15
10
& time (min)

0 10 20 30 40 50 60

b 20 <t < 30 min

[+

55
19 15 285
32 25 800
22 35 770
9 45 405
7 55 385

] n = 100 > fz=2700
i Zfa:: 2700 p

n 100
mean = 27 min
standard deviation ~ 13.4 min {technology}

21 The information 0.052 _, F

is displayed in 1<
the tree diagram. 0.34 0.948 ™ N
7 0.043_, F

0.66 H<
N

0.957

a P(an item is faulty)
=0.34 x 0.052 + 0.66 x 0.043 = 0.046 06

b Let IT be the event of machine II, F' be the event of a

faulty item.
_ P NF)
P(I|F) = 208)
_ 0.66 x 0043
T 0.04606
~ 0.616

22 a Let X be the weight, then X ~ N(120, 1.063%).
Hence, P(X < 118) ~ 0.02995
So, 2.995% of the bags are rejected.
b We now have X ~ N(120, ¢?).
Since P(X < 118) = 0.06,
(X—120 118—120)
P <
o o

=0.06

Mathematics HL — Exam Preparation & Practice Guide (3™ edition)




P(z<22- =0.06
(o2

-2
;. — ~ —1.555
o
o =~ 1.286
¢ X is now ~ N(u, 1.2862).
Since P(X < 118) = 0.03,

X—p 118—p\
P( 1286 ~ 1.286 ) =0.03

118 —
1.286

118 ~p
Tos6 ~ 1.8808

P(Z< ):0.03

A 120.42

r f oy weight

Since P(z €< X < y) =0.70, by symmetry,
P(X <z)=P(X 2 y) =0.15.

But X ~ N(120.42, 1.2867).

For P(X <z)=0.15, =~ 119.09

z+y

Using the syminetry, = 120.42

y ~ 240.84 — 119.09
~ 121.75

23 a f(0)==2=1
the y-intercept is 1.
When y =0, z—2=0
z=2
the z-intercept is 2.
_ Yz?+cz—6)— (z—2)(2z +¢)

/
b f) (z2 + cz — 6)?
_cc2+cx~—6——2x2+4x—cm+2c
(22 + cz — 6)?
. —2?+4z+2—6
(22 +cz —6)2

¢ It has at least one stationary point when
—z% 4+ 42+ 2c — 6 = 0 has real roots
A>0
16 —4(—1)(2c—6) = 0
16+8c—-24>0
8 >8 andso c> 1.
~z> +4x—6
T@-67
Using technology, f”(z) =0 when z = 0.893
there is a point of inflection at (0.893, 0.213).
N Vo2e—4
/_ $2—4z—6dw [ :c2—4z—6dw

1 1

d When ¢=0, f'(z)=

[ ]
i
[V

=-;~ [ln|:c2—4m-—ﬁl]1_l
=1[n9—Inl]
=1In3?

=In3

Mathematics HL — Exam Preparation & Practice Guide (3'Y edition)
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25

Y
1 P(u,cosu)
- z
- l E\ >
2
Yy=cosz
4y = —sing = —sinu at (u, cosu)
dz ’

tangent has equation
y — cosu = —sinu(z — u)
y = (—sinu)z + usinu + cosu
The tangent cuts the z-axis when y =0
o, (sinu)z = usinu + cosu
r=u-+cotu

Aisat (u+ cotu, 0)
The tangent cuts the y-axis when z =0

y = usinu 4 cosu

Bisat (0, usinu + cosu).

Area = (AO)(OB)
=1 (u + c‘osu> (usinu + cosu)
sinu
(u sinwu + cosu
sinu

M=

) (usinu + cosu)

(usinu + cosu)® .
=-~————— 7/ units
2sinu

Using technology: area \’/>

(0.860,1.12)

2

So, the area is
minimised when
u = 0.860.

P is ~ (0.860, 0.652). I

S:’VL

Let 0 be the acute angle between the lines, then

(3)-(3)

oo [2=2—1] = V6v6cosh

cosf =% andso 6~ 80.4°

=+vV1+4+1/4+1+ 1cosb

A vector perpendicular to both lines is

(2)-(3)

i j k
=1 2 -1

2 -1 1
=(2-1)i—(1-—-2)j+(-1-4)k
=i—3j— 5k

Since (2, —3, 1) is a point on the line, an equation is
z—3y—5z=2-—3(-3)—5(1)
z—3y—52=6

(3)+a(2) &

A




(3

. —1-X+2u 1
e AB is parallel to n if 3—2A\—p | =k| -3
—24+ A+ ~5
This gives the three equations —A+2u—k=1
—2 —p+3k=-3
A+ p+5k=2
This has unique solution
_ 0
A=1 p=1 k=0, and AB = <0>
0

The distance between the lines L and M is zero.

ERERERS

So, the lines L and M intersect at the point (3, —1, 0).

SOLUTIONS TO EXAMINATION PRACTICE SET 5

1 a (a+2)(b—4%) =17+ T7i
ab+2=17 and 2b—a =17
ab=15 and 26 —a =7
(26—-7)b=15
s 28 —Th—15=0
S (264 3)(b—5)=0
N bz—% or 5
When b=—%, a=—-10, and when b=5, a=3.
So, a=3, b=5 or a=-10, b= —%.
b (p+qi)? = —3+6iV6
. p® — ¢+ 2pgi = —3 4+ 6V6i
. p2—q2:—3 and pq:3\/6
. pz—%+3=0> {using q:3—\/6}
P p
Lpt+3pt—54=0
(p* +9)(p* —6)=0 andso p°=—9 or 6
Butpisrealand >0 .. p=+6
So, p:\/f_i, q=3.

2 251n(w+ ):sinx
]

ud
6
2[sinaccos%—i—cos:z:sin-’eL =sinz
2sinz X @ + 2cosz X -é— =sinz

V3sinz + cosz = sinx

sinz(v3 — 1) = —cosz

singz  —1
cosz /31
tanz = - \/§+1
V3-1)\V3+1
_ —/B-1
3—1
=—3(1+V3)

6
3 D _2xT"=1
7=

B—2X(T7)P =7
27" +7"—-6=0
Let 7°=m, so 2m?+m—6=0
(2m —3)(m+2) =0
om=% or -2
Thus 7°=% {7°>0 forall 2}
3

log 5

Hence z = Tog7

or log, 2.

4 a y=(z —3)e**

dy _ 2z _ 21
S 1e*" + (z — 3)e"*(2)
=™ (14 2z — 6)

= ¥ (2z — 5)

So, (—i—y———-O when 22 -5=0 . z=32
dz

when z = g we have a stationary point.
b f(z) = 22"
has f'(z) = 2ze” + z2e” = €°(2z + z°)
and f"(z) = e"(2z + 2®) + " (2 + 2x)
=e"(z° + 42 +2)
The graph of y = f(x) is concave down when f(z) <0
o’ +4x+2<0
@2 + 4z + 2 has critical values’
4+ ./16-4(D)(2)
2

— )
_ 4i?2\/—:_2i\/§

22 =242

f(z) is concave down for z € -2 — /2, =2+ V2.

and has sign diagram: z

5 azl-120 . 22>1 z<—1 or £>1
1-22>0 .. z%<1 —l<z<1
c z#0
2x — 3
d —2 and >0
Hack an o)
2z -3 has sign diagram: L L - -
9 3

2

G(z) takes on real values if & < —2 or x> 2.

6 g(x)=2s> -3z +sinx
f is a reflection of g in the x-axis.
f(z) = —g(z) = —22° 4+ 3z —sinz
h is a reflection of g in the y-axis.
h(z) = g(—z)
= 2(—2)* ~ 3(—z) + sin(—=2)
= 222 + 3z — sihz

7 sinA:% cosBz%
4 3 3 \/g
el 2
cosA:% sinB:?
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sin(A — B) =sin Acos B — cos Asin B

—ixi-f
_6— 35
12
8 C
2cm
A
B 5cm

(kv3)? =22 + 5% —2x 2 x 5 x cos60° {cosine rule}
3k =4+25—10
3k* =19
2
=2

=4/2 {as k>0}

9 z3y2—my+y=4
When z =1, y2—y+‘y=4
y* =1

y=2 {as y>0}
So, the point of contact is (1, 2).

22 4ot (g )~ (e )+ 2 -
Now Bz'y <+ (29 dw) ly+el)+22=0
at (L, 2), 12+4%—(2+3—i) %:0
10+4% _g

dz
iy—:-é
dz 2

the tangent has equation y—2=—-3(x—1)
Qy—4=—5z+5

bx+2y=9

10 Let u=z—3, El—lf:l.
dx

/wﬂdmz/(u-{-&ﬁ%dw

= f(u% £3u?)du

5 3

u2 Juz
= gt —p— €
2 2

=2z-3)% +2@-3)% +c

11 We integrate by parts with u = arcsinz v’ =1
, 1

UW=——— v==z

g

f arcsinz dxr = f 1 arcsinz dz

. T
=garcsinz — | —— dz
V1—2?

Let w=1-—z2 d—w=—2.'z:
dz
farcsinacdx = zarcsinz — /w_% (-}5 %) dz

_1
::carcsma:+%/w 2 dw

1
s L w?
=zarcsinz + 53—~ +¢

8]

=zarcsinz + /1 —-z2+c¢c

12 When t=0, s=3¢>©®

=3
So, the initial displacerri"éht-'ﬁiks s = 3 metres.
%‘3 = 3(2¢%)
= 2(3¢%)
=2s
So, v=2s
A5 g — tanz —1 _ tanz(tanz + 1) — (tanz — 1)
tanz +1 tanz +1
tan? z +tanz — tanz + 1
- tanz + 1
sec’
- tanz +1

_ 2
T - el ST N

! tanx + 1 tanz + 1
Let u=tanz + 1, @ =sec’z
dz

tong_ ooe—1 . fldu
tanz + 1 u dz

=Injul+c¢
i tanz — 1 3
(tan:v - _) dz = [ln|tanx+ 1|]

0 tana + 1 0
=In2-Inl
=In2

14 sinz = cos (:L'—!— %)

sinz = coszcos T —sinzsin

sinz = cosx (%) —sing X @

sinx (1+ 1/5-5) = %cosm

sinx %
cosz 1+§

_ 1
2++/3

15 B
3cm 5cm
C
7cm A
3¥+5° -7
a cosB———2X3X5
=15
30
S |
=72
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b sin B = @

1
5 X
=15 V3
=3 X3
_ 15 2
= 7v3cm
16 sinfy:73

cos 2y = 1—2511127
=1-2(%)

=15 -4
=l-%=%

17 =8y —7—1> meets z —2y-+2=0 where
8y —T—1°=2y—2

Yy’ —6y+5=0
(y—LD—5)=0
y=1lord
When y=1, z=2(1)—-2=0

When y =5, z=2(5)—2=38
they meet at (0, 1) and at (8, 5)

r—2y+2=0

— (-8+75-3) - (-} +3-9)

3—32 units?

18 s=4"% — "% +10m
a s(0)=4—14+10=13m right of O.
b v(t) = % =0.8¢"% —0.3¢%% ms"
v(0) =0.8—0.3=0.5ms™"
¢ Itis at rest when v(¢) =0
0.8¢% —0.3¢"* =0

0.8¢"*" = 0.3¢""

23t 0.8

e0-2t - 0.3
0.1t __ 8

e’ =3
0.1t =1n (%)

t=101ln (%) S

19 a (cos 8 + isin §)°
= (c+1is)® where ¢=cosf and s=sinf
= ¢ + 5% (is) 4+ 10 (is)? + 102 (is)® + 5e(is)?
+ (is)°
= [05 —10c%s* + 5054] +1 [5c4s —10¢%s° + 85]
But {cos@ -+ isin0)® = (cis)®
=cis50 {De Moivre}
= cos 50 + i sin 50

Equating imaginary parts,
sin50 = 5¢c*s — 10¢%s® + §°
= 55(1 —s%)? —10s°(1 — 5°) + &°
= 5s(1 — 25° + s*) — 10s° + 10s° + 5°
= 165" — 205> + 55
= 16sin® 6 — 20sin® 0 + 5sind
b If 6=236°, 56 =180°
sin 36° is a solution of
16s° — 20s° + 5s = sin 180° = 0
5(16s* —20s* +5) =0
16s* —20s* +5=0, as s#0
5 20+ /400 — 4(16)(5)

8 =

32
52:201\/%
32
2 10+ 25
16
ek 10;&2\/5

So, sin36° = £1/10 — 2V/5.

20 a

Let ABC = 6.
Using the cosine rule in AABD and AABC:

A+ <2)2“~m2
2 a? + % —b?

cosf = 5 - = o
(3)
2 3 2
C+Z_m _a2—9—c2—b2
ac - 2ac
2 a’ 2 2 2 2
21 ¢ -|—Z~m =a"+c" —b

202+%2—2m2:a2+02—b2

4 + a® — 4m® = 2a® + 287 — 2b°
4m? = 2¢° + 2p2 _ o
m? = 1(2¢* + 20 — a?)

"= 4 A T C
m %\/m {since m >0
and area = £ (a)(m)
lex I w
= %\/ﬂlmits2
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3

— 3 3
21 tana—\/g, <<

3

sina:—\/—l—4
__AB
\/—11 COSCY——\/T
3 ; ;
So, sin2a =2sinacosa
— B Y (2L
¥ =2(-%) (%)
= 3VB
= Sy
22 Volume

kil

S
:7r/ v* dz
0

% 2
:71'/ (1+2tan:z:+ta,n w)dw
0

T e gt
:w/ (seczm—2 bHM)daz
5 cos T

:w[tanx—21n|cosa:|]o%
:w[(1—21n%)—(0—0)}

= (1 —2(In27%))
= 7(1 + In 2) units®

23 a The number of ways the seats can be chosen is 4! = 24.
b The order must be AABB or BBAA.
the total number of possibilities is 2 X 2 x 2 = 8.
¢ The number of ways Adam and Ben can sit next to one
another is 2 x 3! =12
12 _

P(Adam sits next to Ben) = 55 =

(ST

2% a If r=(—2t+2)i+tj+ (3t + 1)k then

2 —2t+2 2
1 3t+1 1
=(—dt+4)+t+(B3t+1)

=5 and hence L; lies in the plane.

1 —2t+2 1
b If re{ £ | =3, then t o| k=3
1 3t+1 1

(—2t+2)+kt+(3t+1)=3
t(l+k)=0
k=1

¢ The line L; lies in the plane —2x -+ py + 22z =g¢
if —2(—2t+2)+pt)+23t+1)=g¢
4t —44+pt+6t+2=gq
(10+p)t =q+2
the line L1 lies in the plane —2z +py + 2z =¢
if p=—-10 and ¢ = —2.
The system of equations 2c+y+2z2z=5
z—y+z2=3
—2z — 10y 4+ 2z = -2
has an infinite number of solutions since the line
Li: (=2t +2)i + tj + (3¢ + 1)k lies in each of the
3 planes.

Mathematics HL — Exam Preparation & Practice Guide (3™ edition)

25

a P, is “cosf+cos30 + ...+ cos(2n — 1)8
sin2nf . +
== > for all ZT.

5sind’ sinf # 0 orall ne

Proof: (By the principle of mathematical induction)
(1) If n=1, LHS =cosf and

sin 26 2sinf cosf
RES = 2sinf =~ 2sinf casié
LHS = RHS
P is true.
Q) If Py is true,
cos @ + cos 30 + .... + cos(2k — 1)8 = w
2sin @
", cosf + cos 30 + .... + cos(2k — 1)6 + cos(2k + 1)6
sin 2k6
= 2k +1)8
2smg OS2k +1)
_ sin(2k@) + 2sin f cos(2k 4 1)6
o 2sin 6
But 2sinAcos B =sin(A + B) +sin(A — B)

2sin @ cos(2k + 1)6
=sin (8 + (2k + 1)0) +sin (6 — (2k + 1)9)
= sin ((2k + 2)0) + sin(—2k0)
=sin2(k + 1)0 — sin(2k0)

", cosf + cos30 + .... + cos(2k — 1)6 + cos(2k + 1)0
_ sin(2k0) + sin 2(k + 1)0 — sin(2k6)
- 2sinf
_ sin2(k+1)8
T 2sind

Thus Pry1 is true whenever Py is true and P; is true,
P, istrue forall n e Z*t
{Principle of mathematical induction}
b (cosf+ising)®
cos® 0 + 3 cos® A(isin §) + 3cos A(isin)? + (isinh)®
cos® 6 + i3 cos® sinf — 3cosOsin® O — isin® 6
= [cos3 6 — 3 cos  sin” 9] +1 [3 cos® 0sin § — sin® 0]

[ cos 30 + isin 36

= cis 30
= (cis#)® {De Moivre}
= (cos 8 + isin 6)®

= [cos3 6 — 3 cos 0 sin® 9] +1 [3 cos® @sin @ — sin® 6]
Equating real parts,
cos 30 = cos® 6 — 3cosfsin’ @
= cos® @ — 3cosH(1 — cos” 6)
=4cos® 0 — 3cosd
d From a with n =2,

sin 40
2sin 6
sin 46 = 2 sin f(cos @ + cos 36)

= 2sin (4 cos® 6 — 2 cosh)

cos + cos 360 =

= 8sinfcos® f — 4sinfcosf

sin 66
2sin 6

%
df = / (cos @ + cos 30 + cos 56) db

s
2
e
fud
6

wly

[sm 0 -+ 3 sin 36 + = sin 59]

039

~— o

G+3s+%

cnl*“



SOLUTIONS TO EXAMINATION PRACTICE SET 6

1 Inv2+n2+Inv8+..
=127 +In2+1mn2% + ...
=1iln2+mn2+35n2+..
=In2[3+1+3+..]
The arithmetic series has w1 = 3, d =
Sn =102 (%[2u1 + (n — 1)d)
=In2(21+(r-1)3])
Si00 = In2 (50[1 + £])
=In2 (50 x 1§%)
= 25251n2

M

2 y=ax® meets y=2x where az’® =z

z(az—1)=0 andso =0 or le—

Area = /
0

o=

(¢ — az®) dx

1 1
T 2a% 302
1 .
= 632— units®

/ x

3 We integrate by parts with u = 2 V=
=2 wv=

fwzez dz = e"z? — f 2ze” dx
We again integrate by parts, now with uw =2z v =e
u =2 v=e
fac2e’” de = e"a® — [2a:e$ - f2ez da:]

= e®2? — 22e” + 2% + ¢

4 In(z® +9) —2=In|z +5|
We graph y =In(z> +9) —2 and

on the same set of axes.

=ln |z + 5]

10.1
— y=In(z?+9)-2

za —2.75 or 10.1

5 Y ~B(n, p) has mean
np(l—p) = 3.
Thus, np(1—p)=% .. 3(1-p) =%
Hence, p =
So, P(Y £

=np =23, and
standard deviation =
1—-p= %
7 and n =12, andso Y ~B(12, 3).

4) ~ 0.842.

2t
“ire "

s-/vdt /4+t2

s:ln|4+t2l+c

101

7

Since 441> >0 forallt, s=1In(4+*) +ec
But s(0) =-3, so In4+c=-3.
c=-3—-1n4
So, s=1In(4+1*)—-3—1n4

(Pt
s-ln( 1 )—3

; 2y 2
b oo B _204+t) 220  8-2 o,
dt (441t2)? (4+12)?

_1.2 L2
The curves meet when e 2% =27 —1
12 —L1,2
ez’ —1—-e 2" =0
2 1.2 .
e’ —e2® —1=0 {multiply by e? }

¥ —y—1=0 {letting y:e% }

1++v1+4
y:—Q"‘_
1,2 1446
e? [OOSR
2
6%32:# {as " > 0}
12 <1+\/3)
E:C =In 3

ri==£ 21n<1+2\/g)

z~0981 {0<x< 15}

a [ will not be defined when |4x - x3| =0

(4—xz)z=0
2-z)2+z)z=0
z=2,0,—-2

But —2 is not in the given domain, so f is not defined at
z=0o0r2 So, handk are 0 and 2.
b . AY
‘ y=In|dz — 27|

S N

\\
3

y y
Yz=0
there are 4 zeros
¢ The zeros of f(x) occur if |4z —2®| =1
dg—z®=1 if z~—1.861, —0.254, or 2.115
dg — 2% =—1 if 2~ —2.115 or 1.861

for —1 < x < 2.5 zeros occur at
z~ —0.254, 0.254, 1.861, 2.115

A

-1

53
Hour hand moves at 1 rev/12 hours = % = %ch'l.
: 27(0 ct,—1
Minute hand moves at 1 rev/1 hour = Th =27°h™".
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Now by the cosine rule
2 =224+32—2x2x3xcosh
22 =13 — 12cosf

dz . do
2z E = —12(— sm@) %
dz dé
€T _(EE = 6sinf ETI‘;_

Particular case: At 4 pm, 6 = 2?”

and 2?=13-12(-%)=19
dz \/' 11

VIO L = o x (232)
dx 1171'\/_

dak 2+/19

the distance is decreasing at 6.87 mh™".

mh™* =~ —6.87 mh™!

10

Using technology, b~ 1.653

1.653
Area =~ <i3
o 14z

11  a The yield grows like compound interest at 3% per annum.
We let the yield at end of n years be

Y(n) =200 (1+ :%)"
To double the yield we need n such that
400 = 200 (1 + %)"‘1

—4(x — 1)4) dz ~ 3.27 units®

( + 100)
(n—l)ln( 1%):1112
In2
"= oz T2

So, it takes 24 years for the yield to double.
b The total yield at the end of the 8th year will be
1778 tonnes.
12 Area = 15
ir’9 =15
P8 =30 .. (1)
Perimeter = 16
2r+1r0 =16 ... (2)

2r+7‘(@) =16
72

27"—!-@:16

2r% + 30 = 167

P —8r+15=0
(r—38)(r—5)=0 andso r=3orb.
30 4

Whem. r =B B=gr=F—5"
When r =5, 922;%:%

So, r=3, §=3%{° or r=35, =12
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13 A

10cm gcm

B C
rcom

Area = £ x 10 x 8 x sin§ = 23
40sinf = 23 and so sin@:i—g
But cos?@+sinZ20 =1
cos 0_1—23 —1—3

cosf = :I:\/

Now z2=28%410°-2x%8x 10 x cosf

o a®=164—160 (i,/i—S)
oz T7.73 or 16.38

BC=773cm or 16.38 cm

14 If o and 3 are the roots of 22 —kz +4=0
then a+f=%k and a8 =4

a P+ =(a+8)?*-208=k>—-24)=k>—-8
b If the roots are 4 and l, then
o B
1 1
sum of roots = — + =
a B
_Bta_k
T af 4
1 1
product of roots = (5) <E)
11
Taf 4

Equation could be

15 Consider this 5~ One

tree diagram: Fair

6
< Welghted =2

1 — Not one

a P(One) = P(FairNOne or Weighted N One)
—3x3+ixici
P(Weighted N One)

b P(Weighted | One) = P(One)

[ SIS
X
[ VIS

3
4

Wl

2n
16 (1+2) =3 (zg)mk and
k=0

(1+152%)" =3 (7) (1522)
=0
The terms involving z2 occur when k =2 and [ =1.

If the coefficients of 22 are equal, then

(3)=(3) sy’
(271)(22+1)an15
2n—1=15 {as n#0}
n=3§

17 Let X be the net weight of a jar, then X ~ N(475, 7.52).
P(X < 460) =~ 0.0228
So, about 2.28% of the jars have weight less than 460 g.
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18 A normal to the first plane is

2 1 i j k
m=|-1]x]-1]=(2 -1 1
1 2 1 -1 2
11|, |2 1], |2 -1
_’—1 2“‘1 2‘”‘1 —1‘1‘

=(—24+1i-@-Dj+(-2+1k
=—i—3j—k
A normal to the second plane is

1 2 i j Kk
no=|1]x| 0 }J=[1 1 1
1 -1 2 0 -1
1 1|, v v, |11
“‘0 —1 ‘_\2 -1‘“[2 O!k
= (—1—0)i— (-1 —2)j+ (0—2)k
=—i+3j—2k
cosf = —|n1 |
[n1 [nz]
3 |1—9+2|
I+ 9+1/1+9+4
6
=———— andso §=611°
V1114

19 If Y ~ Po{m), then E(Y) = Var(Y) =m
m® =2m+3
. m’—2m—3=0
(m—-3)(m-+1)=0
m=3 or —1
But m >0, so m=3.
PY 23)=1-P(Y <2)
~1—0.423
=~ 0.577

20 a f(z)=sin2z+sindz, 0z < 7w
= sin 2z + 2sin 2z cos 2z

= sin 2z(1 + 2 cos 2z)

f(z) =0 when
sin2z=0 or cos2zr=—3%
2z =km or 235:—23’10r4?7r
=055 %7
Using technology, the graph is
x

(f(m) - %m) dz

(sin 2x + sindx — %x

z meets y = f(x) atthe origin and at (

is

4

)dx

1).
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22 T
= —:_l,-cos2m—-%cos4z~i—}
2
0
2
=-30 - 3D -2 (%) + O+ 3D +0
=i-Ftsts:
= (1 — %) units?

21 Let M = students with American passport

S = students with Australian passport

8
n(U)=45
M S
U
Total number of students is 45 =8 +25+ 15 —n(M N S)
n(MnS)=3
So there are 3 students who hold both American and Australian

passports.
a P(student holds both passports) = = = &
b P(student has neither passport) = £

¢ P(student has exactly one passport) = 5%

29 B(6,1,1)

= 18i — 22j + 14k
— —
Area of parallelogram = | AB x AD |

= /182 + (—22)2 + 142 units”
= /1004 units?

~ 31.7 units®

23 Let X be the lengths of the fish, so X ~ N(m, 0.122).
P(X >13) =02

X—-m 13—m
P( 012 7 0.12) 02
13—m
WPl Z>2— =02
’ ( 0.12)
13—m
PlZ < =0.
( 0.12) b
13—m
~ (0.842
0.12 0.8
m~ 13 —0.12 x 0.842
m~ 12.9

The mean length of fish is about 12.9 cm.
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24 a Mean score p = 12 =4.36
2
b Variance o> = 2 e —u?
n
579 2
=——4.36
25
=~ 4.15
1 2 1+2X
25 a Liir={3]+A[3]=]34+3\
1 2 142X
3 —4 3—4yu
Lev=| 3 | ul 3 )= 3+
-1 2 —1+2u
b If the lines intersect, then for some A and
1+2Xx=3—4u e (1)
3+3x=3+34 .. (2
14+22x=-1+2p ... (3)
Using (1) and (3) we have 2\ +4p =2 e (D)

A—2u=—-2 .. (3)

From (1) —(3), 6u=4 or p=2

From (1), )\:1*2#:1_2(2)__%
But, for (2), 3+3A=3+3(— %) 2
and $+3u=35+33) =3

So, equation (2) is not satisfied.
Hence, the lines do not intersect.

2 —4
Since [ 3 | and
2

not parallel.

are not parallel, the lines are

DO Nl

¢ A normal o the plane is

wlee |
MIH;

Since the point (1, 3, 1) lies on the line L4, the plane

60

—4z+ 3y +22=£% whichis 82 -3y —4z=5
is perpendicular to Ly and intersects L.

[ I [

d A vector perpendicular to both lines is

2 —4 i j k
3lx| % | = 3 2
2 2 -4 2 2
3 2|, |2 2 2 3
=12 2 ‘_‘—4 2‘”’ —q 2|k
=(6-3)i—(4+8)j+(3+12)k
= 3i—12j + 15k
= 3(i — 4j + 5k)

e Let X be a typical point on line L; and Y on line Lo.

3 —4 1 2
JeE) (G
— 2 2
2 4;L —2X
= —f— 2,u 3>\>
B —2+2y—2)\ R
From d, this is perpendicular to both hnes if there is a k

such that 2_4“’_2)\ 1
=k| —4
5

3 3
-3+ 5u—3A
Mathematics HL — Exam Preparation & Practice Guide (3™ edition)

3
So, XY =

—2+2u—2X

Ap+22+k =2
fp—3\+4k =2
26— 2\ — 5k =2

This gives the 3 equations

.

Using technology, this system has the solution k£ = —7.

1
_2_11 4
5

__ /42 :
= -7~ units

SOLUTIONS TO EXAMINATION PRACTICE SET 7

1 a Let z=z+1dy, z,yeR

(z +iy)® = 2(z — iy)
2 — y2 + 22yt = 2z — 2yi

So, the distance between the lines is

-y’ =2 and 2zy=-2
2y(z+1) =0

y=0 or z=-1

As z isnon-real, y #0 andso z = —1

Hence, l—y2:—2
¥’ =3

yz:l:\/g

Thus, z = —1+4v3 or —1—14y/3
b 2l <2z —1—1

Va2 +4< 2]z +2—1—i
Vot +4<2y/(z-1)2+1
o +4a<4(z®—22+2)
2’ +4<42” -8z +8
32 8z +4>0
B3z —2)(z—2)>0

s N R0 ... Y
xe]_ ’3[ ]2 oo[ % 2
2 logg(z +3) =1 — logg(z — 2)
logg(z + 3) + logg(z —2) =1
logg[(z + 3)(z — 2)] = 1
(z+3)(z—2)=6"
P +r—-6=6
4+zr—12=0
(z+4)(z—-3)=0
rz=—4or3
But z+3>0 and z—2>0
z>2
Hence, =3
3 Yy = xe 2
- 1™ + me_z2(—2:c)
dx
= e_xz(l —22%)
%:0 when z* =1 . a:::l:%

1
2 em3,

When m:%, y= e

When z=—+/2, y= —%e

the stationary points are (%, #) and (—%, —\/%)

-1
2

& & We have a-geometric series where -

U1
1=
up —wr =9 and u; =81(1—r)

ui(l—7r)=9 and uw; =81(1—7)

ul—U2:9 and S = =81

Thus



1_7ﬂ:81(1—r)
(1—7’)2:%
1 4 2
l—r=1dz andso r=3or3
But ~1<r<1, so r=2.
b u; =81(1—7)=8lx3=27
So, the first term is 27.
a  g(=) b g(9(2)
= (f(=)) ~o(=25)
—2+4
_ T
_f(:n—2) =9(1)
z _ 1
_ z—=2 T ~1+4
= 4
z—2 &
_ T
Tz —2(z-2)
_ x
Tz 44
5 4 17 N
[
3 15
tan A = 3 and tanB = &
tan A + tan B
A+B)= —————
So, tan{A+B) = T
4, 8
_ 3T 45
45
1-(3) (%)
60424
T 45— 32
_ 84

— 13
\/Esinxztanm, 0<e<2n

. sinx
\/ﬁsmm =
cos T

V2sinzcosz = sinz

V2sinzcosz —sinz = 0
sinz(v/2cosz —1) =0
i — — 1
sinz =0 or cosT = 5

_ ki 7
.'13——0, 2 T T,?ﬂ'

i j k
aaxb=j1 1 -3
0 1 2
1 -3, 1 -3, 1 1
_’1 2 ‘_‘o 2‘”}0 111‘

=(2+3)i—-(24+0)j+(1-0)k

()

b a x b is perpendicular to both a and b.

la x b| = /52 + (—2)2 + 12 = /30

A vector perpendicular to a and b of length 5 units is
25

5 V30
st — _ 18
= /30

1 5
V30

&
o

axr + b
9 e
f() z2 -5z +7
. _ 3a+b .
We are given f(3) =5 so 9_15+7~5

3a4+b=5 .. (1)
a(z? — 5z +7) — (az + b)(2z — 5)

,
Now f'(z) = &% 5z 1 7
 ax® — bax + Ta — 2az® — 2bz + 5az 4 5b
(22 — 5z + 7)?
_ —az” — 2bz + Ta + 5b
(2 — bz +7)?
But f(3)=0 so —9a—6b+7a+5b=10
—2a—-b=0

b= —-2a .. (2)
Substituting (2) into (1), 3a —2a =5
a=5 andso b=—10

10 a Displacement s = Acos2t+ Bsin 2t metres

velocity v = —2Asin2t+ 2B cos 2t m st
2

acceleration a = —4Acos2t —4Bsin2t ms~
= —4(Acos2t + Bsin2t) ms™>
= —4sms 2

b Attime t =0, s=5m and v=0ms™!

AcosO+ Bsin0=5

A=5
and —2Asin0+2Bcos0=0
B=0

¢ Usingb, s=5cos2tm
and v = —10sin2¢t ms~*
The particle has displacement 3 m when 5cos2t =3
cos 2t = %

Since t >0, sin2f > 0,

s0 sin2t = 1-(%)2:%

the velocity is —10 x % =—8ms*

11 4> +2y—3z=0 meets 2z —y — 1 =0 where
y2+2y—3(—y;1) =0

2% +4y—3y—3=0

2% +y—3=0
S @Qu+3)y—-1)=0
: y:~%or1
3
—Z 1
When yZA%, T = 22 :—%
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Il
H
P
=
N
+
o=
|
Wi
@
©
|
win
@
SN
Q
<

Il
H
—
Wl=
|
-
N

%]
|
[N
=
N
Q.
<

12

> ——
T+ 2 z+3
52
z+2 x+3
5¢ + 15 B 2(z +2)
(2+2)(2+3) (2+2)(z+3)
Sx+15—2x—4
T By
Groets) "
3z + 11
>0
(z+2)(z+3)

20

Sign diagram: i R Bt e z

Inequality is satisfied if —% <z < -3 or > —2.

13 tan75° = tan(45° + 30°)

__ tan45° 4 tan 30°
7 1 — tan45° tan 30°

ECT Y:
1—(1)% V3
_V3+1
=5
:\/§+1X\/§+1
V3-1 V341
_4+2V3
2
=2+3
(3+4t> (—1+12)\
14 a The two lines meet if 4+t | = 7+ 6A
1 543X\
34+4t=—-1+12\ ... (1)
A4+t=T+6x  ..(2
1=5+3X) e (3)

From (3), A= —%
From (2), 4+t=7+6(-3)=7-38
L t=-5
These values check in equation (1).
So, the point (—17, —1, 1) lies on both lines.

b A normal to both lines is

4 12 i j k
n=[1]x|6])=]4 1 0
0 3 12 6 3

=(3—0)i— (12— 0)j+ (24— 12)k
= 3i— 12j + 12k
= 3(i — 4j + 4K)
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Since (—17, —1, 1) lies on this plane, an equation is
T — 4y +4z = 17— 4(~1) + 4(1)
z—4y+4z2=-9

15 We integrate by parts with u = arctanz v =z

' 1 3
/a: arctan z dx

v=—
2 2
= %arctanm—/% (ﬁ) dx

T
T 14a2 2
2 2
:%arctanx—%/lf_wz dz

2 2
1 -1
_—_—222 arctanm—%/——;iwz dx

2
= %—arctanxw l/‘ (1 — %w—z) dx

2

T
- arctanz — 1 (¢ — arctanz) +c

2
x
= 7 arctanx — %a: + % arctanz + ¢

[}

16 log (w2y3) =a
log(z”) +1log(y’) = a
2logz +3logy=a ... (1)
log Z=b
Yy

logz —logy=0b .. (2)

1)+ 3 x (2) gives 5logz =a -+ 3b logz =

(1)—2x(2) gives 5logy=a—2b logy = 5

N
S
N
N

17 2cosf +2sechH =5, 0
2cosf + i -5=0
cos @

2cos? —5cosf+2=10
(2cosf —1)(cosf —2) =0

cos@:%or2
cosf =1 {as —1< cosf <1}
=% {0<O<7}
18 AY

y=asinbx +c

c a »

-« f *\/: >z

2a &

v y=—2a sin(%w)

. : s o2
y = asinbx + ¢ has y-intercept ¢, period 5,
and amplitude a.

y = —2asin (%) x has y-intercept 0, period = =,

b
and amplitude 2a. 2

19 Yy = Ae*

dy _ kt d’y - 2 kt

i = Ake and W = Ak“e
dy |, dy

But W+3$+2y—0
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AK*e® + 3Ake™ + 2465 =0
A (k* +3k+2)=0
E?4+3k+2=0 {since e >0}
(k+1)(k+2)=0 andso k= —1or —2

dy dy
If 4> =3— YW _o- ( __)
20 Y 3 —zy then 2y in ly+ =z =
dy _ dy
Zy dr = VT % d
v (z+2y) . —y
o dz
Sy _ _—vy
dr z+2y
If a tangent has gradient —2, then = :‘;y =-3
dy = 3(z -+ 2y)
4y = 3z + 6y
—2y = 3z
_ 3=
Y=

Substituting into y? = 3 — xzy gives
2 —
9z —3_ g ( 3:1:)

4 2
9z 322
T Tty
9z? = 12 + 622
322 =12

z?=4 andso z =42
the points are (2, —3) and (-2, 3).

21
A B
P(A) =P(ANB)+P(ANB') {disjoint sets}
=0.7
and P(ANB)=P(A)P(B) {A and B are independent}
0.3
PB)= =32
P(AUB) =P(A) +P(B) —P(ANB)
—L+i—4
-2
5
22 sinA=-2, 0<A<ZL soAisin quadrant 3.
tan A = %
2tan A
S IOTES 3
Now tan2A T tan® 4 9
4
__V&
tan24 = T 1 NG
5
4
V5
23 a z=re*
o= (,reie)n
_ ,rneine

= 1" (cos(nb) + isin(nh))
= r"(cosnf + isinnd)
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i 1+¢ has [14+i=vVI+1=+v2
1+i:\/§(%+%i>
=2cis(§)
1—i has [1—i|=vI+1=12
1—1':\/5(%—%2')
= 2cis(—§
i Q)+ a—9)"
= [\/5 cis (—})]n + [\/5 cis (~%)]n
= 2% cis ("T") +2%cis (_%) {De Moivre}

L1 S

=2% (cos%’i—l—isinﬂf—l-cos 2 isinl‘f)

=2% x 2cos (%)

=23+ o5 (34’5)
i f (144" +(1—49)" =64

then 227 cos o= of
cos o = 98-1-%
cos °F = 9%

But the LHS = :ELQ, 0, +1

Also, 2°°% >0 forallm, so cosZE >0
So, the only values of n where the equation might be
true is when

5—%-———% or 0
—g:% or 5
n=10 or 11
If n=10, cos%"=20
cosg =1
0=1 false
If n=11, cosi® =2"3%
3m _ 1
cos °f = ==
715 % false

So, no integer solutions exist.

y=cos’zx

3
) ]

ar
Area = f 07 cos® zdz

= fo'g' (% +%cos2m) dx
i[§+%sin2$}:
=Z 4 isinm—(0+0)

_ = ]
= 4umts
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b fcos”:cd:v = fcos"*1
We integrate by parts with

T cosxdxr

u=cos" 'z v’ =cosz
u = (n—1)cos™ > z(—sinz) v =sinz
fcos” zdx
=cos" 'z sinz — J(n —1)cos"? z(—sinz)(sinx) dx

e P
=cos" " asinz + (n—1) [cos"?z sin’ zdx

=cos" ' zsinz + (n— 1) fcos (1 —cos® z) dzx

=cos" ' zsinz + (n — l)fcos ¢ dzx
—(n—1) [cos" zdx
(1+4n—1) [cos™ xdx
=cos" 'z sinz + (n — 1) fcos" 2 zdx

n [cos" x dx = cos" 'z sinz + (n—1) [cos"? zdx

1 . =4 n
fcos”mdm = Zsinzcos" x +
n

z i

< Volume = 7rf02 y?dr = 7rf02 costzdz

Now fcos4mdx: %sinmcos‘gw—l—%fcoszmdx

x x &
Pl 4 I 3 ]5 EN 2
fo cos” xdxr = [4smmcos x|, +4f0 cos” xdx

=, R 3 s
=50 -0 +3x7%

= 3z
16

_ 3r _ 3m2 .3
volume = 7 X $F = %= units

25 a OM=4i(a+b)

—
b OMeAB=1(a+b)e(b—a)
=i(aeb—aeat+beb—bea)
= 3(~lal* + [b*)
Since AOAB is equilateral, |a]* = |b|?
s —
OMe AB =0

OM is perpendicular to AB.
¢ |b —a| is the length of side [AB]. Since AOAB is
equilateral, all sides are equal and |b — a| = |a.
be(b—2a)=be(b—a)—bea
= |b| |b — a| cos 60° — |b| |a| cos 60°

=a|* 5 —la]* 5
=0
d A
a
Of B
b—2a 923

SOLUTIONS TO EXAMINATION PRACTICE SET 8

1 w; =500, d =50, arithmetic

a u30 b uy + Uz + Uz + ... + uszo
= u1 -+ 29d = S50
=500 + 29 x 50 =30 (2u; + (30 — 1)d)
= 500 x 1450 = 15(1000 + 29 x 50)

= 1950 metres = 36 750 metres
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—1 fcos”_2 zdx

. . 1\?
2 Using the binomial theorem, (:z: + —) has general term
x
Trp = (3) z? (m_l)r = (2) A
a 9—2r=-1if 2r=10 or r=5
. 1 . /o
coefficient of 5 is (5) =126

b 9-2r=-2if 2r=11 or r=4

. . . 1.
But 7 is an integer, so the coefficient of — is 0.
x

3 a W,=We o®
It W, = 4Wo then 1Wo = Woe 505

1 s
1 =¢ 500
1

In(3) = — 5550
t = —50001In(3) ~ 3465 years

b To fall to 0.1% of its original value

0.001Wy = Woe™ 5000
0.001 = ¢~ 5000
In(0.001) = — gt

t = —5000 x In(0.001) ~ 34500 years

¢ After 1000 years Wi = Woe 5600 = Woe -2

Weight loss is Wo — Woe™ %2 = Wy(1 — e7%2)
_ —0.2
the percent weight loss is Wo—(lw—f—) x 100%
0
~ 18.1%
4 The situation can be 0.05»F
represented by a tree A
diagram. 0_4/ 095N
0.03»F
0.25+B <__
0.97™N
0.35
" 0.04 »F
096N

P(a component is faulty)
=0.4 x 0.05 4+ 0.25 x 0.03 + 0.35 x 0.04 = 0.041

Using technology, a ~ 1.821, b~ 17.43
~ 21.1 units?.

—2 5
— —
6 a AB=j{ -1], AC=] 2
6 2
-2 5
— —
and ABoAC:(—1)0(2):—10—2+12=0
6 2

o . i
So, AB is perpendicular to AC.

2 7
— —
b BA= 1 |, BC= 3 .
—6 —4

If we let 6 be the angle ABC, then

2 7
( 1 )-( 3 >=\/4+1+36\/49+9+160059
- —4

and area




7

14 + 3 + 24 = V4174 cos 6

COSH — L
VALT4
41
6 = arccos | —— | ~ 41.9°
<\/41\/72>
or
B(1,0,4)
—2
()
6
A(3,1,-2) - C(8,3,0)
2)
2
From a, BAC = 90°
~ 2 2 2
so tanABC= X242 Jas
V=P (1) 6

tan ABC =~ 0.8971 and so ABC ~ 41.9°

a In 2010, w; =4000, r =1.06. In 2020, n =11.

1
U11 = U1r 0

= 4000 x 1.06"°
= 7160
About 7160 people are expected to visit the island.
b Total number of people
=u1 +u2 +us+ ..
= S1
4000 x (1.06'" — 1)
1.06 — 1

=~ 59 886.57

the total charge = 59 886.57 x $5

~ $299 000

+ w10 + U1

a fisdefined providing = > 0, z+3 > 0 and z°—9 > 0.

x>0, £>-3 and £ < -3 or =z > 3.
The three conditions are satisfied if z > 3.
Domain of fis z € R, z > 3.

b Inz +In(z + 3) - In(2” - 9) = In (%)
. z(z +3)
P\ @3 +3)

:ln(wf3>

z
¢ fi =1
fis y n(mmg)
1. . Y
by z=1
f is given by =z n(ym?’)
Y _ e
y-3 °
y=(y—3)e"
ooy =ye® —3e”
y(1—e%) = —3¢"
3e”
y-—e‘”-—l
1 _ 3e®
So, fT(@) =53

9 letu=1—1=z

10

11

12

13

14

=L
fm%/ﬁd:c

= [(1 —u)*\/u(—du)

=[—-(1-2u+u? Yu? du

= f(—u% +2u3 —u%)du

3 5 z
—u? 2u?2 uz
=3 S
2 3 3
3 5 7
=-2(1-2)7+2i1-2)2-2(1-2)%7 +¢

If 14 ai isa zero of % +axz + 5, thensois 1 — ai.
These have sum 2 and product 1+ a® and so come from the
quadratic equation z? — 2z + (1 +a?) =0

Comparing coefficients, a = —2 and 14+a* =5

So, the solution is a = —2.

Since —2 and 3 are z-intercepts, the polynomial has factors
(x+2) and (z - 3).
The polynomial touches the z-axis at 1, so (z—1)? is a factor.
So, f(z)=a(z+2)(z—3)(z—1)°
But f(0) =a(2)(—3)(1) = —12 andso a=2
Hence f(z)=2(z+2)(z —3)(z —1)°

=2(z® —z - 6)(z® — 2z +1)
=2z — 62° — 62° + 22z — 12
A double is (1, 1), (2,2), (3,3), (4. 4), (5,5), (6,6).
P(double) = & = 1.
P(no double in n throws) = ( ) HUE =&
P(double in n throws) =1 — ()"
So, we need to find n such that 1 —(2)" > 0.7
(3)" <03
log(2)™ < log(0.3)
nlog(%) < log(0.3)
n> log(053)
log()
n > 6.6

So, the pair of dice must be rolled at least 7 times.

Each of the nine tickets can be allocated in 2 ways,

either to one student, or the other.

There are 2° ways of allocating 9 tickets if there are no
restrictions.

There are 2 ways in which one student has no tickets allocated.

Total number of ways of allocating 9 tickets so that each student
has a least 1 ticketis 2% —2 =510 ways.

(12| <a)=P(-a< Z<a)
=1-2P(Z < —a)

L= 2P(Z < —a) =0.72

2P(Z < —a) = 0.28

P(Z < —a) = 0.14
But Z ~ N(0, 1%)
—a ~ —1.0803

a~1.08
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15 2 +zny—y=3
1\ dy dy
2z + 11 )2 g
z + ny—!—w(y) p i
z dy dy
1 rTay_ 4y _
2x+ny+y de dx
dy _dy
4 —_—— = =
So, at (2,1), 4404222~ =2 =0
W _ _
dx
So, the equation is y—1=—4(z—2)
y=—4x+9
16

524107 — 8% o

Using the cosine rule: cosa = “SxExi0 — 10
10% 4+ 8% — 52
cosf8 = 10°+8 —5° _ 38
2x10x8

a =~ 0.9147 and G~ 0.5181
200~ 1.829 and 28 = 1.036

Thus, in radians,

Using area of segment = 27%(¢ — sin0),
total area
=1 x 5% x (20 —sin2a) + 2 x 8” x (26 —sin20)
= 25(1.829 — sin 1.829) + 32(1.036 — sin 1.036)
~ 16.4 cm®
17 v=c'cos2t
a Distance travelled in first 5 seconds = f05 v cit
= fos Iet cos2tl dt
b Using technology, this distance ~ 108 m.

18 t=2i+2j—k

r=2i—j+2k

s=3i—j+2k
t—r=0i+3j—3k
s—r=1i+0j+ 0k

The area of the triangle is

j
0

3t —m)x (s —1)
i

k
-3
0

Now (t-r)x(s—r):&O 3
1

= (0—0)i— (0+3)j+ (0~ 3)k
=0i—-3j—-3k
302+ (=3) + (-3)°

= 3V18 units®.

-. the area of the triangle =

110
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19 Graph of f(z) is shown.

20

21

y=2-5zs

A

Y

£
a Since f is a probability density function,
ffooo fl@)dz =1
s fl@-sr)dz=1

270
[Zm—%—] = ],
k

5k2
—(2k—-=) =1
o~ (-%)

Sk —2k=1
5k —dk —-2=0
_4+./16—-4(5)(-2) 4+ 56

- 10 10
4-56 _
0

b The mean ,u:f,? z(2 — 5z)dz
:ka(Q:c—sz) dz

_[2__5_]

But k<0 so k= —0.34833 ~ —0.348

2 3

3 2
=5k -k
5(-0.34833)% — (—0.348 33)
—0.192

k

Q

Q

a Let X be the number of mistakes the typist makes in 1500
words. Since the typist makes an average of m = 6 errors
per 1500 words we assume that X ~ Po(6).

Hence, P(X < 5) =~ 0.446
PX<5NnX2>21
b P(X<5|X>1)= ( XS D) )
_PILXK5)

P(X >1)
_P(X<5)-P(X=0)
1-P(X =0)
~0.445680 — 0.002479
1—0.002479

0-()-6)
§

9 4
4 1-1 2 |=
1 -1
—  ~——
and ABeAC =-10+(-2)+12=0
— —
So, AB is perpendicular to AC.

" i s —
b A vector n normal to the plane is given by n = AB x AC

i j ok
n=|-2 -1 6
5 2 2
=(~2-12)i— (-4 —30)j + (-4 + 5)k
= —14i + 34j + k



The equation of the plane is:

—-14 —14
34 e =] 34 e
1 1
. —l4z+ 34y + 2z = —56 + 68 — 1
—l4z 4+ 34y +z =11
The distance from (8, 1, 0) to the plane is

[—14x 8434 x1+1x0~11]
142 + 342 + 12
<_1

!)

An equation of a line through A and B is

4
2
-1

€z

Y
z

= 2.42 units.

—2
—_—

¢ AB=

(£)-(2)~(3)

D (8,11, —5)

B(2,1,5)

)

A(4,2,—1)

Let X be a point on the line through A and B.

4 -2 8
S
Frome, DX = 2 + Al -1 )—-111
-1
(—4—2/\)

6 ~B
-9-2A
446X

—4 — 2 —2
—
. DXeAB = —9—X Je| —~1
446X 6
=8+ 4N+ 9+ A+ 24+ 36\
=41 441X

— —
DX is perpendicular to AB if 41+41A=0 . A=-1

-3
So, DX = (—8) and [DX|=+v4+64+4
g

=72
The distance from D to the line is 4/72 units.

22 f(z)=e% O0<z<n

2 . . 2
a f'(z)=¢€"" ® x 2sinzcosz =sin2z e ©

b When f'(z) =0, sin2z=0

2z =0+ km
z=k%
z=0,%5,m

Sign diagram of f'(z):

local minimum at (0, 1) and (7, 1)
local maximum at (%, e).

sin? ¢

sn2
¢ f’(x) = 2cos 2ze®™ * + sin 2z sin 2ze

== [2 cos 2z + sin” 2z]

d At z =237 sin2z = —1

1 73
f'(@) = ~let =~ /e
the tangent at (%, /) has equation
v Ve~V (e- %)

3
y=—vezt e+ T

, sinx =

e The tangent cuts the z-axis when y =0

O:—\/.§9v+\/5-l—%E
0=—:c-}—1—{—§4l
:c:l-}-%"

Using technology,

area = [" (

23 X ~ N(90, o?).
Now P(X < 88) = 0.28925
X —90

a2
sin® x
€

= 1) dz = 2.37 units®

P ( 88— 90) — 0.28025
ag [e2
2
P (Z < —) = 0.28925
_2 05556
g
o~ 3.60

So, X ~ N(90, 3.60%).
Hence P(90 < X < 92) = 0.210
About 21.0% of the scores lie between 90 and 92.

2 2
3 L d,
| P, ois: <> =T (n+ 1),
—a1 4
Proof: (By the principle of mathematical induction)
1) If n=1, LHS=13=1,

2 2
2
1% x -1

24 a , neZt

RHS =

Py is true.
(2) If Py is true,

18 2% 88 =

k2 (k+1)2
4
P+ 4384 L+ BB+ k+1)°
2 2
E(kTJrl)- +(k+1)*
K (k+1)* +4(k+1)°
- 4
(k+1)? [K* + 4(k + 1)]
4
(k+1)2(k 4 2)?
- 4
(k+1)%([k + 1]+ 1)2
4
Thus Ppy1 is true whenever P is true, and P
1s true.
P, istrue for n€ Z*
{Principle of mathematical induction}
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100%(101)?
i 124284+ ... +100% = —00—(4—@—

b Y r=1+2+3+...+n

r=1
which is arithmetic with u; =1, d = 1.

zjj r=2Pui+ (- 1)d

gp+n—ﬂ

n(n 4 1)
2

n 2 2 2 n
So, (ZT> Zn—(ﬁf-g—z > 7 {from ai}
r=1 p=1 ¢

25 The following tree diagram shows what is happening.
R: alarm rings S: alarm does not ring
T arrives for training N: does not arrive for training

§ T
9/R<l
<T6 6 N
L -
10 15
Ny <,
15 N
aP(T):—l%x%—f—liox%_%
P(SNN) L x 12
b P(S|N 01> =
TR T Ex i acE 7

SOLUTIONS TO EXAMINATION PRACTICE SET 9

1 a (a+3)(b—17) =13+

[ab+ 3]+ [3b—a)i =13+
ab+3=13 and 3b—a=1
ab=10 and 3b—a=1

10
3b—?=1
3b° —10="0
3b°~b-10=0
(3b+5)(b—2)=0
& b:—g or 2
But beZ, so b=2
a=5
b lz+1+4=2|z—2—4

5+ai+1+4 =2]5+ai—2—1

o6+ (a+1)il =2]3+ (a— 1)
36+ (a+1)2 =24/94 (a—1)2
36+ (a+1)* =49+ (a—1)7]

36 +a’ +2a+1=36+4a’ — 8a + 4
3a® —10a+3 =0
(3a—1)(a—3)=0 andso a= 3 or3

But a€Z, so a=3
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2

a Let the arithmetic sequence have first term %; and common
difference d.
sum of even terms
= Us + ug + ue + us + .... + Uso
=wt+d+us+d+us+d+....+up+d
= sum of odd terms + 15d
15d=8 andso d= %
n
b S‘n = _2" [

n 8(n — 1)
i)

_ 4(n —1)
=n (ul =+ ——-—1-5—>

Area = f02 V4 — 22 dx

Let v =4—27% du _
dz

When =0, u=4.
When z =2, u=0.

area —/2 \/ﬂ(—-l- @> dz
0 2 dx

_r0 1 1
—f4 —511,2 du

1 4 L
Ef() uZ du

2u1 + (n — 1)d]

Il

I
[SIE
| szcoummm |
e
le ol

firx—/z, g:z+— 1l—sinz

Domain of fisall = > 0.

Domain of fog = f(g(z)) isall z such that g(z) > 0.
1—sinz >0
sinz < 1 which is true for all = € R.
the domain of fog is {z |z € R}.

As fog=+/T1—sinz, rangeof fogis {y| 0 <y <2}

The graphs meet where 2|z — 3| = |z + 7|
4x—-3°—(x+7%=0
S22 —64+2+7)(22—-6—2z—~7)=0
. (Bz+1)(@—13)=0
N w:—% or 13
We sketch y =2|z— 3| and y=|z+7|

i

2|z — 3] < |z + 7| when the graph of y = 2|z — 3| is below
the graph of y = |z + 7|.
This is between A and B. So, —% <z <13



gt s

[V T
(0,4) focef
L3 (2.2)
L ~
yzj(a:)'._“'“ u/<=f(fll—1)+%
- _o ‘-\ ’_,0.\ 2 T
< o
3 ¥ & X
Vo9
—92]-
Y

b Local minimum of y = f(z — 1) +% is (1, g)

Local maximum of y = f(z —1)+ 32 is (2, 2).
7 sin (g — 6) cos (% + 0) csc(m — 20)
1

= cos# x (—s1n9) X —STIT(W—_QG)

= —cosfsinf x

sin 26
1

= —sinfcosf X —————
s cos 2sin 6 cos

N

8 f sin® z cos® x dz
= [sin®z (1 - sin® z) cos z dx

= [(sin® z — sin® z) cos z da

= /(u3 —u®) du {letting u = sinz, —j—;ﬁ = cosz}

ut b

=1 g T

. 4 .6
=%sm :c——fl;sm r+c

9 a When z=-2, 3(-2)?+2(-2)y—y*=7
12—4y~y2:7

v +4y—5=0
(y—1+5) =0
y=1lor—5
the points are (—2, 1) and (-2, —5).
dy dy
N 2y +2x —| —2y — =
b Now 6m+[y+mdx] YV o 0
dy
2 — —_—=
6z + 2y + (2z — 2y) 7 0
dy
5 1), —12 —6) &L =
At (=2, 1), + 24 (—6) 7o 0
dy
— =1
de 0
Yy _ s
dx 3

the tangent has gradient —g and the normal has
gradient %
the equation of the normal is y — 1 = 2(z + 2),
whichis 5y —5=3z+6
or 3z — by = —11.
or at (—2, —5), fi}i =2 _u

da 6 3

L7 3
the normal has gradient —s3

the normal is y +5= —2(z +2)
which is 3z + 11y = —61

113

10 afp+tq=+/(p+qep+q=v25=5

b (p+q)e(p+q)=pep+peqt+qep+tqeq
= |p/*+2(peq)+q
25=25+2(peq) {given}
and peq=20

Note that since p e q =0, p and q are perpendicular.

M |w|=|z|, argw=73, argz=%
a arg(wz) =argw+argz=%+% =

b wt+z= Rcis(%) + Rcis(%)

(M

A
\i
£

0+6=30 .. 0=15
arg(w+2) = (30 +0)° =45° =%

12 f is defined for all = domain is all z € R
If 222 |z-2—4z+1]
=(z-2)—4(z+1)
=—-3z—6
If -1<z<2, |z—2]—4|z-+1]
=—(z—2)—4(z+1)
= —br —2
If <1, |z—2/—4|z+1|
=—(z—2)—4(—[z+1])
=3z +6
AY

P o 2 z

y:lm—21—4[m+1|

v
f has a maximum value of 3 which occurs when z = —1.
So, range of fis y < 3.

: 2 .
13 Since zy =2, y= - provided z # 0.
The graphs meet where

3
a:3+(-2—) =9
T
8
3 —
Zz +ZII_3_9
z° + 8 =97°

22— 9z +8=0
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Letting 2=z 2°—924+8=0
s (z=-8)(z—-1)=0

z=8 or 1
22 =8 or 1
r=2 or 1

So, =2, y=1or =1, y=2.

14 The equation 6z +pxr + ¢ =0 hasroots 2 and —3.

The sum of the roots = 2

—~%:% and so p=—9.
The product of the roots is —1
g—:—l and so g = —6.

15 tan,@:%, 7r<,8<‘°’27T
2tan (£
Now tanf = (2)
1 — tan? (g)
2t .
m:% {letting ¢ = tan(£)}
t=1-1¢
24+3t—-1=0
,_ 3%/ 4D
B 2
-3+ /13
b=

B 3
But §<§ <<
% lies in quadrant 2 and so tan (%) is negative.

tan (8) = 222 V13

2/ 2

16 Graph is
y(0) =c=1

y =asinbzr + ¢

. 2
perlod:%:w so b=2
so a=3.

b=2 <

amplitude = |a| = 3
a a=3 b

17 y=4"In (i> =g’lnz 2

22
s oy=-2%Inz {z >0}
So, @:—4mlnm—2m2 (l)
dz 13
= —4zlnz — 22
5 1
and d—;;l:—4lnx—4ac<-a—g)—2
=—4lnz -6
2
So, -;%%20 when lnm:—% z=e"3%
2
The sign diagram for % is: + - it

. . . ; _3
the point of inflection has z-coordinate e~ 2.
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18 a

a 3a

As BD:DC=1:3, BD=-, 1

Using the cosine rule:

In AABC, B =c? +a® — 2accos60°
¥=c+d —ac .. )
2
In AABD, b =c + (%) —2 (%) cos 60°
2
2 _ 2,6 ac
b =c" + T (2)

b Using (1) and (2),
2 2 _ 2,40 ac
c+a ac=c + 16 1
164> — 16ac = a® — 4dac
15a® — 12ac =0

3a(ba —4c) =0
Ha = 4c
a=*%c

5

19 f(=z)
N RO FiC)
h—0 h
. 3(xz+h)?*+5(x+h)—2—(32° +5x—2)
= lim
h—0 h
. 3z%+6zh+3h%+ 52+ 5h —2 —32% — 5z -2
= lim
h—0 h
. 6zh+3h% 4+ 5h
= hm e e R,
h—0 h

= lim 6z + 5+ 3h
h—0

=6x+5
20 We integrate by parts with u=¢€" ¢ =sinz
u =é" V= —CoST
fe“’ sinzdr = —e"cosz — f —e®coszdx

= —e"cosz + fe’” cosz dx

We again integrate by parts, now with w=e” v =cosz
v =e" wv=sinz
fez sinzdzr = —e”cosz + e” sinz — fe“: sinzdr + ¢
2 [€® sinzdz = e”(sinz — cosz) + ¢
o [e® sinzdr = 1e”(sinw — cosz) + ¢
21 a If a and b are perpendicular then a e b =0
—t+2(14+18)—2(2t) =0
—t+242t—-4t=0
—3t+2=0 and so t:%
b The vectors are parallel if =% el = 2
1 2 -2
—2t=1+4¢
t=-—-1

3
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2sin’z —sinx — 2sinzcosz + cosz = 0
sinz(2sine — 1) — cosz(2sinz —1) =0

(2sinz — 1)(sinz — cosz) = 0

sinx:% or sinz =cosz
sinx:%— or tanz=1
x w57
T=%%7%
104

e (F)(3)

Since BC = AD, position vector of D is

()

and the coordinates of D
are (7,1, —

2).

The midpoint of [BC] is (4 _;10, 4 ; 2

so the coordinates of X are (7 , 3, —1).

-1

"/

B(4,4,-2)

A(1,3,-4)

The ratio AY : YX =2:1,

()5 (5)-(4)

The coordinates of Y are (5, 3, —2).

C(

wl=

5—4 1
N
b BY=| 3-4 |=|[-1
— B s 0
7—4 3
.
BD=| 1-4 |=|[ -3
—2— -2 0

5 =
Since BY =
B, Y, and D are collinear.

a i 1-iv3 has |1-iv3|=vI+3=
1—i\/§=2(5—

—2+0)
B 2 2

10,2,0)

D(7,1,-2)

s0 position vector of Y is

152 59 —
5BD, BY and BD are parallel

=2
2

= 2cis (—%)

1—i has |l—il=+IF+1=+2

[2 cis (—%) "

]18

(1 _ i\/g)ll

(1 =418

B [\/5 cis

A
»b|>!
N’

115

= 4cos (3£) + 4sin (5F) i
:4(——@)+4(%)i

—2v3+2i

V3—i has [V3—i=v/3F1=2

b 2=

2 = /2cis (—gr—o) . V2cis (11") /2 cis (2335’)
2 cis (—25501) , V2cis (—f’—g’)
e’ —e %
2 @)=
f(z)
(e ) () )
- (em + 6—3:)2
I Gl Sl Gt
- (ez + e—z)Z
(e P+ —e )"+ e =" 4 eT")
- (em + 6—2)2
_ (2e”)(2e77)
- (em + 6—2)2
4 L
= -————  which is never zero.
(em + 6—:1:)2

So, no stationary points exist.
b f(x) =4(e" +e*)7?
(@) = —8(e" + ™) ¥ (e —e®)
_ —8(e”—e™")
CETRIE

¢ The integral / %
/J;’(f)) dz where f(z)=e"+e™".
/1n3 e —e® do — _zl]1n3
, €tec 0
:1n(3 3) —In(1+1)
in () ~ n2

()

dx has the form

[In |ez +e

SOLUTIONS TO EXAMINATION PRACTICE SET 10

1 Growth is geometric with »; = 1250 and r =1.03
We need to find n such that w,, > 2000.
urr™ 1 > 2000

1250(1.03)" " > 2000
(1.03)" " > 1.6
log(1.03)™ ™" > log(1.6)

log(1.6)
log(1.03)
log(1.6)
log(1.03)

n—1>

+1
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5

But P(ANB)=P(4)P(B)

Hence

n > 16.9

n =17, 18, 19, ...
uy corresponds to year 2005.
%17 corresponds to year 2021.
So, the population will first exceed 2000 in the year 2021.

() 1
Normal has vector 2 and line has vector ( -2 ) .
-1 -1

If 0 is the acute angle between the normal and the line, then

)G,

T VaItai+r1vitdr1l 36

0 ~ 82.18°
The angle between the plane and the line is
90° — 82.18° =~ 7.82°.

0s 6

a There are 4 odd digits.
There are 4 odd digits to select from at the start, leaving
3 odd digits to end.
This leaves 5 digits from which to select the remaining 3.
As order matters, this can be done in 5 X 4 X 3 ways.
Total number is 4 x 3 X (5 x 4 x 3) = 720 ways.

b Starting with an even digit, the number of arrangements
can be represented in the diagram:

Total is 72.

ways is 144,

Total number of ways of alternating is 72 4+ 144 = 216.

P(AUB)=P(A)+P(B) ~-P(ANB)

{A and B independent}
0.8 =0.27+P(B) — 0.27P(B)

0.53 = (1 — 0.27)P(B)

P(B) = §33

~ 0.726

So,

f(z) =cos2z —sin2z, 0Kz < 7w

a f(o):L f(ﬂ-):l
AY
V2
1'\
- >
-1
—\/5"

b Using technology, the maximum value is v/2 when

— In
z=q.

|a x b| = |a| |b|sin@

|12j — 5k| /122 +52
4x5 20
and 6 =~ 40.54° or 139.46°

aeb=a||blcost
~ 4 x 5 x cos(40.54°) =~ 15.2
or aehbm~4x5xcos(139.46°) ~ —15.2

— 13
- 20

sinf =

Mathematics HL — Exam Preparation & Practice Guide (3™ edition)
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a Using the midpoint of each time interval, the mean time
= t
t= Z—f ~ 50.25
2.1
t—1)?
b The variance s,2 = z:f(—) =~ 519.94
1
Hence, s, = +/519.94 ~ 22.80
a Total number of ways of selecting 5 from 12 is (152).
If no men are selected, there are (g) ways of selecting
5 women. (7)
The probability of selecting 5 women is (152) ~ 0.0265.
5
b Number of ways of selecting 3 women and 2 men is
(5) (3)-
So, the probability of selecting 3 women and 2 men is
WIS
—(iy U4kl
(%)
A
5cm
0
8cm B
@_1rev_27r°__ e -1
dt 2s  2s
Area of AOAB = £(5)(8)sin#
A =20siné
dA do
£ — 9=
7 0 cos 7
Particular case: =Z
dA V3
22 _opx LB
dt Kg{m)
=10v37 em®s™!

So, the area is increasing at 107v/3 cm? s~ L,

a f tan® z dz
= [(tan®z) (tan® z) dz
= [tan® z(sec’ z — 1) dz
= f [tan z]® sec® z dx — Jtan®z dx

2

Letting u = tanx L sec x
g - ¥ dm L

ftan5xd9:
d
u? 22
dz
u _
4
%tan‘lx — ftana:sec2:r dm—l—ftanm dx

4 du
;}:tan w—/u%d:c——/

2
4 u
% tan’ x——2——ln|cosm[+c

dm—/tanwtan2wdm

J tan z(sec® z — 1) dx

—sinx

dz

Cos T

4 2
Ztan"z — tan’z — In|cosz| + ¢



v =gz72

b We integrate by parts with » =Inx
;1 zt
Uu = =— V= ———
T -1
/—lglnmd:c:—llnm—/——l- (1) dz
z & z \z

.
X

_ bz, T L.

- -1
Inz 1

= —— ——+4c
T €

11 Since it is a probability distribution,

ZP(X =) = 20 a,(%)z =1
= 1
But Ly = L2t = -1
;::()(7) 1-r 1-1 °
So, since Z_:Oa(%)mzl, axi=1 andso a=2.

@) =a® + 327 + bz + 4
o fi(@) =382+ 6z +b
f'(z)=6z+6=6(x+1)
So, f’(z) =0 when z = —1.
Now f(-1)=-1+3-b+4=6-0
(=1, 6 — b) is a point of inflection.

12 a

b A stationary point occurs when f'(z) =0,
f'(—1) =0 in this case. 3—-6+b=0
b=3

¢ No stationary points exist when 3z246z-+b has no real

roots. A <0 when 36—4(3)(b) <0
12b > 36
b>3
13 a (fog)(—4) b fis y=2z—-3
= f(9(~4) so f71is z=2y—3
= 7 (32— (1)) 4322y
= £(18) _z+3
=2(18) — 3 v= 23
= —1 T+
33 ey =2
243

~
&
—
S
—
Il
M‘
|
nof

14 Probability of not obtaining a score of 35 or more is %

If X is the number out of 9 who do not obtain a score of 35 or
more, X ~ B(9, 3).

P(X =3)=(3) (2)° (¢)° ~0.178.

15
ﬂ?’
: _ 3
4 % tanA—Z
tan A + tan B
N B ——mM7m8M ——
oW tEnks +H) 1 —tanAtan B
—63 3+t .
== t=t
% D {letting an B}
—63 344t
16 4-3¢ 13/ 119
—252 + 189t = 48 4 64t
125t = 300 .
=30 =122 cos B =&

16 P,is “> (rz-}-r):w” forall ne€Z .

3
r=1
Proof: (By the principle of mathematical induction)

(1) If n=1, LHS = 12 +1=2, RS = DG _,

3

Ps is true.

(2) If Py is true,
Q2414 (22 +2) 4o+ (k) = Zc(k_+1§(k;2)

Now (12+4+1)+ (22 +2)+... +(K* +k)
+((k+ 1>+ (k+1))

_ k(k+13))(k+2) F e+ 12+ k41

Ek+1)(k+2)  3k+12+3k+1)
- 3 + 3

(k+1) [k(k +2) +3(k +1) + 3]

3
(k4 1)(k® + 2k + 3k +6)
N 3
_ (k+1)(k+2)(k+3)
3
(B D([E+1+D([E+1]+2)
- 3
Thus Py1 is true whenever Py, is true and Py is true.

P, istrue forall n€Z"
{Principle of mathematical induction}

17 If R is perpendicular to both P and @, the normal n of R is
perpendicular to the normal of P and Q.

6 1
n is parallel to -2 | x| -3
3 5

i j Kk
=6 -2 3
1 -3 5
-2 3|, |6 3|, 6 —2
“’\—3 5 ‘“‘1 5‘”‘1 —3"‘
= (=10+9)i— (30— 3)j + (—18 + 2)k
= —i—27j — 16k
An equation of R is
T -1 -1 2
y |ef =27 | = 27 Je | 2
z —16 —16 3
o—x — 27y — 16z = —104
z+ 27y + 162 = 104
18 a Since P(X >1)=0.01,
P(X =0)=1-0.01=0.99
0,—m
But P(X =0)= L gl =e "
where m is the expected number of errors per page
e” " =0.99
m = —1n(0.99)
~ 0.0101
1,—m
b P(X=1)= %— = 0.01e™%% ~ 0.009 90
We expect 750 x 0.00990 = 7.4 pages with exactly
1 mistake.
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19 If z=rcisf, 1<r<2

a —z=—rcisf =rcis(§ +«)
b Z=rcis(—0)

¢ iz=rcis(0+3)
2% = 2 cis (20),
1<r?<4

e z=/rcis(§),

1<F<V2

o

20 Let X be the score for the mathematics test, so
X ~ N(64, (8.352)%).

P(X > 80) ~ 0.0277

21 y=10— ze®

Let P be at (u, 10 — ue*)

and let A be the area of OAPB.
A =u(10 — ue*)

= 10u — u2e*

Ay
10

A\

Using technology, the graph b A

of A against u is: (1.09,7.37)

maximum area =~ 7.37 units.

22 Using technology:

y=z2-1

1
)+

z
Y = T arccos

-1

b
x
Area = / (m arccos (
a

where a =~ —0.6330, b= 2.0227
area ~ 4.84 units®

)+1—x2+1)d$

241
eZ

23 f(z) =

a As x — 0o, €” — co more rapidly than 22 +1-— 00

as z — oo, f(z) — 0 (above).

_ 2pe® — (2 + 1) 2z—z’—1

!

b /@) L
_ —(z-1)
=

¢ f'(z)=0 when (z—1)>=0 z=1

Sign diagram of f'(z): -
- — T
1

there is a stationary inflection point at (1, f(1)),

wibiioh 45 (1, 2).
[
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24

25

(2 — 2z)e® — (22 — 2% — 1)e”

1
d f(z) = o
. 2-2¢c—2z4+2°+1
= g
2’ —4z+3
T =
e f'(z)=0 when > —4z+3=0
s (z=3)(z—-1)=0
r=3orl
Sign diagram of f'(z): <t -+
1 3
; ; ; ; 10
there is a non-stationary inflection at (3, ;;)

t f(0)=1 and f(5)= z—f ~0.175

a m:6+2003(%%—t+§)
Tide is highest when cos (-‘;—gt + %) =1

4n i Y
%t =&+ k2m
25
t=—%+k_2" k=0,1,2,3,4, ...

- 25425 . 128
When k=1, t=-35+5 =33

t = 10 hours 25 minutes
the first high tide is at 10:25 pm September 1.

: 2m _ o5
b perlod = E =5
25

there is 124 hours between high tides.
¢ If £=55 6+2cos(35t+7%) =55
2 cos (-‘;—gt + %) =-0.5
4 Ty —
cos (2—5t + g) = -0.25

3:00 pm on September 2 is ¢ = 27

So, we seek the solution when ¢ is first > 27.
Using technology, ¢ = 31.788

So, the first time is 31 h 47 min after 12:00 midday
September 1. This is 7:47 pm on September 2.




b Let a be the greatest age at death in region A
P(X < a) = 0.09

4 43 %
a~33.6 )
The greatest age is about 33 years and 7 months.
¢ Let b be the lowest age at death in region B
P(X >b)=0.11
P(X <b)=0.89

b~ 51.6
So, the lowest age is about 51 years and 7 months.

d Since the total area is 1, the shaded region has area
1—(0.09 +0.11) = 0.80.

SOLUTIONS TO EXAMINATION PRACTICE SET 11

1 a —8=8(-1)=8cisw

b =-38
22 =8cis(r +k27), keZ
z:QCis(w) {De Moivre}
z=2cis %, 2cism, 2cis(%’r) {k=0,1, 2}
z:2(§+§i), g1, 2(%—\/751')
z=1+4V/3, -2, 1-4V/3
2 fis y=+5—2z, xé%
so flis z=+/5—2y
3 2 __
z°=5—2y
5 — 2
y= 5
2
So, f‘1(5):5 2(5)=—10

3 Stretching f(z) vertically by a factor of 2 gives 2f(z).
Compressing 2f(z) horizontally by a factor of 2 gives

2f(2z).

A translation of % horizontally gives  2f (2(:5 - % )
=2f(2z —1).
A translation of —3 vertically gives 2f(2z — 1) — 3.
So, since f(z)=z+2, 2f(2z—1)—3
=2[2z~-1)+2]—-3
=22z +1)-3
=4z -1

5 a f(z) = 22° — 92° + 30z — 13
F(3)=2()"-9(3)"+30(3) ~13=0
b So, 2z —1 is a factor of f(z)

flz) = (22 — 1)(2® + az + 13)
—9=2a-1
soa=-4
so  f(z) = 2z — 1)(2* — 4a + 13)

Equating coefficients of 22,

5 tan(A—i—%) =3

22 —dz+13=0

x__4:t\/16—52_4:tﬁi
- 2 )

Now

if

z=24+3% or 2-—3¢
22% — 9% + 30z — 13
=(2z—1)(z — (24 30) (z — (2 — 34))

tan A + tan 7
1—tan Atan % -

tanA+1
1—tanA
tanA+1=3—3tan A
4tan A =2
tan A = %

oo+l _ gzl
log 2! = log 57"
(z+1)log2 = (z—1)logb
log5
log 2
z+1=(z—1)log,5

z+1l=(z-1)

z+1==xlog, 5 —logy, 5
z(1l — log, 5) = —1 —log, 5

_ 1+logy b
" log,5—1
7 sin(z+y)=0
z+y=km, kEZ

which is a family of straight lines with gradient —1.
Y

4 \

37

27

\ T
-+ i
-2 -7 I T 27

[°, (32> =8z +2) dz = 12a
[3$3 8z°

22 =192
3 ) +2a:]_a 12a

(a® — 4a® + 2a) — (—a® — 4a® — 2a) = 124
20° + 40 = 12a

2a° — 8a =0
2a(a® —4) =0
2a(a+2)(a—2)=0
a=0 or £2
a=2 {a>0}
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9 a flz)=4ze™", z>0
fl(z) =4e™" + dxe " (1)
=4e""(1—x)
o fi(x)=0 when =1 {as e ® >0 forall z}
f'(z) has sign diagram: + -
1 T
. . 4
there is a local maximum at (1, E)
b F(z) = —4e (1 — z) + 4" (~1)

=4e™*(-1+z—1)
=de "(z—2)
f’(z) =0 when z =2

f" () has sign diagram: 4___%, 2

As the signs alternate, there is a point of inflection at
8
()

&2
10 1 —tan?z + tan*z — ... is geometric with
g

ur=1 and r=—tan?z.

a It converges when -1<r <1
~l1<~—tan’z <1

~l<tan’z <1
O<tan’z <1 {as a®>0 forall real a}
—l<tanz <1
ze0, 5 or 125, 5£[ or |IF, 2]
U1 1 1 2
b S: = —_— —
1—7r 14tan?z sec?z cos @
¢ When S =3, coszmzé
cos:c::l:vlg
. 3r 5 Vi
=0T 0T

However, none of these are in the convergent range, so the

sum is never 1.

11 In augmented form, we use row reduction:

t -1 -1j1
2 1 1 ]2
4 -1 —1|k
t -1 -1 1
~ 10 3 3 0 R2—>R2—2R1
L0 3 3 |k—4] R3 — R3 — 4R,
M -1 -1 1
~ 10 3 3 0
[0 0 0 |k—4] Rs—=Rs— R

a The system has an infinite number of solutions if &k = 4.
b The system has no solutions if &k # 4.

12 P, is “2*" 1 g n!” for neZT.
Proof: (By the principle of mathematical induction)
1) fn=1 2"1=2=1 and 1!=1
as 1< 1 isa true statement, P is true.

(2) Suppose Py istrue, so 271 k! or k!> 2FL
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(k+ 1)1 —2°
= (k+ 1)k! — 2*
(k+1)2F 1 -2k
2k +1-2)
21k —1)

>0 a 2°'>0 and k> 1.
This means (k +1)! > 2* or 2¥ < (k+1)!

Thus Ppyq is true whenever Py is true and P is true.

P, is true for all n € Z"
{Principle of mathematical induction}

Now

VvV WV

WV

13 a Since P(N)=3, P(N')=1-2%=12
; PIMNN) 4
PM|N)y= ————~ =%
b Since P(M | N) V) 2
and P(N)=2, P(MNN)=2x3=2.
. ~ _ P(MNN')
Since P(M!N):—P(T:%
and P(N') =2, then P(MNN)=2x1=%
PIMUN)=2+2L =2
N, M
- — 2
P(MUN)]|=P(M'NN)=1-2=3.
14 a sin2z+cos2x =1, 0<z<2n
2sinzcosz+1—2sinz =1
2sinzcosz —2sin’z =0
2sinz(cosz —sinz) =0
sinz =0 or cosz =sinz
sine =0 or tanx =1
m:O,%,w,%’ﬁ,Zw
b cos2x = —cosz, O0<z< 2

2¢cos’z —1+4cosz =0
(2cosz —1)(cosz+1) =0

cosx = % or —1

e=%,m F
15 Let u=1—1z, @:_
dx
2 2
) 7 _ (1—wu)* du
. /(1—w)3d$' / 3 dmd

1 — 2u+ 42
u3

-]

=—/(u_3 2u_2+l)du
U

2 -1

U 2u
-—'3—5- 1 —ln|u|+c

1 2
= —Inl1—
SA—ep 1-s Rli-el+e



16 a Let Yy = =
VZ=6 (z—6)%
1 _1
dy _ Uz —6)° —z(3)(x—6)"3
dz (z —6)*
v —6 _ T
1 2V —6
- (z—6)
_2z—6)—x  x—12
2(x—6)2 2(x —6)2
b @:O when z —12=0 =12
dz
. . dy . -t
f —= is: z
Sign diagram o I is ‘W’
z-coordinate of local minimum is 12.
17 a AY
2 .
- [f@)]
1 »
MENEIRENEE
|
f(=)
3 Y
b The y-intercept of y = f(z) is f(0) = 3.
1
So, the y-intercept of y = — is —= = 2.
R 7 B ()
< Uk4
: 2
e
1 2 7 4
o >~f(%)
2 /L
iy @
a a . i with _ dr—
18 a+35+32+"" 1s geometric with 413 =a and r = 7
a It converges when —1 <r <1 -1< 515 % 1
But b* >0 forall b 0<bi2<1
b >1
b<—1or b>1
_wm _a b? _ ab?
. S"E’l T " -1
g
32 32

Il
Sleo
gl

Y il
5 ot
o] X

| | =
(o)

[ S

W

Il

Volume

6
:7r/ y2dm

3

6 2

:71'/ (1—§> dx

2 z

6
7r/ (1—§+9m*2)dm
: T

19

il

20 cosf +isinf =cis
cosf — isin @ = cis (—6)

5 3
% isinZ ST 4 isinZ
(COS%'—'LSIII 3) (COt:4 ZSID4)

7
s Gt T
(COS i3 781 12)

_ [cis (—%)]5 % [cis %]3

[CIS (—'1—2

¢ Bl
~—
—
<

{De Moivre}

Il

i ] k
21 a bxe=|1 -3 -1

2 -1 1

1
e

1 -3

-3 -1
2 -1

4 i
= (-3-1)i—(1+2)j+ (-1 +6)k
= —4i — 3j + 5k
i j ok
2 -1 3
4 -3 5
‘—sls gi_)—zzl g‘”’i s
= (=5 +9)i — (10 + 12)j + (—6 — 4)k
= 4i — 22 — 10k
b(aec)=(i— 3 —k)(4+1+3)
= 8i — 24j — 8k
c(aeb)=(2i-j+k)(2+3-3)
— 4i — 2§+ 2k

and b(aec)—c(aeb) =4i— 22j — 10k
=ax(bxe)

—1].

‘ K

b ax(bxc)=

If

‘ K

22 a w® =64 = 64cis (0 + k27), k€Z
w® = 20cis (k2r), k€Z
ow=2cis (&-26—’5) , keZ {De Moivre}
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w =42, 2(%i§i>, 2(—%i73i)

w==2, 1+iV/3, -1+iV3
6
b If (2+1)°=64(z—2)5 then (—i—f—;) = 64
Z+1::i:2, Z+1:1:|:z'\/§,
z—2 z—2
or Z+1:—1:ti\/§
z—2
Suppose ﬂ—*w
pp e

z4+1=wz—2w

z(l—w)=~-2w—-1

w+1
P A
w—1
z+1
If z_2=2, z2=58=5
(it S S N
7 —
z+1 , 24+2v3i+1
If =14iV3 z=212Y—T_
z—2 iv3 _
which simplifies to 2 —iv/3.
e 2l g B, pa B 2ELT
z— —i\V/3
which simplifies to 2 + iv/3.
z+1 _ —24+2v/3i+ 1
If =-1+iV3, z=——""2¥YTT°
z—2 V3 —2
which simplifies to 2(8 — 3v/3).
z41 , —2—-2v3i+1
If =-1-4V3, z=———2¥Y"T-
2—-2 —iy/3 =2

which simplifies to 2 (8 + 3v/3i).
z=5, 1, 244v3, 1(8+33).

23 P,is “If upt2 =uUp +uUnt1, uz =u2 =1

(11\/5)"_ <1-¢5)"
2 2
" pnelZt

then un =
V5
Proof: (By the principle of mathematical induction)
1+v6 _ 1-5
2 2

N En=1, w

V5
_14+Vv5-14+8
= N

2v5
= —— =1 which is true.
2v/5
Py s true.
(1+\/5 ? _ (1—\/5 2
Ifn=2 u 2 2
—_— N 2 —=
NG
(142545 — (1 —-2V5+5)
45
45 L
= —— =1 which is true.
4v/5
P, s true.
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24

(2) Now suppose P, and Pgy1 are true.

(=4) - (=)
NG
(_}ﬂg@)k_l—l _ (1_2\/5)764»1
V5

So, ur = and

Uk+1 =

Now Ur42 = Ug+1 + Uk

()" ()"
2 2
a VB
k k
()" 5 +1] - ()" [ 4

4

V5

+v58

_ 6+2v5 _ 3
= e —

and likewise

2

(=2)" (9) - (=) (=)
p) 2 2 p)
So, Upyo = \/5
(1+x/§)k+2 (1—ﬁ)k+2
p) 2
B Vb
Thus Px4o is true whenever P, and Pg.1 are true and P;

and P» are true.

P, istrue forall neZt
{Principle of mathematical induction}

a A

By the cosine rule:
2% = 40 + 502 — 2 x 40 x 50 cos
and 22 =30% 4+ 20% — 2 x 30 x 20cos 20

1600 + 2500 — 4000 cos § = 900 + 400 — 1200 cos 26
4100 — 4000 cos = 1300 — 1200 cos 20

41 — 40 cosf = 13 — 12cos 26
3cos20 —10cosd +7=0
3(2cos®6 —1) —10cos§ +7=0
6cos®f —3—10cosf+7=0
6cos”>f —10cosf +4 =0
3cos’ 6 — 5cosf+2 =0
2. (3cosf —2)(cosf—1) =0

cosf = % orl

Now cosf =1 is impossible, so cosf = 2.

b cos@z% and sin9:§
sin26 = 2sinf cos 3
_ 5
—2x33£><§ -
- 4f z



25 f(z) =

(=)

(cosz + +/2)4
—+/2singcosx — 2sine + 2sinz + 2v/2sinz cos z
(cosz + +/2)3
\/isina:cosz
 (cosz +/2)3

d Area= /

X

£(40 x 50 x sin#) + (30 x 20 x sin26)
1000 sin @ + 300 sin 260

1000 (%) + 300 (%)
1000 (%) + 100 (%)
¥ (1000 + 400)
N
sinz
cosST + \/5’
cos z(cos z + v/2) — sin@(—sinx)
(cosz + +/2)2
_ cos® z ++/2cosz + sin

B (cos +v/2)2
1+ \/Ecosx

 (cosz + v/2)?
When f'(z) =0, 1++v2cosz=0

0<z<2n

f(z) =

P
cosT = — 5

3

and so T = °F,

local maximum at ( i

ki
4 2

local minimum at (
(—v2sinz)(cosz + v/2)2
— (14 v2cosz)2(cosz + v/2)(— sinz)

)

When f”(z) =0, sinzcosz=0

sine =0 or cosxz =10

T =73, 37"
There are
changes in Sl Il B [ T
signs of f"(z): 0 5 4 Z QEﬂ_

there are points of inflection at

(3 %) (m.0),

ot

sinz

cosT + \/§

= [—1n|cosw—|— \/§|]

dx

T
3

PNE) p‘ i

123

=—ln| - Z + V2| +1n| 5 + V2|
~In|v2 - V2| +In|v2+ 12
In(1v2) + In(£v?2)

()

1
3V2

=1In3 units>

SOLUTIONS TO EXAMINATION PRACTICE SET 12

1 For 2—2)% Trp1= ()2 "(—a)"

(f) 28—7‘(_1)7“:67‘
For (14 2z)(2— )%, the coefficient of 7
=1x (3)27"(-1)"+2(§) 2°7°(-1)°
=8x2x—-14+2x28x4

=208

Sequence is geometric, u; = 100, r = 1.1
un =100 x (1.1)""*

ur(r®—1) 100 ((1.1)" — 1)
o 0.1

a u, =ur" !

b Sp =

r—1
S, = 1000 ((1.1)" — 1)
Sn > 4000
1000 ((1.1)™ — 1) > 4000
1D —1>4
1Ln)">5
log(1.1)™ > log5
nlog(1.1) > logh

¢ We want n such that

log b
o loggl.l
n > 16.9
n =17, 18, 19, 20, ....
The amount first exceeds $4000 on his 17th birthday.

6 X 6 X 6 =216 numbers

6 X 5 x4 =120 numbers

The first digitis 4, 5, 6, or 7

o if the first digitis 4 or 6 e if the first digitis 5 or 7

lal2]-16  [2]a]3]-2

40or6 other 2 evens 3 possible evens

total number is 40

We can choose 3 from 6 in (§) =20 possible ways and
there is one order (ascending) for each way.
total number of ways = 20

/

[l In|l —|—ua:|}
u

1
d:
1+ ux v

It

2
0

Mathematics HL — Exam Preparation & Practice Guide (3 edition)



[1+2u|=e
14 2u = te
2u=e—1

e—1 —e—1

or

Consider u = — (

is not defined

The function 1 =
U

when z = .
e+ 1

Since 0 < e-{-il < 2, the definite integral

2
1
/0 ——1_(e+1)$dac
2
—1

Hence, the only value is u = eT.

is therefore not defined.

1
The line has direction 2 1.
—2
We label (—1, 1, 1) on the line as point A,
and (1, 3, —2) on the plane as point B.
2

Then AB = ( 2 > and a normal to the plane is

=3
1 2 i j Kk
2 Ix( 2 |=[1 2 —2
-2 —3 2 2 =3
2 —2f. |1 —2]. |1 2
=[2 3o fa Zafae ]l S
= (—=6+4)i— (—3+4)j+(2—4)k
=—2—j—2k

An equation of the plane is

(3)-C)-(2)-(3)

—2r—y—2z2=-1
2c+y+22=1
b Distance of plane to (0, 0, 0) is
12(0) +1(0) +2(0) — 1| _,

P12+ 22 :

unit

6 3 .R
i R<,
4
9 —

13 B<12/R

B
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9 As the probabilities add to 1,

y = xarcsin (% ~0.5) , —1<z2<3
y(—1) = —larcsin (—g) ~ 0.985

y(3) = 3arcsin(0.5) = %
Using technology, ¥min ~ —0.190, where x ~ 0.742.

AY

s

(—1,0.985)

15 3
| (0.742,-0.19)

—p—

\

If the depth of water is d cm

I _1w_1
d 20 7 2
r= %d
Let the volume of water be V cm®.
V= %wrzd
d2 T 33
V= %71' <2—> d= 35d
av . o dd
@ X3 g
Particular case: d =15, %‘?/ =30 cm®s™?
o dd
30 = 75 x 3 x 15% x p
dd 8 _1
E = 57 cms
So, the depth is increasing at & cms ™.

24i+a+E=1
6+7+21z+2=21

21z =6
=2
A total of 6 after two rolls z A
can only occur if we get g 4 -
4and 2 or 3and 3 é 3

or 2and 4 a2
with probability of occuring 1k
=3 X5+ IXF A+ 5xg ‘"1234istthrow

__ 64
T 441

10 The three vectors are coplanar if the normal to w and v is parallel

to the normal to u and w (or v and w).

i j K
uxv=|2 2 3
12 -3
2 3. |2 3. |2 2
“‘2 3 l_ll —3’”‘1 2|k
= (~6—6)i — (=6 —3)j + (4— 2)k
— —12i 4 9j + 2k
i j Kk
and u xw=1,2 2 3
1 2—X A+1
2 3| l2 3], |2 2
"IQ—A /\+1""1 >\+1"+I1 Z—A’k



12

13

14

15

= ((2A+2) — (6 — 3\))i— ((2A+2) — 3)j
F((4—-2)) -2k

= (BA—4)i+ (1 — 2\)j + (2 — 2))k

5A—4  1-2%  2-2)
12 "9 2

The vectors are parallel if

2—2\
2
1-2Xx=9-9A

8

7
checks in the other equation.

Using L2 =

-

and =%

a wui = 285,
Now wu19 =

u1o = 213
u1 + 9d 213 = 285 + 9d
9d = -T2
s d=-8
Un = 285 + (n — 1)(—8)
=285—-8n+8
=293 - 8n
b u, >0 for 293—8n>0
8n < 293
n <363
So, 36 terms are positive.

3(3)=(5)
3n(n— 1)  nn—1)(n—-2)
2x1 Ix2x1
In(n—1)=n(n—1)(n—2)
Since n >3, n and n— 1 cannot be 0.
9=n—2 andso n=11.

Thus,

Since 12 customers per hour arrive, 6 will arrive each # hour.

Let X = number of customers that arrive each % hour.

6°e6

So, X ~ Po(6) and P(X =5) = 5 ~ 0.161
A
20

5cm
(4
B Tcm C
By the sine rule, §H,17—29 = SH;H

5sin26 = 7sinf
10sinfcosf — 7sinf =0
sin@(10cosf —7) =0

cosf = 1l

5 {as sinf # 0}

= arccos(0.7) ~ 45.6°

C = owns a car
0.42
a P(student does not have a car)

=0.58 x 0.48 +0.42 x 0.73
= (.585

0.52_ ¢

M
F<

0.73~ ¢’

Q

P(MNC)

! e
b P(M|C) = 23
0.58 x 0.48 ]
= {using a}
~ 0.476
: “ dn @ x 9 +
16 P, is: W(me YJ=(zx+n)e®”, nelZ

Proof: (By the principle of mathematical induction)
i(alcem) = 1e® + ze”

dx
=e"(z+1)
= (z+1)e”

(1) If n=1,
Py s true.

. da*
(2) If Py is true, @-(azez) = (z+k)e®

W(me )za(m-}—k)e = 1" + (z + k)e
=e"(z+k+1)
=e*(z+[k+1])

Thus Px41 is true whenever P is true, and P is true.

P, is true for all n € ZT
{Principle of mathematical induction}

17 a Jo aV1—a?dz =02
=N (1 —2%)3(~2z) do = 0.2
_ %
%[(1 zc)] 0.9
2 0
—4 {(1—;::2)%] = (0.2
0
(1-ad%)3% —1=-06
(1-a®)% =04
1—a®=(04)3
@ =1-(0.4)3
a~0.676, as a >0
o /a)erl
.4 oy
/0 z2+1
" [in]e® +1|]; =2
lnia +1|:2
a®4+1=e? {since a®+1 >0}
a==1+/e?—-1
=+e2 -1 {since a >0}

18 Area of the parallelogram is |a x b| where

i j k
axb={3 —4 1
2 1 =5

= (20— 1)i — (15— 2)j + (3 — ~8)k
= 19i — 17j + 11k
Area of parallelogram is /192 + 172 + 112 ~ 27.8 units®
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19 a v=4t -9 4+2, t>0
a =12t — 18t ms™?2
b a=06t(2t—3)
with sign diagram:
v 18 a minimum where
a4t 93
= o — S S—— 2
¢ s=[vdt=— ——+2+c
=t*-3t* 42t +ec
But s(0)=-6 so c=—6

s=t"-3t°+2t—6m
d s=0 when *(t—-3)+2(t—3)=0
t-3)(*+2)=0
t=3 or —v2
t=3 {as t>0}
first passes through O when ¢ =3 s.
e Total distance travelled in [0, 5]

5
= fO |v| dt

= [ ]at® —9t* + 2]

~ 2140 m {using technology}

20 Let X be the score in the Biology exam.
X ~ N(56, 30.512%)
a P(X >72)~0.30
About 30% gained a score of “6” or better.
b P(X >40)~ 0.70
About 70% passed the exam.
¢ P(X > 94) =~ 0.1065
So 10.65% of students would gain a mark of 94% or more,
and Micah would just miss out on a score of 7, but he
would get a score of 6.
d i Let E be the score in English then
E ~ N(63, 18.31%) and P(E > 87) =~ 0.0950.
So Micah scored better in English than in Biology.

i Only 10% of the students receive a 7 in Biology.
Let s be the mark required to get a 7 in English.
P(E > s)=0.1 andso P(E <s)=0.9

63 s E

3~ 86.5

A grade of 86.5% or better would get a 7 in English.
Since Micah scored 87% in English, he would get
af.
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21 a f(z)=2"

flz+h)
= (o + )"
— xn + (;1.) wn—1h+ (Z>mn~—2h2 4
() 2R () w4
b (m)_;lfn% f(fv+h})L~f(év)
P e (‘;L) x"’-lh+ (721) mnn—2h2
. + o nzh™ A — "
= lim
h—0 h
=lim (7)2" "+ (3) 2" Ph+ . + At

=nz" 1 4+0+0+....40

22 Volume = 'frf07r y? dx

= TFIOW sin? z dz
= ’”‘fo (_ -
=T [59: — stan]g

= (2 —-0—0+0)

y=sinz

= cos ch) dzx

2 .. 3
%~ units

23 f(z)=2zsinz, gz)=z, 0<z<2m
a They meet when f(z) = g(x)
2xsinr =«

z(2sinz —1)=0

z=0 or sinm:%
Le=03, &

they meet at (0, 0), (Z, Z), (2, 5=

6> 6/
b f/(z) = 2sinz + 2zcosz and so we have stationary
points where 2sinz + 2z cosz =0

¢ Using technology we obtain the graph of
y =2sinz 4 2z cosx:

¥ - y=f(=)
10
5 208 491\ .

|

_5f S &/37’? o

The stationary points are at A(0, 0), B(2.03, 3.64),
C(4.91, —9.63)

f(z)=2zsinz

C
\
e We integrate by parts with % =2z o =sinz
u =2 Y= —COSZT
f2x sinzdr = —2xcosz — f—ZCos:cdm

= —2xcosz + 2sinz + ¢

126



24

Total area

5m
6

= / ® 0(e) = f(a)) da + /
/T"

72
{3— + 2xcoszt — 2sinx]

(f(z) — g(x)) dz

(2zsinz — z) dz

]
/ (z —2zsinz)dz +
0

&)

ol ol

0
Sm

21°%

4 [—chosz—l- 2sinx — ?}

3

2 V3
____772+_73(T3)_]__0
s 2
(53( \éﬁ) 1 2?2)

-(-@H+1-5)

_7r2 V3 5rV3 2672 V3 2
i i i e e R
:—%ﬁ%—%ﬂ'\@—l units?

Total number of students is 16.

We can select 7 from 16 in (176) = 11440 ways.

The number of ways of selecting a committee with both
Haakon and Josefine is (154) = 2002.

So, if they cannot both be on the committee the number
of ways is (176) - (154) = 9438.

If there are more boys than girls, the committee must be
one of the following:

For 4 boys 3 girls, the number is (2) (g)
For 5 boys 2 girls, the number is (§) (7).
For 6 boys 1 girl, the number is (2) (I)

For 7 boys 0 girls, the number is (g)

Toatis (2) (3)+ (2) () + () (1) + (3) = 7680

Let 7, be the maximum temperature in Adelaide so
T. ~ N(33, 3.5%).

g pto p+2o
40

P(T, > 40) =~ 0.0228
About 2.28% of January days in Adelaide will have
temperatures above 40°C.

Let T3, be the minimum temperature in Prague then
Tp ~ N(=3.2,4.9%) and P(T, < —12) = 0.0363.

—12

p=20 p-0 p
-3.2
Adelaide was 2 standard deviations above the mean while
Prague was about 1.80 standard deviations below the
Hence the temperature in Adelaide was more

mean.
extreme.

127

d P(T, > 46.4) =~ 6.444 x 107°
Let b be the corresponding extreme temperature in Prague.

P(T, < b) = 6.444 x 107°

6.444 x 107>

A

b )

Rl

~ —22.0
So, it would have to be —22.0°C in Prague.

SOLUTIONS TO TRIAL EXAMINATION 1

NO CALCULATOR

SECTION A

1 a)PX=z)=1,
t142%k+ik+4i+2k=1

1 31 —
st28k=1
1
Th=3
k=2

|

6
b P0<X<4)=PX=120r3)
=2(5) +4 (4) +3

=5 +4+3
. |
=%+3
= 59
78
< E(X +1)
=E(X) +E(1)
=EX)+1
1 k 1 2k
=0{= 1(2 2= = 4 — 1
o(5) 1w +2(5) +3(3) +4(3) +
2k 8k
k+ z + 1+ 5 +
=244k
=244 (3)
=2+ 10
=212
2 aoa+pB=-%and of=-2%
}_+l:ﬂ+a:___§ 2
a B o - °
— =_3
and b =
b All quadratic equations with roots —i— and -B— have the
form a(m2—%m—§)=0, a#0

which is equivalent to
a(3¢® =2z —5) =0, a#0.
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a Using the sine rule,

3 B
20 sin20  sind
Jem 5 3
2sinfcosf  sinf
5 3
Al Eom 0 C 6sinfcosf = 5sinfd
sinf(6cosf —5) =0
sinf =0 or cosf = %
But sinf # 0 as this would
imply 6 =0.
cosf = 3.
b (:036:%
sinf = @
sin ABC = sin 26 V11 g
= 2sinfcosf 0
5
=2(%H)(@)
— 5V/i1
18
3z —1
4 12 >1, z#-2
|3z — 1] lg‘ _lq|
|z + 2] b |B|
18z — 1| > |z + 2| {as |z +2| is not negative}
32— 1 > |z + 2
Ba—1)?>@+2° {lof =4’}
Bz -1 —(z+2)?%>0
Bz—14+z4+2)Bz—-1-2-2)>0
(4z+1)(2z—3) >0
SO S S I s
= 1 3
r < —3 Or 9:>%, x# =2
5 a 3 W H = weather is hot
8
o H < W = local team wins
5
T
3 W
5 H’<
T~w
P(H | W)= B(—V—VW {Bayes theorem}
— ( 5 X3 > 80
3.2, 9 -3 |8
a X5 T X5
12
12 + 27
-1z
39
_ 4
=13
6 a The graph touches the z-axis at —3.

(22 4+ 1)? is a factor of f(z).
The graph also cuts the z-axis at 1.
(z — 1) is a factor also.

Thus f(z) =k(2z+1)*(z — 1), k#0
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But f(0)=—2, so k(1)*(-1)= -2
. k= —
k=2
Thus f(z) =22z + 1)*(z — 1)
=2(4x° + 4z +1)(z — 1)
= 2(4z° — 3z — 1)
=8z% — 6z ~ 2

a=8 b=0, c=-6, d=-2

b  g(z)=2/@-1)
9(0) =2f(-1)
= 2[2(-1)*(-2)]
=2x -4
=-8 y-intercept is —8.

¢ g(z)=2f(z—1)=2[8(z—1)*—6(x—1)— 2]
=16(z —1)* - 12(z — 1) -
g (z) =48(x —1)* — 12
9" (z) =96(z — 1)
g'(z) =0 when z=1
Now g(1) =2f(0) =~
g(z) has point of inflection (1, —4).

It

1 [(sec®0—1)do
L(tanf — ) +c

\/wz—l—%arctan (\/3:2 —1) +c

It

1
2

7 V =nr’h
A
= 7r7~2(2r)
= 2773
2r V. _ 2 &
& w
_________________________ But when r =5, % = 5m
SO - _ > dr
Zw =6 X5 T
T 1 -1
E - 30 cms
at this instant.
Now surface area, A = 2mr? + 2mrh
= 27?4 277 (2r)
= 67r?
dA dr
2 19y ==
a T w
At the instant when 7 =5,
Z—?:HWXSX = = 2m cm’s ™!
the area is increasing at 27 cm?s™.
8 Let x =sect
Z—z =secftanf
/ vz? -1
—dzx
foocZl0 —1
/ 5e¢ 6 secf tan 0 df
=/ ity sec 0 tan 0 df secd =
2sect
_1 2
—5ftan 0d9 $2—1



n —1 n+1 _
9 P,is “if y=ze™® then dx_g = (—)-%2”,
forall neZ".
Proof: (By the principle of mathematical induction)

1) I n=1, dy _ le™ +z(—e %)

dz
=(1—=z) "
-z
=~
)" -a)
= =
P; is true.
k e+
@) If P, is true, d—mij = u)——ex(k—x)
d* 1y = (—1)*H [—1e® — (k — z)e®
d$k+1 L (em)Q
[e*(—1—k+a
= (_1)k+1 ( = ):|
= (—1)F [—(k+1-2)
- em

(=1)***([k+ 1]~ =)
e(l)
Thus P; is true, and Pj4 is true whenever Py is true.
P, istrue {Principle of mathematical induction}

SECTION B

10 a

2| =

b Since XP is parallel to the Re axis, OXP = 180° — 0
In AOXP, OP? =% 417 — 2r x 1 x cos(180° — 0)

r? + 1 — 2r cos(180° — 6)

r? + 1+ 2rcosf

V7124 2rcosf+1

¢ Suppose arg(z—+1) = «. Locate Y so that YP =z and
OXPY is a parallelogram.

12 + 0p% — 12
2(1)(0P)
1447+ 2rcos@+1 —a%
22 ¥ 2rcos + 1

. 2 4+ 2rcosf
VTt 2rcosf+ 1
_ 1+rcosf
 VrZ+2rcosf+1

d If |[z2/|=1 then r=1

1+ cos#
V1+2cosf+1
1+ cosd

V24 2cos 0
1+ cosb

- V2+/1 + cos 8

OP =

In AOYP, cosa = {cosine rule}

cosa =

_ [14cosf
- 2

129

[

{since 5 is acute}

e When 7 =1, OXPY is a rhombus and (OP) bisects XOY
0

0525.
1 f(x):klj””, k>0, >0.
k(%)z—klnz(1)
a f/(CIZ): ( ) 3
z
_k(1—Inz)

22
f'(x) =0 when Inz =1,
which is when = = e.

Sign diagram for f'(z): TN s
c

Now f(e) = S

. . k
there is a local maximum at | e, =)

L2y (1=
b f”(w):k[ S mm]
_ k[-z—2z+ 2z Inx]
= —
_ k(2Inz—3)
abs

f'(x) =0 when Inz =32

2
which is when z = e

wlw

the point of inflection is at (e%, 8k )

o

2e
“ k1
¢ If / 2% gz =10 then
1
82 1
k/ [lnz]! (-) dz =10
1 x
2
27¢€
k [[Ina}] ] —10
2 1
e’ [l 10
2 2k
10
=%
k=5
: 5 1
d We integrate by parts with v = (Inz)® v = =
x2
1 1
/:21 1_ =
u (Inz) - v p

:uv—fu'vdm

:——l—(lnw)2—/21n$ ><—l dz

x X X
1 5 Inz
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b
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We again use integration by parts, this time with

7 1

u=lnz v =—
22
u = — v=—=
T T

2
/_____(ln:;c) dz
%
1 ) 1 1
= —;(lnm) +2 [—;mx—/—ﬁ dz}

:—l(lnm)2—2—ln——az+2 —-]i—dm
z z x2

— _l(lnmf _ 2z 2 +e
x X z
AY When k=1,
Inz
f(m) - TJ
the local maximum is
- at (ea 1):
e
2
and f(e?) = =
The z-intercept is when
A Inz = 0, which is
when z =1
the volume of the solid of revolution
e2
V= 77/ y2 dx
i
2
e 1 2
= ( n;n) dz
| b7
2lnz g] =
x Tl
2
—2) —(©0+0- 2)]
i Since the line is
perpendicular  to  the
plane, n is parallel to 1
-4 2
2 )=k -1
a 1
L 2k=—-4, k=2,
—4 and k=a
l:(z) Thus a =k = -2
il The line meets the plane when
21 —4N) - 2+20)+(B3—-2)) =15
2—=8A—2—-22+3-2x=15
s -2 =12
SoAa=-1
G 1 —4 5
and yl=12]—- 2 =10
z 3 =2 5
they meet at (5, 0, 5).
— — > et —
i PA=PO+4+0OA=0A-0P

1—4x 3
= (2+2>\> - <—1>
3—2X 2
—2—4X
=| 342X )
( 1—2X

13

ii PALI so PAel=0
s (24N (=) + (3+2X0)(2)
+(1-2X)(-2)=0
8+ 16A+6+4X—24+4X=0

24X = —12
A=-—3
3
—
i When A=—3, OA=|1
4

2
.. the foot of the normal is (3, 1, 4).
0
iv 1?&:(2) and |PA|=v0+4+4
2 =VB=2V2

the shortest distance is 21/2 units.

¢ The third plane has direction vector

b

=n; X Ny n2
i k

=2 =f 1%

1 3 -2

_|-r oz vl ]2 -1y
=13 2" 7|1 —2Pd7|1 3

=(2-3)i—-(—4-1)j+(6+1)k

=—i+5j+7k

. since (=5, 0, 0) lies on the plane, its equation is
—z+ 5y + 7z = —(=5) + 5(0) + 7(0)
which is =z — by — 7z = —5.

—X

ae
o) =g
" (—ae™®)(b—ae™") —ae"“(ae™%)
fla)= (b —ae—=)?
_ —abe™ " 4027 — a2
N (b — ae—=)2
_ —abe™”
" (b—ae)?
F'(x)
_ (abe™®)(b—ae™®)? — (—abe *)2(b— ae ") (ae™")
N (b—ae—=)4
_ (abe™®)(b — ae™®) + 2a’be 2"
B (b —ae—=)3
_ ab’e™™ — a®be™?® 4 2a’be™*"
(b—ae—=)3
_ab’e " +albe ¥
" (b—ae=)3
_ abe™® (b+ae™®)
T (b—ae=)3

As a>0, b>0, e *>0, and b+ae™® >0,
f"(z) cannot be 0 for any z € R.

f(z) is undefined when b—ae™® =0

b

ae”®

3
€

Il

2
b

(5)

is a vertical asymptote.

Il
—_

Zz

n (3

Also  f(z) = (E—ﬁe_—w—> L

—ae * | e* ber —a

As 00, f(z)—0 {since a, b> 0}
As z — —o0, f(z)— —1

y=0 and y= —1 are horizontal asymptotes.



d Sign diagram for f'(z):

18

e i If a=3 and b =1, the vertical asymptote is

z=1In3.

y=f(z)

z=In2 x=In3

In 2 e~
ii The shaded area = — / ——dx
5 1—-3e =
Ifwelet u=1—-3""
du _
th — =3 7
en e 3e 7,
u(0) = —2, and
u(ln2) = -3
In2
the area = —/ 2 d,_u dx
o u dz
" i
= —/ —du
_1
=— [In [u[] .
=—(ln(}) - n2)
=In2+1In2
= In4 units®

CALCULATOR

SECTION A

1 a ﬁ(nm-l): (z—1)(2z —1)(3z —1)....(10z — 1)

=1(z-1)2(z— $)3(z — 3) ...
=10z - 1)(z-@-3)...(z— 5

k = 10! = 3628 800
b Using the ‘sum and product of roots theorem’
(z—D@E-3)(@—3)...(-5)
=20 —(I+i+i+ )"+

10
the coefficient of z° in [ (nz — 1) is

n=1

—10/(1+ 3 + 5 + ... + 75) = —10628640

2 a Area of shaded segment

= area of sector — area of triangle
1

= 1?0 — Lrrsing {%absinc formula}

2
= %'r2 (6 —sinf), @ in radians

b shaded area : unshaded area
= %7"2(0 —sinf) : 7r® — 1r%(0 — sin )
=1(0 —sinf) : m — 3(0 — sin6)
The ratio is 1:3 when
m— (0 —sing) =3 (%) (6 — sinf)
2(0 —sinf) =7
0 —sinf— % =0
We use technology to graph f(6) = 6 —sin0 — 5 where
it is clear that @ is obtuse.
We hence find 6 = 2.309 881 5 radians
6 ~ 132.3°

3 a For f(z) to be well defined,

2 2 o
Jo k(@® +3)dz =1

=0.784 {using technology}

¢ The median m is such that

/ %(zQ—l—S)dw:%
0

3 m
[%Jrgm] —1ix2
0

3

m Py
T rIm=%
m*+9m—13=0

m =~ 1.235 {using technology}

4 X ~ B(12, p)
P(X=7)= (12) (1 —p)u*T for r=0,1,2,..,12

r

Px =3)=(2)r1-p’ -
220p°(1 - p)°

9
L 2 (1-p)° = 5
We use technology to solve this for 0 < p < 1.
= p=0.109 or 0.442

0.1
0.1

5 a 2c0s20+1=5sinf, §<O0<m
2(1 — 2sin®9) +1 —5sinf =0
2 —4sin®0 +1 —5sinf =0
- 4sin®0 +5sinf ~3=0

—5 1 /25 — 4(4)(=3)

b - sinf=
. sin 5
. —5++/73
sinf = ————
8
. sinf = —7%_—5 {as
=~ 0.443 000

As $ <0<,
~ 7 — arcsin(0.443)
6 ~ 2.683°
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6 X ~N(p, 0%
P(X > 20) ~ 0.386
3 P(X—“ > 20*“) ~ 0,386

g

P (Z > 20;“) ~ 0.386

20— “) ~ 0.614
g

20— p

p(zs

~ 0.28976

20 — p =~ 0.289 760
> 25) ~ 0.183
25—
o

- (D
Also P(X

P(z> )z0.183

25 —p

. P (Z < ) ~ 0.817

2 0.903 99

25—
o

25 — 1~ 0.903 990
Solving (1) and (2) simultaneously,
25 — p =~ 0.903 990
—20 + p =~ —0.289 760
5~ 0.614 230
o ~ 8.1403
and p =~ 20— 0.28976 x 8.1403
=~ 17.641
pn~17.6 and o= 8.14

o)

So,

7 log,3="17

a log, 27 = log, 33 b Let
= 3log, 3
=3x7

=21

log z3=2

3= (va)*

¢ Since log,3 =7,

1
a =37

z
2
3=4d" .z
2
a~1.17 £

f(z) = 2*sin®z
f(—z) = (—z)*[sin(-z)]*
= 2% x [~ sinz)®
=a? x —sin’z
= —z?sin’z
= —f(z) forall z
. f(z) is an odd function.
® Y ~(1.91,3.06)

3

y=x2sin’z

7 T T

~ (—1.91, —3.06)
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¢ [* f(z)de=0 since f(z) is odd.
This is because [ f(z)de = [ f(z) d:v—i—ffa fz)dz
In the last integral, let v = -z, so du=—dz
[t f@)de = [ f@)da+ [7 f(—u)(~du)
= [ f(@)de + [ f(—u)du

= [ @) de— [ fwdu
{since f(z) is odd}

=0
9 a Using technology:
i~ T2.67 ii o~ 3.559%
~ 12.67
b Let X = the weight of a scallop
X ~ N(72.67, 12.67)
P(70 < X < 80) =~ 0.754
¢ The answer to b is unreliable, as the sample in a is very
small.
SECTION B
10 a Let u=+vz—1
so v =x—1 and 2udu=dz

u
—/u2+12udu
2
U
—2/u2—+1d”
2
u+1-1
—2/u—2+1—d“

1
”/(“m)du

= 2(u — arctanu) + ¢

=2vV/x—1—2arctanvVzx—1+¢

b f(z)isdefined for x —1>0 and = #0
the domain of fis = > 1.

dx does not exist.
2
z—1
: / e,
3 &

= [2\/937— 2arctan\/H]j
= 2(1) — 2arctan(1) — 2(0) + 2 arctan(0)
=2-2(5)-0+0

—2-1I

d 1 Ay

A\

il The local maximum is at (2, ).
{using technology}



e i d A normal to the plane is
i j ok
axb=|-4 12 8
4 8 O
12 8], -4 8. -4 12
"s 0“‘4 ol’+’4 8 | ¥
\/
= (0 — 64)i — (0 — 32)j + (—32 — 48)k
10 v .
ii Volume = 7 / 2 di = —Bdi+ 54 — Blk
1 = —16(4i — 2j + 5k)
10
- z—1 dz Since the plane passes through O, it has equation
h 4z — 2y + 52 =0.
L1y, L [-8\ ., [
" (E“F)m e A BA=| 4 |, BE={ -8
1410 8 1
:w[1n|a:|+—] BA o BE
ek cosl) = ————
=7m(lnl0+ % ~Inl—1) | BA || BE |
=m(In10 — ) P __ 32-32+8
B E 12 x /16 + 64 + 1
11 a a=0A=] 12 b=0B=1| 8 12 x9
2
. 8 0 =2
OM = 1a+ 2p . 6 =arccos (2%)
AT . ABE = 85.8°
8 0 ; 0
12 a z=rcisf =re
= 3 =+ 6 = 9 z = (TC )
2 0 2 :rneie'n
Mis (2,9, 2). = r"cis(nf), which is De Moivre’s theorem.
NN 6 2 b 22 =1 2cis(—26)
b AM:MB=| -3 ]:| -1 ) ) 1 )
—6 -2 Iz l =F =y and arg(z™°) = -260
¢ i z=+V3—ihas |z|=v3+1=2
z=2 (@ - %i)
& z = 2cis (—%)
w=2+2 has |w|=v4+4=2V2
w=2v2 (% + 715@)
Let the point be C. 1 %)
8 w = 2v/2cis (%) 2
ey
Now AB=| —4
-8
—
. |AB|=+v64+16 +64 =12
—_C)—_-O-—>+1—{é 2T [2cis (_%)]7
i —-—=—-—’
-4 3 v (3)]°
=12 |+3x L x| —4 ,
8 -8 B 2" cis (—T’r) .
i 9 26 cis ()
=t 12 | +{ -1 :2c1s( 13”)
¥ 8 _2 .
_9 = 2cis (—%) R
— 11 = 2
6
the point is (—2, 11, 6).
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d cos 36 + isin 30

= cis 3¢

=[cis6]>  {De Moivre}
[cos 6 + isin ]

= cos® 0 + [3cos® Osin )i — 3cosfsin® @ — isin’ @
= [cos® 6 — 3 cos Osin® 0] + i[3 cos® fsin @ — sin® 4]
Equating real and imaginary parts,
cos 36 = cos® 0 — 3cosfsin” §
= cos” 0 — 3cos (1 — cos® 6)
= cos® 0 — 3cosf + 3cos” 0
=dcos® 0 — 3cosb
and sin36 = 3cos® fsin 6 — sin® 6
= 3sin §(1 — sin® §) — sin” @
= 3sinf — 3sin® 0 —sin® 6
=3sinf — 4sin® 4

e Let z =sinf
3sinf —4sin® 0 = %
sin30 = 1 {using d}
§
. 30 = {571‘ + k27
6
% | iz
- f= {57r +k%-
18

T = sin (18) sin(al—g), or sin (—%r) are the
distinct solutions.
13 a A Coin
4
: + Die
3
3 4 5
3 | 5| 32
iz | 12 | 12

P(one sum is 3 and the other is 4)

= P((Sam a 3 and Pam a 4) or
(Sam a 4 and Pam a 3))

_ 3 5 5 3
= XnmtTEXis
— 30
= 144
— 5
Y
ii Let Y = the least of the 4 results.

(1) P(Y =3)=0 {cannot get a 3 with the coin}

(2) To have Y = 2, both of the coins must be 2,

and both of the dice must be 2 or 3.

PY=2=fx3x3x3
— 25
144
(3) PYy=1)=1-2
— 1
144
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cos® 6 + 3 cos” Bisin @ + 3 cos B(isin B)” + (ising)®

(4)
BY)=1x 3 +2x 2 +3x0
_ 169
= 142
~ 1.17
(5) E(v*) =1"x o +2% x e 3% x 0
— 210
144
Var(Y) = B(Y?) — {E(Y)}*

_ 219 (169)2
= 142 144

~ 0.143

SOLUTIONS TO TRIAL EXAMINATION 2

NO CALCULATOR
SECTION A
d .
1 a %(m cosz) = (1) cosz + z(—sinz)
=cosz —zsinx
J(cosz —zsinz)dz =zcosz + ¢
sinx — fwsinxdx =zcosx+c
fa:sinwdm =sing —xcosx +¢
b i Since f(z) is a PDF,

/ flzydz =1
k/ sinzdr =1
0

_ T _
k[ cos:t:]O =1
k(—cos 5 ——-1)=1
k=1

(-2

il E(X):/ z f(z)dz

:/ rsinzdr
0

N

= [sinw — z cos a:]O% {from a}
= (sin§ — S cos %) — (sin0 — 0)

=1

2 a The sum of the first n terms of an arithmetic sequence is
Sn = 2(2u1 + (n — 1)d).
Now in this case Sz = —4
%(2'11,1 -+ 7d) = .—
2u1r +7d=-1 ..(1)

and also Si¢ — Sg = 188

18 (2u; + 15d) + 4 = 188

8(2u1 + 15d) = 184

2u; +15d =23 ... (2)
(2) — (1) gives 8d=24
d=3

Using (1) we find wu; = —11
Up =u1 +(n—1)d=-11+3(n—1)
Unp = 3n — 14



b We need to find n such that S, =25
-’23 (2u1 + (n — 1)d) = 25
g (=22 +3(n— 1)) = 25
~lln+3n® — 2n =25
$n? - Zpn—-25=0
3n? —25n — 50 =0
(3n+5)(n—10)=0
n=10 {n >0}
Thus we need 10 terms.

Ll
= (20)" +4(20)° (—%) +6(2x)? (_%)2
o () ()

8 1

=16z" — 320> +24 - < + =
T z

b When z=1, LHS=(2-1)"*=1
RHS =16 — 32424 -8 +1

=1 v
¢ When z'=+/3,
(2v3 - Z5)* = 16(v/3)* — 32(v3)* + 24
8 1
TR e
=144—-96+24— 5+
=72-22+1%

4

a The lines are coplanar if they intersect.

L1 meets Lo where
Add-k _ 22-1-1

]_: =
3 +4+ ) 5
= 3)\+5:%__k=1_)\
Now 3A+5=1—-2A
= 4= -4
= A=-1
But /\—+;——k:1~)\ also
—1+4-k
___2____2
3—k=4
k=-1

Using A = —1 in Ly, the lines meet at (1, 3, —3).

3
b L has direction vector < 1 )
2

1
Lo has direction vector ( 2 )

-2
i ik
p=|3 1 2
1 2 -2
1 2. |3 2. |3 1
=l2 -2 ‘_'1 —2'”'1 2"‘

=(—2-4)i— (-6 —-2)j+ (6 — 1)k
= —6i+ 8j + 5k

135

5 a

¢ Letting A = 0, the point (4, 4, —1) on L; lies on the
plane.
the equation is

—6z + 8y + 5z = —6(4) + 8(4) + 5(—1)
—6xr+8y+5z=3

fcos29 sin 6 dO
= — [[cos 6]*(—sin ) df
[cos 6] g
=—t—g—e {form — [[f(z)]" f'(z) dx}
= —% cos0 + ¢
b Let z =sinf, so dx = cos@ df
[ 7=
Wiger
sin®6

N v/1 —sin%6

.3
SN0 os0dp

cos6do

h v/ cos26

= / sin®6 do

= /(1 — cos6) sin 6 dO

:/sin9d9~/coszesin9d9

= —cosf — (~}cos’0) +c  {from a}
:%COSSQ—COSQ-FC
=3 1—3:2)%» 1—-z2+c¢
) z
1 i s1n9_—1—
V1 — x2
. ;. cosf = ———
1
1—2?
6 a
b
the y-intercept of -y is £
flz) %
© uk ok
NE : 1
2% 7 i e et BNERTRRRES A
N 7@
i'
h lﬁ R y=f(z)
v ¥y
r=1 «
1
d If [f(@)]?=1 then f(z)= ——.
[f ()] (@) 7@

[SIES

These two graphs meet when = = 1, 13, 21, or 3
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a If P(X =1) isthemean of P(X =0) and P(X = 2)
then P(X =0) +P(X =2)

PX=1)= 3
2P(X =1)=P(X =0)+P(X =2)
5 me”™ mle™™  mZe ™
o 21
S 2me M =e "+ %m2e_m
e M(Em® —2m+1) =0
As e ™ £0, tm®P—2m+1=0
omP—4m4+2=0
44 4/16 — 4(1)(2)
m =
2
4422
m=———

m=2—v2 or 2+2
But m <2, so m=2-+2

0_,—m
® P(Xgl):mgl +m11
=e "(1+m)

= eﬁ_z(S —2)

a (1 +ciso)(1 — cis @)
=1 —cisgwr + cisw — [cis @]

1efm

2

=1—cis2a {De Moivre’s theorem}
. 1 — cis 2
1+cisog=———
1-—cisa

b 1+ cisa+cis2a + cis3a + .... + cisna
=1+cisa+[cisa]® + [cisa]® + ... + [cis o]
{De Moivre’s theorem}
which is the sum of a geometric series with u1 =1 and
r = ciso.

p— n 1 _ X n
Hence, its sum is wud - ") = L leis=")

1—r7r 1 —cisa
_ 1—cisna
1—cisa

¢ This is the geometric series inb with n =22 and oo = &
14cis (111) + cis (?i—’l’) + ... +cis (212—1")
1—cis (2—1211“-)
1 —cis (1—“1)
1 —cis2rw
e 0,0
1-1
1 —cis (11'1—)
=0

a cos

_Aaec

~ lafe]
_2ae(jajb+[bla)
B |l [e]
__|ajaeb+|blaea

la] |¢|
_ |ajaeb+ b |a|®
B [a] |¢]
_ Jaf(aeb+]alIb])
Jat]c|
__aeb+ |a||b|
B lef

136

b cos ¢
_bec
~ [blle]
__be{Jajb+ |b|a)
=T bl
__|a|beb+|blaeb
B [b] ||
_ [al[b>+[blaeb
B |bf [e]
_ i(al[b|+aeb)
It [c|
__la|[b|+aeb
B |c]
¢ Fromaand b, cosf = cos¢
since ¢ and 6 are in [0, 7], 6 = &.

0 2
d Given a=1{ 3 and b={ -2 |,
4 1

[a| = v0+9-+16 =5,
bl =v4+4+1=3,

aeb=0-6+4=-2
using the result from €, vectors which bisect the angle
between a and b have the form

()0

10t
which is —t |, teR.
17

and

SECTION B

b i

[

cos(A — B) — 3 cos(A + B)
cos-AcosB + sin Asin B)
— 1 (cosAcosB — sin Asin B)

= ;sinAsin B + 1 sin Asin B

(M N3

=sin Asin B
sin3xsinz + sinz sinx
:%M— %—cos4w+%c050~é,oes%f
= % — %COS4QZ
=1 1(1-2sin”2z)
=sin® 2z
il sindzsinz +sin3zsing | sinzsing
= 30054F — § cos 6z + L cos2T — L cosdr
+ %COSO ~_%,ces’2"f

cos 6z
(1 — 2sin® 3z)

T

Nl N
N 2

w»
[
[

= gin
. . . sin? 2z
I sin3z +sing =

sinx

)
—_— ; ; sin“ 3z
ii sinbx-+sin3z +sinz =

sinx
iii sin 9z -+ sin 7z + sin 5z + sin 3z +sinz
sin® bz

= — {assuming the pattern continues}
sinz




11

12

d The roots of
sinl13z 4+ sinllz + .... +sinbx +sin3z + sinx = 0
are the solutions of sin7z =0
Te=km, keZ

v=kE, kel (1.0)
(_130)
_ T 27 g w 2n 37
s T SRS AU 2 4
alf z=1,
=1 i—14 ~1—-47 —1-i 1414
Ti4d 2 i 242 T =2 2
ol = /% +1 }om
w g fE o 1 ;
_\/;_\/E g
and argw = % ™
1 - o 4 » Re
w—%ms(z) 1
Y
14 1 1
b w :[75015(1)}
14
= (%) cis (14: ﬂ-) {De Moivre’s theorem}
:%cis(%’)
:ﬁcis(~§)
= ()
1 %
—i
¢ meZti—l
T+t
_ @@+ |[z—ily+1)
z+ily+1) |lz—i(y+1)
x(m—l)+y(y+1)—|—i[—(m—1)(y+1)+my]
+y+1)?
w:(z —z+y +y) i(—sy—z+y+1+=2y)
+(y +1)?
WL b titgos

+y+1)?
d If Re(w)=1,
Lty ty=2+E +2y+1)
Lo ty=2y+1

y=-x—1, {=z, y}#{0, -1}

e iwisreal & y~z+1=0
S y=z-—1, {x,y};«é{O,—l}
i w is purely imaginary
s z2—z+y’—y=0and y—x+1#£0
f If argw =7,
-2ty ty=y—z+1
= 24+ =1
= z?4+y?=1

|2 =1
a Lis(0,2,2), Mis (2,2,0), and Nis (0, 4, 1).

(¢) =m-(7)

—
b ML =

137

13

-2 0
-2 2

(-4 +0)k

-2 1 |k
=(0—4)i-(L2+4)j+
= —4i—2j—4k
= —-2(2i+j+ 2k)

— —
d Area of ALMN = £ | ML x MN |
=3 x|-2{xVi+1+4
= 3 units®
e The plane LMN has normal 2i + j + 2k, and the point
(0, 2, 2) lies on the plane.
the equation of the plane is

2z 4y + 2z =2(0) +

20 4+y+22=6

f Gis (2,0,0) and Cis (0, 4, 2).

-2 -1
GC = ( 4 > =2 ( 2 >
2 1
the line GC has parametric equations
r=2—-t, y=2t, z=t, t€R
(GC) meets plane LMN where
202—1)+ (2t) +2(t) =6
4—-2t4+2t+2t=6
2t =2
t=1

(2) +2(2)
which is

Pis (1,2 1).
g Given G(2,0,0), L(0,2,2), and E(0, 4, 0),

(3) = (7)

If LGE = 0 then

ey

and GE =

T ATit74/ir1610
12

~ V12V20
e

f = arccos \/g
k=2

a i 2%®+9° =z +k passes through (1,2)

8+4=1+k
k=11
ii Differentiating with respect to = gives
Zmy + z? ><3y2 dy+2 @:1
dx dx

% (3z%y° +2y) =1 — 2a9°

4y _
de

1- 2wy3
3z2y? + 2y
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o dy 1-16 —15
iii At the point (1, 2), - Tord- 16
. y—2 =15
-, the t; t h t = —
. the tangent has equation  *— 6
= 16y —32=-152+15
= 15z + 16y = 47
b i
V =nr?h is fixed
A =7r*+2rrh
ii A=mr’+ 27 (—Vé-)
AT
A=7r’+ z
A=mr’ 4 2Vr_1
iili Cfl—A = 277 — 2V 2 {V is a constant}
= 27r — %12/—
2
— 9y — 27r7; h
r
= 27r — 27h
= 2m(r — h)
dA
=0 =h
dr = =
2
iv Cj{ 1;1 = om +4Vr 8
=2m+ ﬂ
whichls>0as V>0 and r>0
\/ A is a minimum when 7 = h
atr=h
v The shape should be:
CALCULATOR
SECTION A
1 a In ABAD, BDA = 100° {angles on a line}
Let BD =z cm
4% = 2% + 2% — 22205 100°  {cosine rule}
16 = 2 + 4 — [4cos 100°)z
2% — [4c0s100%)z — 12 =0
T/ 3.134171 {technology}
BD ~ 3.13 cm
b Area ABCD = 1 x BD X 3 x sin80°
~ 4.62983
~ 4.63 cm®
¢ If h = the length of altitude from B to [DC], then
>
Ix3xhm~46298
4.62983
h&~=T5
h ~ 3.09 cm

Mathematics HL — Exam Preparation & Practice Guide (3 edition) 138

3

8Y

cone

b
V:7r/ «® dy — %waz(b—2)
1 —
volume of cone
b
V= ﬁ'/ (Iny)? dy — %wa2(b -2)
1

b y=¢€" meects y=3z+2 where
e’ =1z+2

= e —2z-2=0

= x ~ 0.8951

= g~ 0.8951

and .. b=~ 24475

2.4475
¢ Vam / (Iny)® dy — Z(0.8951)%(0.4475)
1

~~ 1.115 units®

“g:li(i +a)= n(n + 1)é2n +13)
ncZt.
Proof: (By the principle of mathematical induction)
() f n=1, LHS=1x5=5

RHS:1><2><15:5

6
P is true.
(2) If Pr is true, then
k
ZZ'(Z'_|_4) w
i=1 6
kil klk+1)(2k+1
Zi(i—|—4)=——-—-~———( + )é $18)

i=1

a P,is: ” for all

+k+1D)k+1+4)

6(k +1)(k +5)
_(k+ 1)[21c2 + 13k + 6k + 30]6

_ (k+1)(2k° +619k + 30)
_ (k+1)(k +62)(2k + 15)
_ k£ 1)(k f 1] +61)(2[k -

k(k + 1)(2k +13)

1] + 13)

= Pry1 s true.
Thus P; istrue, and Pr1 is true whenever Py is true.

Hence P, istrue. {Principle of mathematical induction}



60 39 6 a The other zeros are complex, and have the form m %+ ni

b 124;0 (i +4) = Zli(i+4)wizli(i+4) where m, n € R, b+ 0.
(60)(61)(133)  (39)(40)(91) b sum of roots = =52 =6
- 6 - 6 —2+1+>Z+1—;Z+m+m—|—m—m_6
= 57470 . am=6
m =3
a V (-1)°d

product of roots = =—-d=20

—2(1 +V2)(1 — V2)(m + ni)(m — ni) = 20
—2(1 —2)(m* +n?) =20

b somi4n® =10
n®=1
P(A| B) =P(A) for independence Son=+41
—a+02 ... the other two zeros are 3 £1.
a+0.3 V2 z 1
2 1 B o B ¢ 1++v2 comefrom z°—2z-—
a2+ kil '06_3 3+4 come from z° — 6z + 10
a” —0.5a + 0.06 =
(a—0.2)(a—0.3) =0 p(@) = (z +2)(z* — 2¢ — 1)(2? — 6z + 10)
a=02o0r0.23 d z? — 62+ 10 is always positive
b The larger a value is a =0.3 S T
A B =2 1=4/2 14«2

p@)20 o —2<e<1—v2 or 221+V2
Alternatively, we can write

€[-2,1-v2]U1+V2, ool

0.2
i PB|A)= _ 03 i P(AUB))=b 7 a The system has augmented matrix
0.8+ 1.2 = 0.2 11 =117
=06 2 -1 1 |11
3 1 a | b
a Ss=38, 1 1 -1 7
1— 7‘4 1 ~ 0 -3 3 -3 Rz oS R2 — 2R1
M(L/'r'):%(l//fr) |0 -2 a+3|b—-21] R3 — Rs—3R
a3 11 -1 | 7
T ~10 1 -1 1 | Re— —%Rs
rt=1 0 -2 a+3|b-21
_ a1
- TN
. ~ -
But 7>0, so r=J5 0 0 a+1|b—-19] Rs— Rs+2R,
 We need to find n such that b The last equation is (a + 1)z =b— 19.
Sn > 0.9995, b—19
T s So, if a # —1, then z = PR is a unique value for z
" M( == ) > 0.999 (g) for any fixed b.
1 — 7" > (.999 .. the system would have a unique solution.
" < 0.001 ¢ If a=—1 and b =19, the last row is all zeros. The
" system is reduced to two equations in 3 unknowns.
(%) < 0.001 .. we have an infinite number of solutions.
5 If z=t, y—t=1 = y=1+t¢
2)" > 1000
(\/_)ﬂ and z+14+t—-t=7 = =26
2% > 1000 o=6, y=1+t, z=t forall teR
log22 > log 1000 d The system has no solutions when ¢ = —1 and b # 19.
%log2 > log 1000
21og 1000 8 a If we square both sides,
log2 ~ 19.93 c0s20 + 2 cos fsin b + sin’d = 1
n =20, 21, 22, .... o 14sin20 =%
n is at least 20 o, sin2f = —1
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>

b If sin20=—1

<
)
197
%)
cos (315—’5) + sin (213—") ~ 0.7071 = % v
d Squaring equations can sometimes produce irrelevant
solutions.
SECTION B
2¢ —1
9 =
a | foy===3

the y-intercept is %.
il f(z)=0 when 20 —~1=0
the z-intercept is %
ili f(z) is undefined when £ —3=0
there is a vertical asymptote = = 3.
As z — foo, f(z) —2
there is a horizontal asymptote y = 2.
O

1 .
To transform y = = into y = f(z), we first stretch
z

y = —1— vertically with scale factor 5. We then translate
z

the result through (g)

< Ay
1
3
—
< 3 "
3
Y a7 =3
5
7 5
fiz) = MR

i f'(x) is negative for all z # 3.
ii f'(z) isundefined when z = 3.

e AY Shaded area
3
1 3 - { [&= 1‘ dz
2 2 _ , lz—3

~ 0.642 53 units®
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10 f(z) =4cos®z —3cosz
a f'(x) = 12 cos’z(—sinz) — 3(—sinz)
= —12cos’zsinz + 3sinz
= 3sinz(1 — 4cos’z)
= 3sinz(1+ 2cosz)(1 — 2cosz)

o f(z)=0 & sinz =0 or cosz==+1

f'(x)=0 when z=k%, k€Z
f(x) has stationary points when = = k%, k € Z.

b Y4, y=4cos’zr—3cosx

Y

-1
\4

¢ The graph seems to be that of y = cos3z {period = 2—;—}
d cos3z = cos(2z + x)

= cos 2z cosz — sin2z sinz

= (2cos’z — 1) cosz — 2sinz cosz sinz
=2cos’x — cosz — 2 cos (1 — cos’z)
=2cos°x — cosx — 2cos x + 2cos’x

=4ecos®z —3cosz v

e i 4° -3t =1
4cos’z —3cosz = —% {let t = cosz}
cos3z = —1 {using d}

2n
3&::{4?; + k27
3
2n
_ 9 671
a:—{4_7r+k-—9—
]
_2r 4x 8
w_Tﬂ-aTﬁa T”ra

Thus t = cos (%"), cos (%), or cos (%”) are
the only distinct solutions.
ii If cos3z = —cosz,
4cos’s —3cosz +cosz =0 {using d}
4cos’s — 2cosz =0
2cosz(2cos’z — 1) =0

= ol
cosz =0 or :I:ﬁ

oz T
T = — 3T 7

[SMIE]

il

NE

11 a The line meets the plane where
22—-t)+(1+¢) —3(1+3t) =22
4—-2t4+1+t-3-9t=22

10t +2 =22
—10t =20
t=-2

they meet at (4, —1, —5).



92 1
1

* e ()

?A cosf =sing {0+ ¢=90°}

[n e b|

n| b}

B |-2+1-9|

T VEA+I+9/IFI 49
10

V1411

10

~ /154

the angle between the line and the plane ¢ ~ 53.7°.

sing =

Let 8 be the angle
—
between OA and b.

OX
sinf = | |
0=
Thus | OX | = |a|sin@
Hence | ox |2 = |a]? sin®6
= Ja* (1 — cos’0)
= |a® - |a|® cos®d
—laf® = |a|? |b|? cos?6
[b|®
= Ia|2 — M
[b|*
2
L | OX | =4 /la* - (al;lg)

d The line with equations
z=2—1t y=1+t z=143t t€ R contains the

-1
fixed point A(2, 1, 1) and has direction b = ( 1 )
3
2
Thus, as a = <1>,
1
—  (2+1+3)2
| X|—\/(22+12+12) (EEESEETD)
=4/6— .f_l
=4/ 22 units
Plz) bz + ¢
" @-ap ~ AT oap
P(z) = Q(z)(x —a)’* + bz +c
ii Pa) =Q(a) x0+ab+c
Pla)=ab+c
P'(2) = Q'(#)( — ) + Q(@)2(a — a) + b

Pa)=0+0+b
=b

iiil Remainder = bz +¢
= P'(a)x + (P(a) — ab)
= P'(a)z + P(a) — aP(a)
= P'(a)(z — a) + P(a)

iv For P(z) =2’ dividedby (z+2)°
P(-2) = —
and P'(z) = 5z*
P'(~2)=5x 16
=80
-, remainder = 80(z + 2) — 32
= 80z + 128

z=23cosf so dr=-—3sinf df

/_x._dw
oo
3c050

Vv9—-9 V0 —9cos20

3cos€
= | gog (T30

/ —3cosB db

= —-3sinf+c

b Let

—3sinf) df

‘f»

SOLUTIONS TO TRIAL EXAMINATION 3

NO CALCULATOR

SECTION A
p(m) _ ar +b
L ey ek e e
s plx) =z(az +b)(20 —3) +ax + b
. p(z) = (az + b)[z(2z — 3) + 1]
b Thus p(z) = (ax + b)(22° — 3z +1)

= (ax +b)(2z — 1)(z — 1)
= (2z—1) and (z —1) are factors of p(z).

¢ Since p(0) =7 and p(2) = 39,
b(—1)(-1)=7 and (2a+D)(3)(1) =39
. b=7 and 2a +7=13
2a =6
a=3
Thus, p(z) = (3z +7)(2z” — 3z + 1)
=62 +52° — 18z + 7
2 2
a _ a _k
2 a Since ln<b>—k, 7 =¢
2
Likewise, since In <b—3> = b—3 = e
a
2 k ;3 b
Thus a” = be and a" =—
e
6 3 3k 6 b
b'e and a = po
L =p’e* {values for a® }
o
b= ke
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2 b2
b Since —3=62, a ==
6k-+8
ag—e
22
0B = O+
a:(€6k+e)%
a=62k+2, so r=2 and s=2.
x—2 a b
3 Let =
d e E 1T+l -1
_alz—1)+b(z+1)
T (z+D(E-1)
_(a+bd)z+(b—a)
- 2 —1

a+b=1 and b—a=—2 {equating coefficients}
Solving these equations simultaneously gives b = —%

_ 3
and a = 3.

-2
b / 22 i
g T¢-—1
-2/ 3 1
= 2 _ 2 d
/_4 <m+1 m—l) v

= [gln|m+1|—%ln,m~ll}

-2
—4
=((In1-1In3)— ($In3 - 31n5)
= 1ln3—%ln3+%ln5

—Y T2

= —2ln3 + %ln5

T —

= is undefined when z = +1 and z =1 lies in
T

the domain of integration [1, 3].

3
Thus / r - 21 dz does not exist.
. _

2

k a let u==z v’ =sin2z
u =1 v:—%cos2a:
fmsinQa:daz

:uv—-fu’vd:c
= -—%cos2x—f~%cos2mdw
:—%cos2m+%(%sin2m)+c

. T
= %51n2x—§cos2m+c

z
b A:/ z sin 2z dx
0

Wl

sin 2z — z cos 295]
2 0

= (§sinm — Fcosm) — ($sin0—0)

=0~ %(—1) -0
=7 units?
B=-— z sin 2z dx
E1
= — %sin2a: — —; Ccos 21:]

oy

= — [(§sin2r — 5 cos27) — (gsinm — § cos )|
s

0+Z-0+2

_ 3n ]
= units
B =34
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— — —

AC=A0+0C
=—-a+¢

C =Cc—2

— — —

OD =0A + AD

1——)

=a+i(c—a)
:a-{—%c—%a

1.1
=3a+3¢

b ACeOD = (c—a)e(2a+ 3c)
=1aec+icec—jaea— laec
=3 (lel” — Jal*)
=0 as |a|=]c| {equal radii}

— — .
AC and OD are perpendicular
[AC] L [OD].
¢ We have just proved that “the line from the centre of a

circle to the midpoint of a chord, is perpendicular to the
chord”.

a g(z) is defined when 3 — 2z > 0
-2z > -3
T < %
(go f)(z) = g(f(=))
= g(z” + 42)
= 4/3 —2(z? + 4z)
(9o N(=3) =+/3-2(9-12)

= /3-2(=3)

=3

(-3

¢ f(z) = x> + 42 where z < —2 has inverse y where
z =y? +4y where y < —2
= ¥ +4y—z=0, y< -2

—4+ /16 —4(1)(—=
.- —a0ea .,
—4+ /44 + )

= y=-2xvd+z, y<-2
= y=-2-+id+z
i e)=-2—-Vi+z 2> —4

a 22w+2m+1:15
Let m = 2%
m2+2m—15=10
s (m—=3)(m+5)=0
m =3 or —5

2% =3 {2 > 0 for all z}
xz =log, 3
b sin’z + cosz = 1.25

1—cos’z +cosz — 14 =0
cos’z — cosx + % =0
4cos’c —4dcosz+1=0
s (2eosz—1)2=0

1

COST = 3

= T
T ==+3




8 f(z) =1cos2z+sinz

a f(0)=2cos0+sin0=3

. _1
f(27) = % cosdm +sin2x = 3

. Ais (0, 3)
His (2m, 3)
b f'(z) = 1(—2sin2z) + cosx A
= —2sinzcosT + cosT
=cosz(l — 2sinx)

S f(z)=0 & cosz=0

orsin:z::%
\
— X X 5% 3w
S T=F, % 63
. 3 . 1 o (Br 3
Bis (%, %), Cis (5, 5), Dis (&, %), and
3 3 3
FlS(—z—,—E)'

¢ The z-coordinates of E and G are the solutions of
%cost +sinz =0

cos2x + 2sinz = 0

1— 2sin®z + 2sinz = 0

2sin’z — 2sinz —1=0

. 24 /4 —4(2)(-1)
sinz = 1
. 2423 1443
sing = =
4 2
But —1 <sinz <1, so sinz = ! _2\/5.

AtE, z=7— arcsin(

1—\/§>.

2

— ‘/§> + 2m.

AtG, z= amsin(1 3

SECTION B

cos(A + B) + cos(A — B)
= cos Acos B —sinAsii B
+ cos Acos B +sin-Asim B
=2cos Acos B
ii sin(A + B) + sin(A — B)
= sin A cos B +cosAsin B
+ sin A cos B — cosAsinB
= 2sin Acos B

i Usingaiwith A=20, B=20
cos(20 + 6) + cos(20 — 0) = 2cos 26 cos f
cos 36 + cosf = 2cos20 cos 6
il Likewise using a ll with A =20, B=49
sin 360 + sin @ = 2sin 20 cos 8
< 22 = [cis 0]* = cis 20
and 2° = [cis0]® =cis30 {De Moivre’s theorem}

d 2°+ 2= cis30 + cis @
= cos 30 + isin 30 + cos O + isin 6
= [cos 30 + cos 6] + i[sin 30 + sin )]
= 2co0s 20 cos 0 + 12 sin 20 cos 8
= 2cos f[cos 26 + 7 sin 26]

= 2cos 6 cis 26
e Fromd, !z3+z|:2c039 and

arg(2® + 2) = 26

143

10

A

\i
2* = cis 20
arg(z”) = 20
. arg(2 +2) = ang()
g If z+ 2* is purely imaginary, then OP lies on the
imaginary axis
0=2+kr, kel
9=I4kI, keZ
=3 (-§<0<3)

f(z) = tan®z
f'(z) = 3tan’z x sec’z
= 3(sec’z — 1) sec’z
= 3sec*zs — 3sec’x
ii Using i,
[ (3sec*z — 3sec’z) dz = tan’z 4 ¢
3 [sec*zde — 3 [ sec’zdz = tan’z + ¢
3 f seciz dz — 3tanx = tan’z + ¢

fsec4m dx =tanxz + %tan% +ec

b i y=seclr= is undefined

cos?z (0,1)

when cosz =0

= for the illustrated graph,
“=3 ©.-1)
T ar _ 1
it When =%, cosz =3
sec’r = 4

Ais (%, 4)

ol

¢ Shaded area = / sec’z dzx

0

5
= [tan m}

0
=tan ¥ —tan0
= /3 units®

i

5 o
d Volumez'rr/ Y dz
0

-
34
=7 sec zdx
0

= [téna: + %tan%]
=m(V3+3(v3)’ - 0)
= m(V3+V3)

= 27/3 units®

s
3

{using a}
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y = sec’s
secx = /Yy {secx >0}

1
COST = —

VG

1
X = arccos| —
(ﬂ)

Volume of cylinder = « (%)2 4

48
9

4
: __ 4x3 2
volume required = 5~ — = / z° dy
1

3 4 i #
:4——"~—7'r/ arccos | — d
° 1 [ <\/§>] v

2t+5
11 ar=|-2t-1 is the equation of L.
t
9

When t =2, r = (—5) o (9, —5,2) lieson L.
2

-1
3z — 4y — z = 3(—1) — 4(0) — (4)
which is 3z — 4y — z = -7
¢ Theline z =2t+5, y=—2t—1, z=1t meets the
plane when 3(2t+5) —4(—2t—1)—t=-7
6t+15+8t4+4—t=-7
13t = —26

t=—-2

3
b n= ( —4 ) and the plane has equation

Hence z=2(-2)+5=1,
y=-2(-2)—1=3,
Z=—2

The line meets the plane at (1, 3, —2).

Line N has equation
r=94+3s, y=-5—4s,
z=2-3s, seR

9+ 3s
or ro=| —b—4s
2—s
e Line N meets P where

3(9+3s) —4(-5—4s) —(2—8) =T
274+9s4+20416s —24+s5= -7

N

26s + 45 = =7
265 = —52
s=-2

Hence z =9+ 3(-2) =3
y=—5-4(-2)=3
z=2—-(-2)=4

line N meets the plane at (3, 3, 4).

12
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?B(g, 5,2)
%(3,3,4) P
B’(a,b,c)
N
If B is (a, b, ¢),
a+9 b—5 c+2
5 =3, T_?” T_4
a+9=6, b—5=6, g2 =
a=—3, b= 11, ¢

B is (=3, 11, 6)
Given C(1, 3, —2) and B'(-3, 11, 6),
— —4
CB = 8 |=—4(i - 2j — 2k)
8
= CB' is parallel to i — 2j — 2k.

—
{CB’ is a constant multiple of i — 2j — 2k}

Py is: “24n+341 337+ g divisible by 117 forall n € Z™.

Proof: (By the principle of mathematical induction)
(1) If n=1, 2%+3 4331 o7 4 3¢

=128 + 81

=209

=11x19

Py is true.

(2) If Py is true then
24k+3 1 g3+l — 114 where A€ ZT.

Now oXk+D+3 | g3(k+1)+1

— 24k+4+3 + 33k+3+1

s 2424k+3 4 3333k+1

=16(114 — 3%%+1) 4 27 x 33+

=16 x 11 x A — 16 x 33FT1 4 27 x 331

=16 x 11 X A+ 11 x 3%**!

= 11(16A + 3%*71)  where 164 + 3% e 27
Thus Pg.y is true.

So, P; istrue, and P41 is true provided Py is true
forall k> 1.
Hence, P, is true.

{Principle of mathematical induction}
Since a, b, ¢ are consecutive terms in an arithmetic
sequence, b—a=c—b

a+c=2b
But a+b+c¢=33, so 2b+b=233
3b =33
b=11

Since a, b+ 1, ¢+ 29 are consecutive terms in a
geometric sequence,

b+1 c+29

a  b+1

E:C+29 where a+ ¢ = 22
a 12



12 22—a+29
Thus 7:——12
12 51—a
@ 12
144 = 51a — @’

a® —5la+144=0
(a—3)(a—48)=0
a=3or48
a=3, b=1l, ¢=19 or
a=48, b=11, ¢c=-26

CALCULATOR

SECTION A

1 a i z=rcisf
2% = (rcis6)®

=r3cis30  {De Moivre’s theorem}
i z=2%
Y
= (rcisf)3
=13 cis (%) {De Moivre’s theorem}

b —11+ai=(1—ai)’

= 1— 3(ai) + 3(ai)® — (ai)®
=1—3ai — 3a” +a’i
= (1 -3a®) + (a® — 3a)i

= 1-3>=-11 and o*—3a=a

{equating real and imaginary parts}
3a® =12 and a®—4a=0
a® =4 and a(a®—4)=0
a= =2

le7® 0<a<1, b#0

2 alf f(m):{2

0, otherwise

is a well defined PDF, then

1
/ le™dz=1 {f(z)>0 always}
0

1 —bax 1__
[—Qbe }0—1
e t—e®=—2p
et +20-1=0

b Using technology, b~ —1.256431
b~ —1.256

¢ u=E(X)

1
1.2
%/ x(%e 56431x)da:
0

=~ 0.602 {using technology}
d Var(X)
= E(X?) - {B(X)}

1
1.256
z/ 22 (%e 431z)dw_”2
0

~ 0.0772 {using technology}

80m

BY{120°

60 m

&

Using the cosine rule in AABC,
AC? = 60 + 80% — 2(60)(80) cos 120°
- AC? = 60% + 80 + 60 x 80

AC? = 14800
b Reflex AOC = 240° {angle at the centre theorem}
AOC = 120°
In AAOC, AC? =72 4 r® — 2rrcos120° {cosine rule}
AC? =217 417
AC? =3r°

¢ Fromaandb, 3r? = 14800
- r? ~4933.33....

P~ 70.238....
r 702
40
€088~ 75533
7 arceos (70.238)

BAO & 55.3°

a When no replacement occurs, we do not have a repetition
of n independent trials each with the same probability of
success. However, since m is very large, the probability of
a success each time will be almost the same.

b X ~ B(20, 0.032)
i PX<2)
=P(X =0,1, or 2)
= (20)(0.032)°(0.968)*° + (%7)(0.031)*(0.968)"
+ (%)(0.032)*(0.968)"

~ 0.975
ii P(X > 4)
=1~P(X £3)
~0.00337  {using technology}
a £ (z" ' Inz) = (n+ 1)z" Inz + 2" (l>
dz x

=(n+1)z"Inz+ 2"

Thus  [[(n+1)z"Inz+2z"] dz = "' Inz+c

n wn+1 _ n+l
(n—!—l)f:v Inwde + n =z"" " lnz+c

n+1
provided n # —1

n z"Mina zm
& fx Inzde = e —(n+1)2—i—c
a1
=m1—)2((n+1)lnw—l)+c

provided n # —1
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b When n = -1,

fw”lnwde/l—Il—azdm
z

= /(ln:c)l (%) dx
This has the form  [(f(z))" f'(z) dz, so

(Inz)?

f:c”lnmda:: +c

N+

[ s:tsin( +2cos(%) metres

5 — (1)sin(3) +£(3) cos(4) +2(2) (~sin (£))
v =§iﬂ’@/) + %co_sl(-;-) _ﬁm@

= & soal®
v =73 COS(Z) ms

o

a v=

&

b The particle is at rest when v =0 (0,1)
" feos($) =0
(0)_1>
t=0 or =% +km kel
t=0 or t=wn-+k2r

At t=m, cos(%) changes sign.
the particle reverses direction at ¢ = 7 seconds.

Its position at this time is s(m) =7 m right of O.

d ;
¢ = =doos() +i(-on()}

M
o
o
7

a(t):%cos(-;-) ——Zsin(é)
a(%) :%cos(%)——l’-%sin(%)
=P xR -Fxg
- -2
=%§—ﬁms
7 a arctan(g-) + arctan 6 = arctan 3
Let «a + B = 0
where tana = %, tan3 =6, tand = 3.
Now tan(a+ 8) =tand
tana+tan3
l—tanatanﬁ%tane
£_|_6
3
S =3
1—3(6)
x
§+6=3,(1—2:):)
z+18=9— 182
192 = -9
r=-3
b yzarctan(g)
d 1 1
&= T <3
1+(%)
1 1
= > X -
1+% 3
3
T 9422
8 alfz=0 y=3, 943b+c=0 .. (1)
If z=2, y=-1, 54+2a—b+c=0 .. (2
If =8, y=171, 113+8a+T7b+c=0 .. (3)
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b

8§ 7 1
2 -1 1

-~113
-5

-9

8 7 1] -113
~ (0 =11 3| 93 Rs — 4Ry — Ry

0 3 11 -9
8 7 1 |-113
~ 10 3 1 -9 Ry — R3
0 0 20 180 R3; — 3Rz + 11R;3
From row 3, 20c = 180 c=9
Fromrow 2, 3b+9=-9 3b=-18
c. b=—6
From row 1, 8a+ 7(—6) + 9= —113
8a—42+9=-113
8a = —80
a=—10

a=-10, b=—-6,-and ¢=9

SECTION B

9 Let X = result of a student in the Science exam.
X ~ N(56.7, 18.2%)

a i P(result between 65 and 85 inclusive)
=P(65 < X < 85)
=~ 0.264
ii P(result of at least 70)
=P(X = 70)
~ 0.232
b i We need to find k where
P(X <k)=09
X
k ~ 80
a result of 80 or more receives an ‘A’.
i We need to find k& where
P(X <k)=0.15
® . %
k =~ 37.8
a result of 37 or less receives an ‘F’.
¢ Student 1 @ 3 4
A A F F
A F A F
A F F A
F F A A
F A F A
F A A F

There are six different permutations of 2 ‘A’s and 2 ‘F’s.
P(two ‘A’s and two ‘F’s)
=6 x (0.1)% x (0.15)?
= 0.001 35

AN



d Y ~ B(20,0.1)
i P(Y=0)
~ 0.122

i P(Y >3)=1-P¥ <2
~0.323

. 12 4+ 2sin 2z
| fa)= =

I/,

10
. — sin 2z

;i
N\ a

/w

D

e

[N

y

v

)

3

o

3
o B
T

]y

y
i f(x)
_ 4cos2x(3 — sin2z) — (12 + 2sin 2z)(—2 cos 2x)
B (3 —sin2z)2
12 cos 2z — 4 sin22cos 2T + 24 cos 2z
+4sin2zcoS 2T
(3 —sin2zx)?

36 cos 2z
:(?>—si112.'1:)2
s fi(x)=0
& cos2z =0
& 2z=%+k
& =5 +kF
T 3w

0.1)

(Os —1)

& T=
the local maximum at Ais (§,7) and
the local maximum at B is (2F, 7).
b i h(2)
_ (2bcos2x)(c — sin 2z) — (a 4 bsin 2z)(—2 cos 2x)

(¢ — sin 2z)?
2bc cos 2z —_2bsin24cos 2T + 2a cos 2x
+2bsin2#c0s27

(c —sin2z)?
2 cos 2z(a + be)
(¢ — sin 2z)2

- ' _ _©® 3n 5m 7=
H h(x)—O == =g a1

): a+b(l) a+bd

c—1 c—1
a+b(—1) a-—b
c—(-1)  c+1
a+b a-—»b
c—1 c+1
(a+b)(c+1)—(a—~b)(c—1)

(e—1)c+1)

_acta+bet+¥—eactat+be-Xb
c2—1

{as in b}

M=nh(

<y

and m:h(%):

I

i H=M-m

_ 2a+2bc

T2 —1

_ 2(a+be)

Tz —1
iv When a =12, b=2, ¢=3,
2(12+6)  2x18
9-1 — 8
ary 12+ 2sin(3F)
Now f(4)— 3—sin(%’5)
12+2(-1) _,
3—(-1)
and 7— 32 =3, so the result is verified.

H =

Nl

o

5

2

!
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1

—142X -1 2
a Li: r:( —A ):(D)+A(—1>
1+2X /- 1 2
14 3p 1 3
(53
24 2u 2 2

b The lines intersect if r = §

1422 =1+3u ... (1)
“A=1l—-p .. (2
1+22=24+2p ... (3)
From (2), A=p—1
So,in(l) —14+2p—2=1+3u

. p=-4 and A=-5
However, in 3) 1+ 2(—5)=—9 and
2+ 2(—4) = —6
(3) is not satisfied by the solutions from (1) and (2).
Ly and L2 do not intersect.

2 3
Also, ( =1 ) is not a scalar multiple of < -1 )
2 2

Ly and Ly are not parallel.
Thus L; and L» are skew lines.
¢ A vector perpendicular to L; and L2 is

(2)-(3)

ik
=12 -1 2
3 1 2
—1 2|, |2 2. |2 -1
:‘—1 2 ‘_\3 2"+13 1|k
= (—2+2)i— (4—6)j+ (-2 +3)k
—0i+2j+ 1k
=92 +k
d Abxd T

Lg' C

Q/l":a"i-)\b

s=c+ud

Ly is translated to L{ meeting L3 at P.

i b xd is perpendicularto Ly and L3, s0 b x d is
a normal to the shaded plane containing L; and Lo.

i ARC = 90° {AR is normal to the shaded plane}
Let CAR = @ be the angle between ACand b x d.

cosH:—:L
AC |A—_(>I|
D=|Xa|cose
__je—a|lbxd|cosd
[b x d|
_ [(e—a)e(bxd)
b x d|
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e For the original lines L, and Lo,

()

12 a Uy = Vg cOs O

T = fvo cosfOdt

z = (vgcosB)t+c
Butwhen ¢t =0, =0

c=0

z = (vocosO)t ... (1)
Likewise, vy = vosinf — gt

y= [(vosing — gt)dt
2
Y= (vosine)t~g% +d

When t =0, y=0

d=0
y = (vosinf)t — %gt2 i (2)
b From (1), t= —
rom (1), Vg cos 0
2
o z _1 £
y_vosme(vocos6) 2g(voc059>
1 .
y= (tan@)w o §g m
2
— _ 29 9%
y = (tan @)z — (sec”d) 207

¢ The path has equation y = az+bz? which is a quadratic

in .
the path is parabolic.
Furthermore, since b < 0, the path is concave.

d
d = tand —sec?s —22%
dz 2v;
dy sin @ gz
=0 & — = s
dx cosf vyt cos?d
v sin 6 cos §
g
vE2sin 6 cos
29
2 .
20
= Vg S

2g

< T=
< T=

=

The maximum height is

(sin 0 ) <v02 sin G,Qes’ﬂ') 1, v sin? .cos* 6
—2

cost g g2v 2 cos?
_ vgsin®d 1% sin®0
g 2 g
_ v sin6
=~
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e Range =2 o N0y  wy 2P metres.
29 9
f The range is maximised when sin26 =1
20 = 90°
6 = 45°
2 (1 \?
300 (-—)
g i The maximum height = ——2—>—<—§\/8§T
~ 2294 m
300 x 1
il R =
' Range= gy
~ 9174 m
400 sin 26

h Using e, 9500 =

sin 26 ~ 0.58247
20 ~ 35.62°
0~ 17.8°
The angle is about 17.8°.





